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PREFACE 

The Engineering Design Handbooks of the U S Army Materiel Command 
are a coordinated series of handbook? containing basic information and 
fundamental data useful m the design and development of Army materiel 
and systems. 

In the last several decades—certainly since World War II—a great deal of 
work, both experimental and theoretical, has been performed on explosives 
and their effects. There did not exist in. any language a satisfactory, 
comprehensive compilation presenting a unified, self-consistent, theoretically 
competent treatment of this material. Also, a large dumber of interesting 
contributions from Government-supported and Government laboratories, 
which have now been declassified and should provide valuable information, 
was comparatively inaccessible to the average scientist and engineer. 

This. Handbook attempts to correct the situation. Presented is a unified 
treatment of the important open literature in which is included not only 
articles in professional journals but also the available military reports of 
importance. Original contributions also have been made to the theoretical 
portions. Much current research on explosion phenomena involves numerical 
solutions to complex mathematical equations of fluid dynamics, chemical 
kinetics, thermodynamics* and iieat transport. For this reason a description 
of some of the novel computational techniques.(computer codes) that have 
been developed for these purposes is included. While the Handbook is hot a 
comprehensive treatise on explosives, it does discuss at length topic areas 
that are considered to be of greatest value in an exposition of the principles 
cf explosive behavior of liquid and solid explosives, and thus provide a 
readily accessible collection of important theoretical and experimental 
results on.explosives and explosive effects. 

The Handbook does not cover the synthesis of explosive substances, 
compilation of properties of explosives, or the manufacture of 
explosives—these topics are the subjects of existing handbooks. 

The Engineering Design Handbooks fall into two basic categories, those 
approved for release and sale, and those classified for security reasons. The 
Army Materiel Command policy is to release these Engineering Design Hand¬ 
books to other DOD activities and their contractors and other Government 
agencies in accordance with cu/rent Army Regulation 70*31, dated 9 
September 1966. It will be note-; that the majority of these Handbooks can 
be obtained from the National Technical Information Service (NTIS). 
Procedures for acquiring these Handbooks follow: 
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PREFACE (Cotit'd) 


a. Activities within AMC, DOD agencies, and Government agencies other 
than DOD having need for the Handbooks should direct their request on an 
official form to: 

Commanding Officer 
Letterkenny Army Depot 
ATTN: AMXLE-ATD 
Chambersburg, Pennsylvania 17201 

b. Contractors and universities must forward their requests to: 

National Technical Information Service 
Department of Commerce 
Springfield, Virginia 22151 

(Requests for classified documents mu?t be sent, with expropriate “Need: to 
Know" justification,. to Letterkenny Army-Depot.) 

Comments and suggestions on this Handbook are welcome and should be 
addressed to: 

U S Army 'Materiel 'Command 
ATTN: AMCRD-TV 
Washingto D C 20315 

(DA Forms 2028 (Recommended Changes: to Publications)* which 
are available through normal publications supply channels* 
may be used for connents/suggestions.) 
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CHAPTER 1 INTRODUCTION 


1-1 INTRODUCTORY REMARKS 

Explosives have been known and used for a 
very long time. Black powder—a mixture of 
potassium or sodium nitrate, sulfur, and carbon 
black—has been employed as an explosive since 
ancient times. Nitroglycerin, discovered in 1846 
by Sombrero, and the invention of 
nitroglycerin-based dynamite by Nobel in 1867 
can be considered as the start of the era of high 
explosive technology. This era which extends to 
current times has been the development of a vast 
number of military and commercial explosives 
and explosive applications. 

The development of a fundamental theory of 
detonation also had its beginnings in the latter 
part of the 19th century, starting with the 
investigations by Mallard and L> Chatelier 
(1881) and of Berthelot and Vieille (1882) on 
gaseous explosions. They found that the 
explosion process consisted of a progressing 
wave of chemical reaction and distinguished two 
types of reaction waves. The first type is a 
relatively slow moving flame having linear 
velocities on the order of 1 to 10 cm /sec, and 
the second, a very much faster wave (i.e., a 
detonation wave) moving on the order of the 
speed of sound (10 4 to 10* cm/sec). In 1893 
Shuster suggested that there is an analogy 
between a detonation wave, which is supported 
by energy release from chemical reaction, and a 
nonreactive shock wave, which has to be 
supported by a piston pr similar mechanical 
source of energy. Shock waves had been 
theoretically described in detail by Riemann 
(1860), Lord Rayleigh, and others, and a 
physical model consisting of a moving 
discontinuity in pressure had been shown 
satisfactorily to account for the observed 
properties of shock waves. The laws of mass, 
momentum, and energy conservation across a 
discontinuous shock front had already been 
deduced by Rankine in 1870 and by Hugoniot 
in 1889. The suggestion of Shuster that a 
detonation wave is a reactive shock formed the 
basis for the development by Chapman (1899) 
and by Jouguet (1905) of the classical 
hydrodynamic-thermodynamic theory of 


steady-state detonation. This theory employs an 
idealized one-dimensional model in which it 
is assumed that the explosion energy is 
instantaneously released in a discontinuous 
shock front across which the conservation 
conditions of Rankine-Hugoniot apply; The 
velocity of the detonation wave was assumed to 
be the minimum velocity compatible with the 
hydrodynamic conservation equations. The 
Chapman-Jouguet (C-J) theory thus defined a 
unique steady-state detonation velocity which 
could be compared with experimentally 
observed velocities, and detailed calculations ink 
gaseous detonations were shown to be in 
excellent agreement with experiment. 

In the period 1940-1943, Zeldovich (USSR), 
von Neumann (USA), and Do'ering (Germany), 
each working independently, refined the C-J 
theory and extended it to the case where 
chemical reaction occurs in a finite zone behind 
the front of the detonation wave. This work waj 
stimulated by the events of World War II, which 
j ,! so gave great impetus to the development of 
rr.-dtiy of the modern high-speed electronic and 
photographic techniques for studying details of 
explosion phenomena. 

At the present Ume there exists a substantial 
corpus of theory and experimental data that can 
bo said to provide a good description of many 
aspects of explosion processes. The theory is, 
however, incomplete in many respects in that it 
deals, in the main; with idealized configurations 
not met with in practice and does not treat at all 
some of the events.upon which the performance 
of an explosive depends If we use the existing 
theory as a point of departure, there are many 
areas which can be fruitfully explored in the 
theoretical and experimental investigations. 

In this handbook an attempt has been made to 
describe the principles of explosive behavior as 
they apply to condensed explosives. It has been 
the principal aim io present a comprehensive 
treatment of those topics that are necessary for 
an appreciation of the literature reporting the 
results of current research. The authors have 
developed most of the important relations of 
thermodynamics and hydrodynamics upon 
which the theoretical treatment of explosion 
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phenomena is based. The classical theory is 
developed rigorously and in detail, since this 
theory is the basis both for an understanding of 
actual explosion phenomena and for the 
theoretical investigations that are currently in 
progress. The treatment of topics for which 
theory is incomplete is necessarily more 
qualitative and relies heavily on discussions of 
experimental data and simple physical models. 
The techniques employed in obtaining the 
experimental data are thersfore discussed in 
some detail: Much current research on explosion 
phenomena involves numerical solutions to 
complex mathematical equations of fluid 
dynamics, chemical kinetics, thermodynamics, 
hydrodynamics, and heat transport. For this 
reason some of the novel computational 
techniques, (computer codes) which have been 
developed for these purposes have been 
described. 

It has not V n the aim of the authors to 
provide a comprehensive treatise on explosives, 
but rather to discuss at length topic areas which 
are thought to be of greatest value in an 
exposition of the principles of behavior of liquid 
and solid explosives. 

1-2 DESCRIPTION OF EXPLOSIVE 
PROCESSES 

Explosives are substances or mixtures of 
substances which are capable of undergoing 
exothermic chemical reaction at extremely fast 
rates to produce gaseous and/or solid reaction 
products at high pressure and temperature. In 
the case of a typical “CHNO” explosive such as 
TNT, the molecule-whieh contains carbon, 
hydrogen, nitrogen, and oxygen (see Table 1-1) 
undergoes a decomposition reaction followed by 
reduction-oxidation reactions which eventually 
lead to low molecular weight detonation 
products such as CO*, CO, HjO.Na.and solid 
cartoon (cf. Chapter 3). The chemical reactions 
* occur in microseconds with an energy release of 
* 10 3 cal/g. For cast TNT this can result in a 
detonation wave with pressure, temperature, and 
velocity of * 200,000 atm,* 3000°K and 
7000 m/sec, respectively. The large energy 
release and fast velocity of the detonation wave 
represent a tremendous power level of energy 
conversion, * 5 X 10® W per sq cm of 
detonation front. This value can be compared 


with the total United States electric generating 
capacity of3 X 10 11 W. It is the high power 
level and high reaction pressure generated which 
give rise to the primary application of 
explosives, namely, as compact sources of 
energy for blasting. Other applications (e.g., 
welding) relate to the strong shock wave that is 
associated with the detonation front. 

Since the performance of an explosive 
depends strongly on its energy release in 
detonation, considerable theoretical and 
experimental effort has been carried out to 
predict and to measure the energy of 
detonation. The thermodynamic theory 
developed in Chapter 2 and the discussions in 
Chapter 3 reiste directly to this subject. 

Observation of a detonation wave progressing 
along a long cylindrical charge of explosive will 
show that the wave moves at constant velocity. 
In the more energetic military explosives this 
velocity may be as high as 8000 m/sec. The 
detonation velocity is relatively easy to measure 
and for many years was virtually the only 
experimental data available. However,, with the 
advent < i high speed electronic recoiuiiig 
equipment, streak camera photography, flash 
X-ray, and manganin pressure gages, having time 
resolutions of * 10® sec, it has been possible to 
measure detonation pressures as high as 400,000 
atm, and particle velocities at the detonation 
front *cf. Chapter 5). Unfortunately, 
experimental toclihiques for reliable 
measurement of detonation temperature have 
not as yet been developed. 

The constancy of: the speed of detonation can 
be readily explained in teyms of 
Ghapman-Jougiiet (C-J) theory arid the 
Zeldovich-von Neumann-DOering (ZND) model, 
which are developed in detail in Chapters 6-8. In 
this approach, the detonation wave may be 
considered as a strong shock wave supported by 
energy release in a small zone of chemical 
reaction just behind the front of the shock, i.e., 
the detonation front. The almost instantaneous 
compression and heating of the explosive as it 
passes through the detonation front triggers the 
supporting chemical reactions. 

The stable detonation velocity as described by 
classical C-J theory represents an upper limit oy 
ideal detonation velocity, and strictly refers to a 
planar detonation wave. Such waves are indeed 
found to be approached in cylindrical charges of 
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large diameter. In practice, however, it is found 
that in small diameter cylindrical charges the 
detonation front is curved, and its velocity 
depends upon the degree of charge confineme? 4 
and charge diameter. Also it is observed that for 
each explosive there is a critical value of charge 
diameter d c below which a steady-state 
detonation will not propagate. For example, d c 
is about 1 cm for cast TNT, about 10 cm for 
ammonium nitrate, and about 160 cm for some 
types of rubber-base composite propellant. The 
explanation of these “nonideal” detonation 
phenomena relates to the effects of charge 
expansion and lateral energy losses on the rate 
of chemical reaction in the detonation reaction 
zone. “Nonidear’ detonation behavior is 
discussed in detail in Chapters 9 and ll. 

If we take a solid explosive such as cast TNT 
and set a match to it, it will probably bum 
(deflagrate) with a linear velocity of *= 1 cm/sec. 
However, if we strongly shock the explosive it 
will detonate at» 7 X 10 6 cm/sec. It can also be 
observed that if a burning explosive is confined 
or if the explosive is porous, a deflagration to 
detonation transition will occur some place in 
the material. This bring* up very practical 
questions such as what are the conditions which 
cause the initiation of detonation in an 
explosive, and why do different explosives, or 
even the same explosive at different bulk 
densities, react differently to initiating 
stimuli—e.g., shock, impact, friction, spark, heat, 
etc/' The need to design reliable detonation 
initiation devices and to prevent accidental 
initiations lent early impetus to studies devoted 
to characterizing the ease of initiation or 
sensitivity of explosive materials. 

There is now substantial evidence that all 
detonation initiation processes are essentially 
thermal in origin. By this is meant that initiating 
external stimuli such as shock, impact, and spark 
cause heating of the explosive and the creation 
of thermal explosion—sometimes in small 
localized regions of the explosive charge, i.e., 
hot spots. The thermal explosion, if it is of 
sufficient intensity, will propagate a deflagration 
and/or shock wave which eventually leads to the 
formation of a detonation wave. The factors 
which determine whether or not the stimulus is 
sufficient to cause thermal explosion and 
whether or not the thermal explosion is of 
sufficient .intensity to grow to detonation are 


very complex, involving chemical kinetics, 
thermodynamics, mass and heat transport, and 
hydrodynamic flow. A detailed discussion of 
thermal explosion and its application to 
detonation initiation are given in Chapters 10-12. 

As indicated earlier, one of the main 
applications of condensed explosives is as an 
energy source for blasting. The transmission of 
detonation energy to the medium surrounding 
an explosive relates not only to the properties of 
the medium but also to the properties of the 
explosive; e.g., detonation velocity, energy, 
pressure, product composition, etc. The theory 
of blast propagation in air and water from an 
spherical explosive charge is described in detail 
in Chapter 13. The theory is of significance in a 
book on explosive behavior since it sets, the 
foundation and limitations of the concept of 
“TNT Equivalent” which is often used in 
evaluating explosive performance, as well as 
forming the basis of some of the experimental 
determinations of the energy of detonation (cf. 
Chapter 3). 

Finally in Chapter 14 we discuss some of the 
equilibrium thermodynamic and time dependent 
hydrodynamic computer codes which are 
currently bung used in calculating explosive 
properties ana explosives’ behavior. 

1-3 TYPES OF EXPLOSIVE 

It has become traditional to distinguish 
between various types of explosives. Most 
military explosives consist of pure compounds 
or of relatively simple mixtures of explosive 
compounds. In such compounds the oxygen ia 
normally bound in nitro- or nitrate-groups, and 
the explosion reaction consists of the 
decomposition of the molecule of the explosive 
substance. Many commercial explosives consist 
of mixtures of various kinds. The may 

consist of a substance which itself is an explosive 
to which are added various materials which may 
serve as added fuel, added oxidizer, or inerts. 
When inerts are present, their function is usually 
to serve as a thermal ballast and thus to 
moderate the energy available for useful work or 
the temperature of the gaseous products. If one 
or more of the ingredients of such mixtures is an 
explosive substance, it is useful to call the 
mixture a hybrid explosive. Commercial 
dynamites provide an example of explosives of 
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this type. A very large number of formulations 
exist, each of them tailored to meet a particular 
commercial need and to comply with safety 
requirements imposed by the particular use. 
Another type of explosive mixture may consist 
of two or more subst* nces none of which of 
themselves are explosives. These may be called 
composite explosives. Typically they consist of 
mixtures of a substance serving as fuel and a 
substance serving as oxidizer. Mixtures of the 
oxidizer ammonium nitrate, which can only be 
exploded with great difficulty, and fuel oil .are 
examples of this type which have recently 
become very prominent as cheap blasting agents. 

Most explosive charges contain a main charge 
which is designed to accomplish the particular 
task for which the explosive is intended. The 
common explosives with a sufficiently high 
energy and pressure of explosion are normally 
somewhat difficult to initiate. These materials 
are called secondary er plosives. Typical of this 
class are the military explosives TNT, RDX, and 
the commercial dynamites. To provide reliable 
initiation, the charge will contain an initiator 
employing a substance easily initiated by a 
thermal source or by mechanical shock but 
whose energy and pressure of explosion are too 
low for use as a main charge. These materials are 
called primary explosives. Lead azide and 
mercury fulminate are well-known examples. A 
typical explosive device (see Fig. 1-1) consists of 
a train composed of an initiating charge of 
primary explosive, a main charge of secondary 
explosive, and a booster charge which is initiate^ 
by the primary explosive and which 
accomplishes the initiation of the main charge. 
The booster, therefore, serves as an intermediate 
step in the detonation of the main charge. The 
more sensitive secondary explosives are 
employed as boosters. Tetryl and PETN are 
frequently used for this purpose. Blasting caps 
are themselves explosive trains, containing a 
small amount of primary explosive and a booster 
charge which today is often PETN. 

Some typical explosive compounds are listed 
in Table 1-1. Table 1-2 gives the compositions of 
some explosive mixtures. 


14 SOME DEFINITIONS 

We wish here to define tire mean.ng of several 
terms that are employed in the discussion of the 


properties and behavior of explosive substances. 
Some of these terms are in everyday use with 
meanings that arc in varying degrees of 
imprecision. Some are not even capable of 
precise definition but are in such common use as 
to have a more or less established meaning 
through usage. The word “explosion” is in this 
category as is, for example, the word “fire”. 
Some terms are susceptible to exact definition 
but are frequently misused; such as the word 
“detonation”, which should only be used in the 
case of reaction by a detonation wave. 

,An explosive can be loosely defined as a 
substance capable of undergoing an explosion. 
More precisely we shall employ the word as we 
have in par. 1-2 to designate a substance or 
mixture of substances capable of undergoing 
exothermic chemical reaction with the evolution 
of gaseous products at on extremely high rate. 
Explosives may be in the gaseous, liquid, or solid 
state of aggregation. In this handbook we^hall 
be mainly concerned with condensed explosives 
that are either liquid or solid. 

An explosion is literally the sudden out’.vard 
projection of a quantity of matter. The farm is, 
for example, applied to the event following the 
rupture of a steam boiler in which steam and 
possibly boiler case fragments undergo a rapid 
excursion. The term is also applied, for example, 
to the event that follows the sudden admixture 
of liquid water to molten materials at a 
temperature substantially in excess of the 
boiiing point of water. As a final example, the 
term applies to the event resulting from the 
overpressurizatiori of any container. All of these 
meanings are endorsed by everyday use. 
However, in this handbook we shall employ the 
word in a more restricted sense to refer to the 
overall process by means of which an explosive 
is suddenly converted to gaseous products 
which* as will be shown, are at high temperature 
and pressure. We shall frequently refer to the 
chemical products of this process as explosion 
products. 

It may be noted that explosives may undergo 
slow reactions to gaseous products (cf. Chapter' 
3). If the rate of these reactions is so slow that 
high temperature and high pressure are not 
obtained, the process is not an explosion. 

The term thermal explosion is us»"d in a special 
sense that is fully discussed in Chapter 10. It is 
the result of runaway exothermic chemical 
reaction which occurs when the rate r* 
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MAIN CHARGE OF SECONDARY 
HIGH EXPLOSIVE (TNT) 


BOOSTER CHARGE (TETR.YL) 


INITIATING CHARGE OF PRIMARY 
EXPLOSIVE ( LEAD AZ'DE) 

INITIATION STIMULUS ( BRIDGEWIRE) 


ELECTRICAL LEADS 


Figure 1 -1 . Model of Explosive Charge 


evolution of heat within a reacting volume is 
greater than the rate at which that volume can 
lose heat by conduction to a heat sink which 
surrounds the volume. This is a precisely defined 
process that can be fully described by the laws 
of chemical reaction rates and heat conduction. 
For the present we wish only to note that it is a 
process that occurs in a static system, does not 
involve the flow of either reactants or products, 
and in consequence does not depend upon the 
laws of hydrodynamics. 

. If a substance is capable of undergoing an 
exothermic reaction, which we arc calling an 
explosive, and if such a reaction is initiated in 
some local region of a larger mass of material, 
then a reaction wave may propagate from the 
point of initiation throughout the mass. Under 


these circumstances the chemical reaction takes 
place within the wave. Even if the mass is 
initially static, the propagating wave induces 
flow in the material and thus is governed by 
hydrodynamical as well as chemical 
considerations. If the propagation velocity is 
constant, the wave may be said; to be 
sLady‘State (even though the associated flow 
may not be stationary everywhere in any frame 
of reference). In general, two flow regimes are 
observed. If the propagation velocity (i.e., the 
rate at which the wave advances into unreacted 
material) is less than the velocity of sound in the 
unreacted material, the reaction wave is said to 
be a deflagration. If a deflagration wave is held 
stationary by a flameholder such as a burner rim 
and the unreacted material flows through it, the 
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TABLE 1*1 TYPICAL EXPLOSIVE SUBSTANCES 
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TABLE 1-1 TYPICAL EXPLOSIVE SUBSTANCES (ContfmMd) 
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TABLE 1-2 COMPOSITIONS OF SOME EXPLOSIVE MIXTURES 


Name 

Amatol 

Ammonium Nitrate Dynamite 
B^'atol 

Blasting Gelatin 
Composition B 
Cyclotol 
Dynamite 

PBX9404 

Pentolite 


Composition 

Mixture of TNT and AN (80% AN, 20% TNT is typical) 

10% NG, 80% AN, 10% carbonaceous material is typical 

67% Barium nitrate, 33% TNT 

92% NG, 8% nitrocellulose 

60% RDX,. 40% TNT(with 1% wax) 

Mixture of RDX and TNT (50% RDX, 50% TNT is typical) 
Mixture of NG, sodium or potassium nitrate, and wood pulp 
(40%NG is typical) 

Plastic bonded HMX.(94% HMX) 

Mixture of TNT and PETN (50% TNT, 50% PETN is typical) 


deflagration wave Is the familiar flame. The 
propagation rate of a deflagration wave is called 
either the deflagration velocity or more 
customarily,, in combustion literature, the 
burning velocity. If the propagation velocity of 
the reaction wave is supersonic with respect to 
the unreacted material, the wave is called a 
detonation wave and its velocity of propagation 
is called the detonation velocity. 

It is worth noting,Nthat a process involving a 
detonation wave can always be called an 
explosion. However, not all explosions involve a 
detonation wave since the explosion roiiy result 
from a deflagration wave or a thermal explosion. 

In citing various typical explosives we have 
noted that they are frequently broadly classified 
into primary and secondary explosives, and that 
some secondary explosives are employed as 
boosters. This is a working classification based 
upon the use to which the substance is normally 
put in an explosive system or train and which is 
based upon a property of the material called the 
sensitivity. Primary explosives are used because 
they can be initiated by thermal sources such as 
hot wires or flames. As a class they can also be 
initiated by relatively mild blows. Such 


explosives are said to have a high sensitivity. In 
contrast, secondary explosives, as a class, are 
difficult to initiate from thermal sources and 
require a relatively severe impact to initiate 
explosion. These explosives are considered to 
have a loit sensitivity. 

The concept of sensitivity is, at least 
historically, a qualitative one. Sensitivity has 
usually been measured by a variety of different 
empirical tests in which samples, of explosive ate 
subjected to controlled and measurable 
initiation stimuli. Typical of such tests is one in 
which the sensitivity is measured/by the distance 
of travel of a falling weight, ontu a small mass of 
explosive, that is required to produce an 
explosion. Thus, the impact sensitivity of an 
explosive is its response to an impact test in a 
specific drop-weight apparatus. Similarly, the 
friction sensitivity is the response to an 
empirical friction test. Test results depend on 
the test method and also upon a variety of 
physical and chemical properties of the 
explosive in a way that is not usually well 
defined. In consequence, different methods of 
evaluating sensitivity may not place explosives in 
the same order of sensitivity. 
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CHAPTER 2 THEORETICAL BACKGROUND 


2-1 INTRODUCTION 


The theoretical description of explosion 
phenomena has relied mainly on the science of 
thermodynamics to provide a (Ascription of the 
properties of the product of the decomposition 
of an explosive and on the science of 
hydrodynamics to formulate the laws governing 
the motion of these products. It is the intention 
of this chapter to present the results, of these 
sciences that are required in the later 
development of the topics covered in this 
handbook, and to state the assumptions that are 
made in order to apply the methods of these 
sciences to the description of explosion 
phenomena. The topics discussed in this chapter 
may be pursued in greater detail in standard 
treaties on thermodynamics 1,2 * and 
hy<Jrodyriamic8 3,4 . 

Mthough this chapter and others are replete 
with mathematical formulas and notation, the 
nonmathematician will find the text material 
amply rewarding for the time spent in reading 
it"—it is not essential that one be a 
mathematician to understand the text. 

2-2 DESCRIPTION OF THE COMPOSITION 


In this paragraph is defined the notation used 
to describe the unreacted explosive and the 
explosion products. As an example of the 
reaction equations to be considered, let us 
consider decomposition of the explosive TNT, 
C 7 H b 0 6 N 3 . The predominant products arc 
expected to be C, CO, H 2> and N«. A 
conventional decomposition equation for TNT is 

^jHjOjNj - C + 6CO H, +| N„ (2-la) 


which provides an approximation to the 
composition of the explosion products. A more 
general decomposition equation is 


C^O^-Af (9j C + (j 2 CO + g 3 H 2 

+ « 4 N 2 + « 5 C0 2 

_ + O + g, H) 


(2-lb) 


* Superscript numbers refer to references at the end of 
a chapter. 


where q indicates the quantity (moles/gram) of a 
product and M is the gram-molecular weight, of 
the explosive. It is often assumed that the 
composition of the mixture remains “frozen” 
during the flow following decomposition, i.e., 
that each q is constant. In the more general case 
considered here, each q is allowed to vary within 
the constraints of chemical equilibrium. In 
preparation for this treatment, we introduce a 
notation which allows development of the 
thermodynamics arid hydrodynamics in general 
terms without restriction to the chemical nature 
of the mixtures. 

We consider a mixture of s different chemical 
species or constituents arid employ the index i (i 
= 1, 2, ... 8) as a constituent index. Thus, for 
example, if the list of chemical species is C, CO, 
etc., the index i = 1 designates the species C, the 
index i - 2 designates the species CO, etc. The 
composition of the gas phase of a mixture of 
many constituents can be described by the mole 
numbers n i (i * 1, 2, ... s) t where n ( 
(moles/gram) is the number of moles of the i-th 
constituent in unit weight (e.g., one gram) of 
mixture. We shall assume that any condensed 
phase in the mixture is a pure phase, thus 
excluding consideration of solid or liquid 
solutions, and we denote by n|f* > and h{ (t} ' the 
number of moles of liquid and solid species i in 
unit weight of the mixture. The composition of 
the mixture is thus described by the numbers n,, 
n ( (a, and (i - 1, 2; ... s). The phase rule 
imposes a restriction on the number of the 
quantities n^t) and nj l} that may be nonzero. 
In mixtures of practical interest, most of these 
quantities will be zero. If they are all zero, the 
system is homogeneous, consisting of a gas phase 
only. 

We designate by c the number of differerit 
chemical elements contained in the s different 
species comprising the mixture and employ an 
index, k(k ** 1, 2, ... c), as an element index. 
Thus, for example, if the list of elements is C, H, 
etc,, the index k « 1 designates the element C, 
the index k » 2 designates the element H, etc. 

The gross composition of the system can be 
described by the quantities q' h k (k = 1, 2, ... c), 
where q' k is the number of gram-atomic weights 
of the k-th element contained in unit weight of 
the mixture. If the gross composition of the 







system of interest is described by some other set 
of parameters, the quantitiescan always be 
obtained by simple consideration of 
stoichiometry, and we assume that this has been 
done. For example, the TNT formula referred to 
in Eq. 2-la is associated with the set of numbers 
which can be represented by the yector q * 
(7/Af, 6/A#, 6/3/, 3/3/). 

In a system containing ri.my constituents, it is 
possible to select a set of constituents which are 
sufficient for the complete description of the 
gross composition. Thus if the mixture consisted 
of the selected constituents only, the amounts 
of each element present- in the hypothetical 
system would be the same as those in the system 
of interest. The constituents thus sufficient to 
describe the system are called the components of 
the system. One possible set of components for 
the reaction products of TNT is given in Eq. 
24a. The.number of.components is usually, but 
not necessarily, equal to the number of 
elements. For the development here in which 
the explosion products as well as the explosive 
are expressed as a sum of the components, the 
number of components c is set equal to the 
number of elements. We employ an index, ](?* 
1, 2, ... c), as a component index. Thus, for 
example, if the list of components is C, CO, etc., 
the index / * 1 designates the component C, the 
index j * 2 designates the component CO, etc. 

The molecular formula of the i-th constituent 
or chemical species of the mixture of explosion 
products can,be formally represented by 

Y® -X 1 ” -X < * > -X'? (2-2) 

<1 Ik k 

where X <h) is the symbol of the k-th element 
and a /h is the subscript (which may be zero) to 
this symbol in the forumla of the i-th species. 
For every species /, the array a Jk (k * 1, 2,... c) 
defines a yector 

y ,r ” <«,„••• “/*- - “*) < 2 - 3 ) 

that can be called the formula vector of the i-th 
substance. As shown by Brinkley 5 it is a 
necessary condition for the selection of a proper 
set of components that the formula vectors of 
the selected constituents be linearly 

independent, which implies that the determinant 
|a, h |does not vanish. 


We denote by q f (moles/gram) the number of 
moles of the j-th component in unit weight of 
the hypothetical system consisting of 
components only. The quari iities (J * 1, 2, ... 
c) are called the stoichiometric constants of the 
system for a particular choice of components. 
For a proper set of components we require that 
the stoichiometric constants q } be greater than 
zero for ail /. The stoichiometric constants 
indicate the quantity of each component 
Without regard to phase; hence, they are sums of 
the mole numbers: 

</, = + r,;" + n<‘> (2-4) 

Since this hypothetical system is to have the 
same gross composition as the system of 
interest, then the quantity of each element must 
be the same in each system. Hence 

A “'*«/ ' ‘Ik for * “ *> 2. - c (2 ’ 5) 

The Qj provide a specification of the gross 
composition of the system that is an alternative 
to that provided by the . 

A choice of components is generally not 
unique. If it is arbitrarily assumed that the 
chemical elements in their standard states (e.g., 
C, 0 2 , N ...) are members of the system (even 
though tne concentrations of the elementary 
species may be so low as to be negligible), the 
elements constitute a proper choice of 
components. The elements as atoms (i.e., in 
dissociated forms) always constitute a proper set 
of components even though they may be present 
in negligible concentrations. Then q * q\ 
However, use a set of components other than 
the elements is advantageous if the hypothetical 
system of components is a good approximation 
to the system of interest. This will be the case if 
it is possible to select as components the 
predominant species of the mixture and if the 
concentrations of the species that are not 
selected sre small enough to be neglected as a 
reasonable approximation. 

If the hypothetical system of components is 
an adequate representation for the mixture 
resulting from the decomposition of an 
explosive, the equation for the decomposition 
reaction can be written from stoichiometric 









considerations alone. An example of such a 
simple reaction is given as Eq. 2-la. We can 
generalize the decomposition of an explosive by 
the equation 

X* 1 ’ ... X?* 1 ...x[ cl -> MZ qV‘ (2-6) 

*1 *k X c ]•! 1 

where {x l ... x k ...x c ) is the formula vector of the 
explosive of gram-molecular weight M, and Y (J) 
represent the formulas of the constituents of a 
hypothetical mixture of products satisfying the 
critera of a proper set of components. The of 
Eq. 2-6 satisfy Eqs. 2-5 with q' = x./Af, A 
decomposition equation of the form of Eq. 2-6 
is called a conventional decomposition equation. 
Conventional decomposition equations have 
been widely employed to obtain approximate 
descriptions bf the composition of the products 
of the decomposition of explosives. The validity 
of the approximation cannot be judged a priori. 
In general, it is necessary to compare the results 
with those of a ber ;r approximation such as 
that resulting from the assumption that the 
explosion products are in thermodynamic 
equilibrium. 

The calculation of the composition at 
equilibrium, of a system of many constituents is 
c&ried out by a method of successive 
approximations. The procedure requires the 
specification of an initial approximation. If-tJ*0 
calculation is to be carried Out on a computer, 
the initial approximation must be specified in a 
well-defined manner. The approximation 
provided by the hypothetical set of components 
is well-suited for this purpose. It leads to a more 
rapid convergence of the successive 
approximations to the equilibrium composition 
than is obtained with a physically less realistic 
initial approximation. 

We now introduce the algebra required to 
express the constituents in terms of the 
components. Then the method of calculating 
equilibrium composition of the product mixture 
can be discussed. The formula vector of the i-th 
constituent can be expressed as a linear 
combination of the formula vectors of the 
components 

ji V; = ( ( = 2 * - ') (2-7a) 

where y ; = fonnula vector of the j-th 
component. If the dissociated elements are 


taken to be the components, 0^ * a fJ . To each of 
Eqs. 2-7a there corresponds a chemical reaction 
that can be represented formally by 

£ 0„Y® = Y 10 (2-7b) 

J-i 11 

resulting in the formation of each of the 
constituents of the mixture from th6 
components. 

For a given choice of components, the 
reactions in the form of Eqs; 2-7b can always be 
written by inspection, using the customary rules 
for balancing chemical equations. The formal 
discussion of this paragraph is intended only to 
display the meaning of the coefficients p (Jt since 
it is possible to formulate a computer program 
that will construct £ table (matrix) of the 
coefficients from the coefficients a,*. 

The conservation of mass by the reactions of 
Eqs. 2-7b can be expressed by the relations 

(2 ' 8) 

where M, and M (grams/mole) are the 
gram-inolecular weignts of the i-th onstituent 
and j-th .component, respectively. The 
conservation of mass in the system as a whole 
requires that 



On substituting Eqs. 2-7b into Eq. 2*9 and 
equating the coefficients of there are 
obtained 


i v* ( + V' + "I") -«, (2 ’ 10) 

(j * 1, 2, ... s). Eqs. 2-10 are the stoichiometric 
conditions. 

According to the phase rule, the number of 
condensed phases is at most c + 1 (and this 
number of condensed phases can coexist in 
equilibrium with a gas phase only for a uniquely 
specified set of stoichiometric constants at a 
uniquely specified temperature and pressure). 
We simplify Eqs. 2-10 by making the assumption 
that any condensed phase is a pure component 
whose state of aggregation (solid or liquid) is 
known. More gerieral threatments, of 
heterogeneous systems present* no special 
difficulty but result in a considerable 
amplification of the notation required for a 
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general discussion. The systems of interest in 
this handbook are all compatible with this 
restriction. With this assumption, Eqs. 2-10 can 
be written 

+ ,?! ft/"/ “ 9/ (2-11) 

where nj is the number of moles of condensed 
(solid or liquid) component j in unit weight of 
the mixture. 

If the equilibrium composition of a mixture is 
to be determined, the constituents to be 
considered must be chosen a priori. The 
selection will usually imply the neglect of 
certain species whose concentrations at 
equilibrium can be expected to be negligibly 
small. In general, the correctness of the choice 
can only by confirmed a posteriori by a 
calculation demonstrating that the 
concentrations of the neglected species are in 
fact negligible. In some applications, additional 
species may be arbitrarily excluded from 
consideration even though their equilibrium 
concentrations may be .significant, provided 
kinetic conaideratons imply that the rate of their 
formation is too small to be significant under 
the conditions of their application. 

We may illustrate the rjtation of this section 
by considering the decomposition products of 
TNT. We assume a priori that the products 
consist of a mixture of solid carbon with a gas 
phase comprised of C, CO, H , N 2 , CO , H Q, 
H, In this list we have arbitrarily neglected a 
number of possible dissociation products; they 
can be included if desired. Because of the 
oxygen deficit in the TNT molecule, we expect 
the most abundant species to be C, CO, H 2 , N 2 , 
tmd we ? select these species as components. The 
coefficients of the formula vectors and of 
Eqs. 2-7 are collected in Fig.. 2-1. The first four 
rows of the array (matrix) of the correspond 
to the identities resulting from the choice of 
components. The remaining rows represent the 
chemical reactions of Eqs. 2-7. 

2 CQ - C = C0 2 

Hj + CO - C = H 2 0 

V*H 2 = H 

by means of which those constituents that are 
not components are formed from those that are. 
For TNT, C 7 H B 0 6 N 3> 


q[ = 7/M; q! 2 = 6/M; q‘ z = 5 /M; q\ = 3/M 

where M - 228.18 is the molecular weight of 
TNT. The solution of Eqs. 2-3 is 

q x = 1/M; q 2 = 6/M; q z = 5/2M; q A - 3/2M 

2-3 THE LAWS OF THERMODYNAMICS 

Thermodynamics is an exact mathematical 
science, based upon a small number of basic 
premises or postulates from which all the results 
of the science are deduced by logical processes. 
Application of the science to physical systems 
always involves _ \ditional hypotheses separate 
from the science itself. It is necessary to assume 
the relevance of the mathematical model to the 
physical system to the one-to-one correlation of 
quantities, employed by the science to physically 
measurable properties of the system. It is idso 
necessary, except in trivial cases, to appeal either 
to experiment or to other theory to evaluate the 
various functions required by the application of 
thermodynamics in their dependence upon the 
independent variables of the physical system. 

A thermodynamic system (closed system) is 
one that interacts with the surroundings by 
exchanging heat and work through its boundary; 
an isolated system is one that does not interact 
with the surroundings. The state of a system is 
determined by the values of its various 
properties, the nature and necessary number of 
which are to be determined. A system is 
composed of a finite number of homogeneous 
parts, called phases. For some applications, it 
may be necessary to consider the finite number 
of nonhomogeneous regions forming the 
boundaries between pairs of homogeneous 
phases; for most cases, the extent of such 
regions is small and they can be neglected in 
comparison to the homogeneous regions. Some 
properties of the homogeneous phases are 
regarded as fundamental; i.e., temperature, 
internal energy, pressure, entropy, and volume. 

Properties such as internal energy, volume and 
entropy are called extensive because their values 
for a given phase are proportional to the mass of 
the phase. The value of an extensive property of 
an entire system is the sum of the values of each 
of the constituent phases, The molar value of an 
extensive property is that for a suitably defined 
gram-molecular weight or mole of material. The 
specific valueot an extensive property is that for 
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unit weight (e.g.j one gram of material. We will 
generally employ a capital letter to designate an 
extensive property for weight M of material, 
where M may be a suitably defined 
gram-molecular weight, and the lower case letter 
designates the value of the extensive property 
for unit weight. A property is called intensive if 
its value for a given phase is independeht of the 
mass of the phase.. The temperature and pressure 
are such intensive properties. 

A thermodynamic process is said to have taken 
place if a change is observed to have taken place 
in any macroscopic property of the system. An 
infinitesimal process is a process in which there 
is only an infinitesimal change in any 
macroscopic property of the system. A natural 
process is an infinitesimal process that occurs 
spontaneously in real systems; an unnatural 
process is one that cannot occur spontaneously 
in real systems. Reversible processes are either 
natural or unnatural processes which can occur 
in either direction between two states of 
equilibrium. 

The first law of thermodynamics for an 
isolated system can be stated as follows: There 
exists a function of the state of a uniform phase 
called the energy which is conserved for any 
process over all the phases participating in the 
process. For an infinitesimal process, the first 
law is 

2 d/v c 0 (2-12) 

where E (k > is the energy of the k-th phase. 
Note that k now refers to the phase (solid, 
liquid, or gas), not to the element as in the 
preceding paragraph. Because energy is an 
extensive property, the energy of the whole 
system is defined by 

E = 2E lkl (2-13) 

k 


circumstances the external work performed on 
the k-th phase is reversible, equais p (k) dv {k \ 
and 


dE T ' = bq (k> - p lk) dV h) (2-14) 

where 5 q (ki is the heat absorbed by the k-'.n 
phase, p (k> is the pressure Of the k-th phase, and 
dV <h) is the differential increase in volume of 
the phase during the process producing the 
change dE <k) \n.E (h> . 

The second law pf thermodynamics for an 
isolated system can be stated as follows: There 
exists a function of the state of a uniform phase 
called the entropy which is conserved for any 
reversible process and which increases for any 
irreversible process over ail of the phases 
participating in the process , For an infinitesimal 
process 


EdS ,k> > 0 (2-15) 

where S (k} is the entropy of the A-tfrpnase. The 
equality sign refers to a reversible process and 
the inequality sign to an irreversible one. 
Because entropy is an extensive property, the 
entropy of the whole system:^ dfcfined'by 


■S « 2 S (hi (2-16) 


The statement of the second law completed 
by the further assumption that irir a particular 
phase participating in a reversible process 


dS <hi = 


6q<*> 

jtk) 


(2,17) 


where T ik) is the temperature of the uniform 
k th phas£ and 6i (k) is the heat absorbed by the 
phase from its surroundings in the reversible 
process producing: the change dS< k> in S <k} , 
Then Eq. 2-14 can be written 


We shall here limit consideration to the case in 
which all of the work done on a phase is 
produced by the pressure exerted on the phase. 
We suppose that the phase is in pressure 
equilibrium with its surroundings in the sense 
that if the pressure exerted by the phase on its 
surroundings is p, the pressure exerted by the 
surroundings is p + dp or p - dp. Under these 


dE ,k ‘ = T““dS ,k ’ - P ,l "dV k > (2-18) 
for a reversible process. 

Note that tne summation of Eqs. 2-12 and 
2-15 is over all of the phases performing work or 
exchanging heat during the process, and the 
total system described by these equations is an 
isolated system for which the total volume is 
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constant and tho”'* the boundary of which no 
heat flows. 

In textbooks on thermodynamics, it is shown 
that a general (reversible or irreversible) 
infinitesimal change in the energy E (k) of a 
phase k can be written 

dE ,k > - T< k> dS W - p°"dV h> (2-19) 

+ MT^’dn^ 


dS - ZdS tkl ,.,dH » XdH ,k ’ 

k k 

dV= ZdV k> , dF = ZdF <kl 

k k 

dE - r dE w , da - ZdG lk> 

k k 


(2*23) 


When the definitions of Eqs. 2*20, 2-21, and 
2*22 are differentiated and combined with Eq. 
2-19, we obtain 


where M is the total mass of the system (not the 
gram-molecular weight as in the previous 
paragraph) uj k) is called the chemical potential 
of the k*ih phase of the i-th constituent. 
Equation 2-19 can be shown to be compatible 
with the first and second laws of 
thermodynamics. 

If independent variables other than the 
entropy and volume are to be employed for a 
particular system, it is convenient to define new 
extensive variables: enthalpy, Helmholtz free 
energy, and Gibbs free energy. The new state 
variables are defined in terms of quantities 
already introduced; they do not provide 
additional information concerning the state. The 
characteristic function for the independent 
variables entropy, pressure, and the mole 
numbers is called the enthalpy, denoted by if, 
and defined for a phase k by 

//*> « (2-20) 

For the independent variables—temperature, 
volume, and the mole numbers—-the 
characteristic function is called the Helmholtz 
free energy, denoted by F, and defined for a 
phase k by 

« E< k) - tf ki d k> (2-21) 

For the independent variables—temperature, 
pressure, and the mole numbers—the 
characteristic function is called the Gibbs free 
energy, denoted by G, and defined for a phase k 
by 


Q(k) e fl(k) ^ yjkiglk) (2-22) 

For any infinitesimal process of the whole 
system the extensive properties satisfy the 
equations 


at" - 7< kt dS w ♦ V kl dp' k> * MttfUn'" 

dF"" - - S <k, dt h> -p^dV" 4 

dG (k> - - S (k, dT Jk> + V th1 dp <k) + Mlp tkl dn (kl 


(2-24) 


For a particular phase, the chemical potential 
can be defined by any one of the relations 



If the system consists of a single pure pha 
Eqs. 2-19 and 2-24 can be written 


dE * TdS - pdV 
dH - TdS + Vdp 
dF - - SdT~ pdV 
dG - - SdT + Vdp 


(2-26) 


when it is unnecessary to retain the superscript 
label of tho phase. Theje expressions, for any 
infinitesimal process involving only a single pure 
phase, satisfy the first and second laws as 
expresed by Eq. 2-18, 

Tlie variations of Eqs. 2-23, with Eqs. 2-19 
and 2-24 are arbitrary, except that the variations 
dn ( ( k> must satisfy the stoich^^etric 
conditions, Eqs. 2-10, which we write in the 
form, 

“ 0 (2-27) 

When the assumption is made that a process 
occurs at fixed composition, these connections 
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are automatically satisfied since 

dn™ » 0 (2-28) 


for all i and k by definition. 

The equilibrium-conditions are the conditions 
under w*.ich a process in an isolated system-as 
described by Eqs. 2-23 and 2-24, and subject to 
the stoichiometric constraints of Eq. 2-27—is a 
reversible process, i.e., satisfies Eqs. 2 : 12 and 
2-15. The analysis for the case of. fixed 
composition is given in standard 
thermodynamics textbooks, e.g., that of 
Guggenheim 2 . The analysis, when the 
stoichiometric conditions are expressed in the 
form of Eq. 2-27, has been published by 
Brinkley 6 . 

Both under constant composition constraint 
and under the constraint expressed by Eq. 2-27, 
the mechanical and thermal equilibrium 
conditions are obtained in the form 


P 


O') 


P 


t" ,) » T 


(2-29) 


where p and T are the uniform pressure and 
temperature, respectively, of the whole system. 
For the general stoichiometric conditions 
expressed by Eq. 2-27, the chemical equilibrium 
conditions can be obtained in the form 


pf' - BTSP,^ (2-30) 

where the X y are parameters that can be 
eliminated between Eqs. 2-27 and 2-30. 

In the derivation of Eqs, 2-29 and 2-30 that 
has bean outlined, a process occurring at 
constant total volume and constant total 

entropy in an isolated system was considered. 
The analysis can be extended to cases where the 
system of interest exchanges heat with its 
surroundings or performs work on its 

surroundings by conceiving of an isolated system 
consisting of the system of interest surrounded 
by an additional phase and separated from it by 
a, membrane impermeable to the exchange of 
matter but through which heat can be 

transferred or upon which work can be 

performed, or both. If the added phase is 
a/jsumed to be 30 large that the exchange of heat 
results in a negligible change in its pressure, then 
the process occurring in the system of interest 


may be at constant temperature, or constant 
pressure, or both. It can then be shpwri that Eqs. 
2-29 and 2-30 are the conditions that a process 
be reversible when the process occurs at 
constant entropy and pressure, at constant 
temperature and volume, or. at constant 
temperature and pressure of the system of 
intercut. Eqs. 2-29 and 2-30 are thus the 
conditions for any infinitesimal process to be a 
reversible process and they are thus the general 
conditions f Ci equilibrium. 

When Eqs. 2-28 and 2-29 are satisfied, the 
system is in mechanical and thermal equilibrium, 
but is constrained to constant composition. It is 
a state of partial equilibrium tb p .t may provide a 
good approximation to th* state of a transient 
system if relaxation timev for equilibration of 
temperature and pressure ire short and 
relaxation time-i foy equilibration of 
composition are long compared to the time 
characterizing the transient nature of the 
system, When E *s. 2-28 and 2^29 are satisfied, 
Eqs. 2-19, 2-23, and 2-24 can be written 


dE = TdS - pdV 
dH * TdS + Vdp 
dF * - SdT - pdV 


(2*31) 


dG = - SdT + Vdp 


Eqs. 2-31 are identical with Eqs. 2-26 fora pure 
single phase. We conclude that the equations for 
an infinitesimal process in a mixture—which 
maintains thermal and mechanical equilibrium 
during the piocees and also is constrained to 
constant composition-are Identical with those 
for a single pure phase. 

When Eqs. 2-29 and 2-30 are satisfied, the 
system is in a state of complete equilibrium. It 
may provide a good approximation to the state 
of a transient system if relaxation times for 
equilibration of temperature, pressure, and 
composition are al) short compared to the time 
characterizing the transient nature of the 
system. When Eqs. 2-29 and 2-30 arc satisfied, 
Eq. 2-19 and the third of Eqs. 2-23 can be 
combined to give 

dE = TdS - pdV + JlTME\EEp,.an ( !' 1 

J * h f 1 

In view of Eq. 2-27, this expression reduces’to 


2-8 




AMCP 706*180 


dE = TdS - pdV ^2-32) 


Similarly, Eqs. 2-23 and 2-24 result in the 
expression 

dH = TdS + Vdp ) 


dF = - SdT - pdV 


(2-33) 


dG = - SdT + Vdp 


Eqs. 2-32 and 2-33 are identical with Eqs. 2-26 
for a pure single phase. We conclude that the 
equations for an infinitesimal process lii a 
mixture that maintains equilibrium during the 
process are identical with those fora single pure 
phase. 

Using Eqs. 2-29 and the extensive nature of 
the enthalpy and free energy functions, we can 
also write 

H = E + pV ) 


F » E - TS 


(2-34) 


G * H - TS 


for a mixture. These expressions have the same 
form as the,definition* given by Eqs. 2-20, 2r21, 
and 2-22 for a single phase. 

The energy and enthalpy are undefined to the 
extent of an arbitrary additive constant. The 
entropy is undefined to the extent of an 
additional arbitrary additive constant. The free 
energies are thus undefined to the extent of an 
additive constant and an additive linear function 
of temperature. In practice, this lack of 
definition occasions no difficulty since one is 
always concerned with the energy or entropy 
difference between two states and these 
differences are completely defined. The lack of 
definition can be removed by defining for each 
conctituent of a mixture a standard state in 
which energy and entropy are arbitrarily 
assigned the value zero. It is not necessary that 
the standard state be physically accessible, 
provided a process can be defined that will 
produce the state of interest from the standard 
state and for which the change in energy and 
entropy can be calculated. 

Npw suppose that the entropy and volume are 
known as functions of the independent variables 
pressure, temperature, and the mole numbers n ( , 
i.e., that the functions represented by. 


s = s(p, T; n r -n ) 
v - u(p, T; n v ~n t ) 


are known. The the sake of definiteness, we 
employ the specific entropy and specific 
volume. If (1) the system is a single pure phase, 
if (2) the system is a mixture constrained tq 
constant composition, or if (3) the composition 
of the system satisfies the equilibrium and 
stoichiometric conditions at all values of p and 
T; we may regard the entropy .and volume as 
implicitly prescribed functions of p and t only, 


s * s(p, T) 
v = v{p, T) 


(2-35) 


If a standard state has been defined, the third of 
Eqs. 2-33 end the information summarized by 
Eqs. 2-35 suffice to evaluate the Gibbs free 
energy as a function of pressure and 
temperature. Therefore, the function 


g = g(P , T) 

may be regarded as known, where g is the 
specific Gibbs free energy. The other 
thermodynamic properties are then also known. 
In particular, the specify energy can be regarded 
a known function of pressure and temperature 
as expressed by 


c(p, T) = g(p t T) + Ts(p t T ) - pu(p t T) (2-36) 


Similarly, it may be supposed that the entropy 
and pressure are known as functions of the 
independent variables volume, temperature, and 
the mole numbers n (i 


$ « $(p, T; , — n f ) 
V = p(». T; n s ,•••«.) 


Under th-ase circumstances, we may regard the 
entropy and pressure as implicitly prescribed 
functions of v and T only, i.e., 
s * s(v, T) 

' (2-37) 


P - P{v t T) ) 

If a standard state has been defined, the second 
of Eqs. 2-33 and the information summarized by 
Eqs. 2-37 suffice to determine the specific 
Helmholtz free energy as a function of volume 
and temperature 


f = flu. T) 
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The other thermodynamic properties are then 
also known. In particular, the specific energy 
can be regarded: a known function of volume 
and temperature, as expressed by 

e{v, T) * f(v, T) - Ts{v, T) (2-38) 
Either of the expressions 

i> * u(p, T; n,, — n) I 

(2-39) 

P = p(i\ T; »,,-«,) ) 

represent a relation between pressure, volume, 
and temperature that is called an equation of 
stale. Either of the expressions 
s = s(p, T; ) 

(2-40) 

5 * s(p, T; n x .,~n ) 

can be evaluated if an equation of state and 
certain thermal data, to be specified later, are 
known. The information summarized by Eqs. 
2-4 'J is sometimes called the caloric equation of 
state , although these data cannot usually be 
expressed in analytical form. 

A similar discussion results if the pain (s,p) 
and (s,u) are considered as independent 
variables. The energy is most naturally, from a 
purely thermodynamic standpoint, considered a 
variable of the latter pair. However, except in an 
approximation to be noted Jater, equation of 
state and thermal data are always presented in 
the forms summarized by Eqs. 2-39 and 2-40 so 
that the energy, regarded a function of entropy 
and volume, is determined parametrically by Eq. 
2-38 or by Eqs. 2-36 and 2-37. 

We conclude that the thermodynamic state of 
a system is uniquely determined by the values of 
two independent properties of the system (state 
variables) if the laws of thermodynamics, an 
equation of state, and the thermal data 
summarized by one of Eqs. 2-40 are 
simultaneously satisfied and if the system 
consists of a single pure phase, a mixture 
constrained to constant composition, or a 
mixture whose composition satisfies the 
stoichiometric and equilibrium conditions at all 
values of the independent state variables. The 
state of a system is uniquely specified in this 
way from purely thermodynamic considerations 
under no other circumstances. 


2-4 GENERAL THERMODYNAMIC 
IDENTITIES 

To determine the thermodynamic properties 
(such as energy, pressure, enthalpy, temperaturei 
specific heat, etc.) of an actual.system, it is first 
necessary to define or to determine its 
composition. It is al«o necessary to know the 
equation of state of the gaseous mixture and the 
equation of auu*> of each phase present Then 
the thermodynamic properties are determined 
by the general relations to be summarized in .this 
paragraph. These rehtions are described by 
partial derivatives of thermodynamic quantities. 
To determine the properties themselves, the 
derivatives must be integrated along some 
thermodynamic path. Examples of such 
integrated expressions are presented in 
Appendix A. 

The general thermodynamic relations are 
derived for a heterogeneous mixture. First the 
partial derivatives of volume with respect to 
temperature and pressure, .‘re derived and then 
the derivatives of pressure with respect to 
volume and temperature are derived. Then 
specific heats, and derivatives of entropy, 
energy, enthalpy, and chemical potential are 
considered. Finally the adiabatic exponent and 
the sound speeds, are derived. 

The equation of state of a heterogeneous 
mixture is constructed from the ip-u-T relations 
for each of the constituent phases, making use 
of the fact that the volume of a mixture is the 
sum of the volumes of its constituent phases. We 
will let v denote the specific volume of a 
mixture, V) the molar volume of the j-th 
condensed component, and r the volume of the 
gas phase for unit weight of mixture. For a 
homogeneous system consisting of a gas phase 
only, v * 7. In.general, we consider 

u = r + (2-41) 

since we have restricted our discussion to 
mi ctures in which a»*,y condensed phase cpnsists 
of a pure component. 

The equation of state of a pure condensed 
phase is an expression giving 

Vj = Vj (P> T) (2-42) 

The dependence of the molar volume of a pure 
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condensed phase on pressure and temperature is 
usually determined for each substance by 
experimental measurements, and tne data have 
been represented by a variety of empirical 
equations. Without such data, the molar volume 
of a pure condensed component may be 
regarded—as an approximation—a constant, and 
at temperatures and pressures far removed from 
ordinary values treated as an adjustable 
parameter. 

The equation of state of a gas phase may be an 
expression giving 

t = r(p, T; n lt — n a ) (2-43) 

Later we consider the case where pressure is a 
function of r, T, and the n’g. The partial molar 
volume of the i-th gaseous constituent is defined 



Iw .oanoyol- 1/ to o rtf V./n '7 1 * 

n t , ...n # ). In textbooks on thermodynamics, it is 
shown that 


r = Sn, V, (2-45) 

Therefore, Eq. 2-41 can be written 

v = Xn.V. + (2-46) 

when the equation of state of the gas phase is 
explicit in temperature and pressure. The partial 
derivatives of the volume with respect to 
temperature and pressure and at constant 
composition are 



where the subscript n means that the 
differentiation is to be performed at constant 
composition. Equilibrium partial derivatives of 
the volume with respect to temperature and 
pressure are related to the derivatives at constant 
composition by 



where the equilibrium nature of the derivative is 
indicated by omitting the subscript h. The 
derivatives of the mole numbers with respect to 
temperature and pressure are to be determined 
from the variation of the equilibrium 
composition with temperature and pressure. 
Their explicit evaluation is described in 
Appendix B. 

Alternatively, the equation of state of a gas 
phase may be an expression giving 


p = p(r, T; n t , ••• n) (2-49) 


If the system consists only of a gas phase, so 
that, r = i> thp AVAliifttinn. at the. .equilibrium, 
partial derivatives of pressure with respect to 
temperature and mixture volume is 
straightforward. It is convenient to define 



(2-50) 

(p 1 b not a partial molar quantity). From the 
ordinary rules o£ differentiation, we obtain the 
relations, 

' . . } (2-5D 

kp\ hp\ r ® n "A 


The derivatives of the mole numbers with 
respect to temperature and gas volume are to be 
determined from the variation of the 
equilibrium composition for changes in these 
variables. If the mixture is heterogeneous, the 
/xpressions for the partial derivatives of the 
pressure with respect to temperature and 
mixture volume are of an awkward form because 
of the mixed character of the equations of state. 
To evaluate them, we first evaluate the 
quantities 
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M +1 

\ r /T,n \ 7 /T,n J V P fT 

(2*52) 

Eqt. 2 : 52 are obtained b;' differentiation of Eq. 
2-41. Then .the fixed composition partial 
derivatives of the pressure with respect to 
temperature and mixture volume can be 
obtained-from identities. 


quantity c is called the specific heat capacity at 
constant volume and denoted by c v . If the 
pressure is held constant during the heating 
process, the constant c is called the specific heat 
at constant pressure and denoted by c . 

A A \ 


W,„ WJr, 


U/a. nivuwwul. iw a .eimi)a» ?r» artna. f A - (VD A)no l n. tha 

equilibrium partial derivatives. From Eq. 2-41, 
we obtain 


Then the equilibrium partial derivatives of 
pressure with respect to temperature and 
mixture volume can be obtained from the 
identities of Eqs. 2-51, written for the 
equilibrium derivatives by the elimination of the 
subscript n. 

A secondary thermodynamic property is the 
heat capacity. If a system is heated from 
temperature T to T + cfT, the heat absorbed 5 q 
by unit weight of the system is evidently 
proportional to ciT 

hq = cdT 

where c is the heat capacity pe/, unit weight. If 
the changes taking place in the ’heating process 
are reversible, we may employ Eqs. 2-16, 2-17, 
and the second of Eqs. 2-29 to write 


where s is tire specific entropy. If the volume is 
held constant during the heating process, the 


If in addition to pressure or volume the 
composition is assumed; to remain fixed during 
the heating process, the heat capacities are called 
the heat capacities for constant composition, or 
more shortly, the “frozen”-heat capacities. They 
can be denoted by x* u „ orc p n , where 

J»A s 

lazy... 


The expressions for specific energy e and 
specific enthalpy h (from Eqs. 2-26) can be 
written 

de * cdT - pdu , dh - cdT + vdp 

valid either for a change between equilibrium 
states or for a change at constant composition. 
It follows that alternate definitions for the.heat 
capacities are given by the expressions 


and employ the identity 


Lj i 


To evaluate tire frozen heat capacity at 
constant volume for a heterogeneous system, we 
introduce the abbreviation 

/3e\ _ 
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(d e/3rj^ n are given in 


T,„ 

Appendix ‘A, 


and 

and 


expressions for the derivatives of the mixture 
volume are given by Eqs. 2-52. 

To calculate the equilibrium heat capacity at 
constant volume for a heterogeneous system > we 
employ the quantity c T , 

fbe\ v P /8 *"' 

CT = bL = e r.« +i t n ‘ E ‘ 

\r* 


inn\ 

ar J f 


2E', 


(2-60) 


where we have introduced the abbreviation 


[be ' 


(2-bl) 


t.t 


and where £! is the molar energy of the j-th 
condensed component. The quantity E { is not a 
partial quantity. An. expression for E, is 

given in Appendix A. Then e v can be obtained 
from the identity of Eq. 2-59, written for the 
equilibrium derivatives by the elimination of the 
subscripts 

An expression connecting the frozen and 
equilibrium heat capacities at constant pressure 
can be written in the form 


_ i i 5 tn 4 

P,n + y 3T 4 


(2-62) 


where /7, is the partial molar enthalpy of the i-th 
gaseous constituent 



*■6 


(2-63) 


and where fl } is the molar enthalpy ot the j-th 
condensed component. Expressions for +he o p n 
and H ( are given in Appendix A. 

We shall have occasion to employ the fixed 
composition partial derivatives of several 
thermodynamic functions with respect to 
temperature and pressure or with respect to 
temperature and volume. They can all easily be 
obtained from the definitions of the functions 


and the thermodynamics laws by application of 
the rules for partial differentiation. For purposes 
of reference, we list certain of these relations 
without -derivation. The derivatives of entropy 
with respect to pressure and volume at constant 
temperature are 



The derivatives of energy and enthalpy with 
respect to volume and pressure, respectively, at 
constant temperature are 



Eqs. 2-64 and 2-65 complement Eqs. 2-56 and 
2-57. The partial . derivatives of the, chemical 
potential of the i-th gaseous constituent can be 
written x 



Similar relations apply to the chemical potential 
of a pure condensed phase, 
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'Derivations of these relations can be found in 
thermodynamics textbooks. 

A relation between the fixed composition heat 
capacity at constant pressure and that at 
constant volume can be obtained in either of the 
equivalent forms 



the first of which is convenient for. the 
independent variables v and T, arid the second of 
which is convenient for the independent 
variables p and T. It can be shown that an 
exprenion of the same form connects the 
equilibrium heat capacities 



where the equilibrium derivatives of pressure or 
volume are ^smployed in evaluating the 
right-hand side of the equations. 

The ratio of the heat capacity 7 at constant 
pre*ure to that at constant volume can be 
defined for either the frozen heat capacities or 
for the equilibrium heat capacities. We define 
the quantitiei i 


(2-70) 


c fc 

P,n 1 va 


Using Eqs. 2-68. and 2-69, 
following useful relations: 



we obtain the 


(2-71) 


The adiabatic exponent K is definedby 



(2-72) 


This exponent ft used to describe the.adiabatic 
expansion of gas^.s. For detonation products k 
has a value of approximately 3, and for perfect 
gases k * 7 . 

By use of the thermodynamic identity 





Eq. 2-72 can be written 

- ■ - r © ($, < 2 -™ 
An adiabatic exponent for fixed composition 

.-nrr-!" 1 - 



If Eqs. 2-73 and 2-74 are combined with Eqs. 
2-71, we pbtain the useful expressions 



i P /dtA pT /du\ 2 

K v [dpJ T vc p \bf/ p 


The sound velocity c is defined by 



(2-76) 


where p * 1 /u is the density of the mixture. A 
fixed composition or frozen sound velocity c n 
ean.be similarly defined by 
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Eqs; 2-75 can be combined with the definition 
of the sound velocity to obtain useful 
expressions relating this quantity to the 
derivatives of the equation of state. We obtain 
the relation* \ 



u ' j y 

Physically, the frozen sound velocity 
corresponds to the velocity of propagation of 
sound waves in a limit, attained at high 
frequency and the equilibrium, sound velocity 
corresponds to the propagation velocity of 
sound waves in a limit attained at low 
frequency. 

A differential coefficient which is 
complementary to the adiabatic exponent k and 
which is useful in analysis where volume and 
entropy are taken as independent variables can 
be defined for an equilibrium system by 



and for a system constrained to fixed 
composition by 


T Wm 


( 2 - 80 ) 


These quantities are related to derivatives of the 
equation of state by 





(2-81) 


It is sometimes useful to regard the energy as a 
function of pressure and volume, with the 
partial derivatives 



( 2 - 82 ) 


which define the coefficient Xn for a system 
constrained to fixed composition and the- 
coefficient X for an equilibrium system. The 
corresponding derivatives of the energy with 
respect to the pressure are 



The coefficients X,0, arid K are not independent, 
but are related by the expression 



An analogous relation exists between the 
cprresponding coefficients for a system of fixed 
composition. 

Integrated expressions for the thermodynamic 
properties of a gas mixture, of a condensed 
phase, and of a composite heterogeneous system 
are derived in Appendix A. These expressions 
give the property of interest as the sum of two 
terms: the fint is the value for an ideal system 
and the second is the contribution arising from 
the nonideal nature of the actual system. Terms 
of the second type involved integrals of the 
equation of state. In Appendix D, we list the gas 
imperfection contributions to the various 
thermodynamic properties as evaluated for 
several equations of state that have been 
employed to describe properties of the 
explosion products of explosives. 

It has been noted that the equilibrium mixture 
is often employed to represent the composition 
of real mixtures of explosion products. The 
composition of this mixture is determined by 
the stoichiometric conditions, Eqs. 2-10, and by 
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the chemical equilibrium conditions, Eqs. 2-30. 
Because Eqs. 2-i0 are linear in the mole 
numbers, while Eqs. 2-30 are linear in the 
logarithms of the mole numbers, an iterative 
procedure must be -employed to determine the 
equilibrium mixture. A general method to solve 
these algebraic equations is formulated in 
Appendix B. This method can be employed as 
the basis for a computer program of very broad 
application, but it is not well adapted for hand 
calculations. In Appendix C, there is presented a 
simplified method of computation for systems 
containing compounds of carbon, hydrogen, 
oxygen, and nitibgen in which, with the 
chemical nature of the system specified, it is 
possible to achieve a partial separation of the 
variables and thus to simplify markedly the 
computational process. 

2-5 APPROXIMATIONS FOR THE 
THERMODYNAMIC PROPERTIES ON 
AN ISENTROPE 

It is possible to perform an exact calculation 
of all of the properties of the system, provided 
that the equations of state exist for the various 
phases comprising the system. This calculation, 
however, involves a large number of successive 
numerical steps, and the dependence of a 
property such as the energy on the independent 
state variables such as.entropy arid volume, i.e., 
the function e(u,$) is obtained implicitly and not 
analytically. For some theoretical investigations, 
there is a need for approximate analytical 
expressions of such functions. 

For an ideal gas of constant composition, the 
adiabatic exponent defined by Eq. 2-74 is equal 
to the ratio of the heat capacity at constant 
pretsu** to that at constant volume, k * 7 . The 
there properties of an ideal gas are frequently 
represented with sufficient accuracy by the 
assumption inat 7 is a constant. Such a gas is 
called an ideal polytropic gas. The 
thermodynamic properties of such gases can be 
expressed in relatively simple form and the 
approximation lias been extensively employed in 
the development of the hydrodynamics of 
compressible fluids such as air for which at 
moderate temperatures and pressures the 
polytropic assumption is a good approximation. 

For the products of condensed explosives, it 
has been experimentally found that the 


adiabatic exponent 7 is, to a good 
approximation, independent of the density and 
a function of entropy only for a considerable 
range of pressure. It seems proper to designate as 
a nonideal polytropic gas any gas for which k is 
constant on an isentrope. 

If the adiabatic exponent is a function of 
entropy only, Eq. 2-72 can be integrated along a 
path of constant entropy with the result 

p = Au~ = Ap* (2-85) 

where p = l/o is the density and A = A(a) is a 
function of entropy only. Eq. 2-85 can also be 
expressed in the form 


P(v,s) = p f (o>) = p'(P/p') (2*86) 


where p' - p(v\$') and * k(s). From Eq. 2-22, 
(de/dv) a = -p. Using Eq. 2-85 and integrating 
along a path of constant entropy, we obtain 



where B = B(s) is a function of entropy only. 
Eq. 2-87 car «Iso be expressed in the form 


e = e' + —-—(pv - pV) 

K - 1 


\£S$) 

where e' = e(V,s'). The enthalpy h 

e + pv is 

given by 



/ K \ 

h = [—y ) pv + B 


| (2-89) 

= h' + - pV) 




where ti = h fpV). By using Eq. 2-76, the sound 
velocity c can be introduced into Eqs. 2-87 and 
2-89 with the result 


c 2 = Kpv = k(k - l)(e - B) 
* (k - 1 )(h - B) 


(2-90) 


2-6 HYDRODYNAMICS OF REACTING 
CONTI NUA 


The fundamental differential equations of 
motion for a reacting fluid ore derive in this 
paragraph. For ons-dimensional problems they 
are simplified to the usual Euleiian and 
Lagrangion equations,. In par. 2-7 the method of 




characteristics is applied to the one-dimensional 
problem. The treatment of shock waves as 
discontinuities is given in par. 2-8. 

In the macroscopic description of a physical 
system, the information concerning the state at 
one instant of time may be considered adequate 
if one can obtain from it a reasonable 
description of the state at some later time. It is 
assumed that the process can be performed in 
series (making each estimate from the previous 
estimate) over subintervals of the desired time 
interval with the final, result insensitive to the 
length of the subinterval. One expects the 
procedure to fail fo*. information of a given type 
if the subintervals become much smaller than a 
critical time interval, characteristic of the system 
and of the type of information, which can be 
called the “time resolution”. This paragraph is 
confined to the consideration of systems and of 
time resolutions for which adequate information 
conruV of a knowledge of the spatial 
distribution of the following densities: 

(1) The concentrations pn { expressed in moles 
per uni f volume of each of the chemical 
constituents of the system, where p is the mass 
density. 

(2) The momentum density m •'pu, where I?is 
the (vector) particle velocity 

(3) The total energy density p(e + u*/2), 
where e is the specific energy as measured by an 
observer moving with the fluid and u 2 /2, u 2 * 
!?!*, is the specific kinetic energy of mass 
motion.as measured by a fixed observer. 

We simplify the system at the outset by 
making several assumptions: 

(1) The velocity of each individual species is 
that of the mixture; therefore the diffusion of 
gaseous species is neglected and any condensed 
species is completely entrained in the flow. 

(2) Heat conduction is neglected. 

(3) The fluid is inviscid; hence no energy is 
dissipated, by mechanical processes except across 
shock discontinuities. 

(4) The only force acting on the fluid is the 
hydrostatic pressure (gravity and other body 
forces are neglected). 

These four assumptions produce a valid model 
for the flows with which we arc principally 
concerned, where the bulk velocity of the fluid 
is large compared to relative velocities of heat 
and diffusion. The model without heat 
conduction or diffusion is not ^in accurate one 


for the flow associated with ordinary flame 
propagation. For derivations of the flow 
equations in which these simplifying 
assumptions are not made, reference is made to 
a review by Richardson and Brinkley 8 . 

The next step is the derivation of the rate of 
change of any property of the fluid. Consider 
any vector or scalar property of position and 
time, G(r,t), where T is the position vector and V 
is a movile volume whose surface a moves with 
velocity t. Now, the total rate of change is 
separated into a partial derivative with respeet to 
time and a convective term (for this derivation, 
see Band?, for example). 



—dV+ CGu. da 


(2-911 


where da >= rt da, n is an outward pointing 
normal to the surface, da is a differential surface 
area and Git is interpreted as a dyadic if G is a 
vector (see Gibbs 10 for an .introduction to 
dyadics), The left hand term expresses the time 
rate of the quantity G averaged over the volume 
V. It is equal to the sum of the contributions of 
each stationary volume element dV and the 
changes associated with the movement of the 
surface. If the velocity vector t is defined 
everywhere in the volume, the surface integral 
may be transformed with the aid of the Gauss 
integral theorem and we obtain the general 
kinematical relation, 

^ /GdV » /"py + V • (uG)j dV (2-92) 

Consider an arbitrary mobile volume V whose 
surface moves with the particle velocity u. In the 
absence of diffusion, the time rate of change of 
the species / in V can be written 

~[ t f pn i dV * f R ‘ dV (2-93) 

V 


where is the reaction rate. Using Eq. 2-92, we 
have 


J — +V7 ' (upn ' ) ' R ‘ 


dV - 0 (2-94) 


Since the surface of the volume moves with 
velocity t, the total mass in V is conserved 
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+ V • (pu)\dV= 0 (2*95) 


Considering again the mobile volume V 
previously defined, one can obtain the equation 
for momentum transport by a straightforward 
application of Newton’s second law of motion. 
According to this law, the total force acting on 
the mass of fluid in V is u.jual to the rate of 
change of linear momentum of the fluid in V. 
For an inviscid fluid in the absence of body 
forces, we have 

/- d r 


The equation of mass conservation is used to 
simplify the other three equations, and the 
energy equation is further simplified by using 
the momentum equation. After some 
manipulation, Eqs. 2-100 become 

|^ + V • (up) = 0 I 


T“ + U • Vu = - -VP 


- + u -VC 


=--v •u 
P 


since the force normal to the area da is - pn . 
Using Eq. 2-92 with G *pu, we have 

+ V • (upu) + V P ] dV = 0 (2-97) 

where the integral of the pressure over the 
surface is transformed to a volume integral by 
the use of Gauss’ theorem. The time rate of 
change of the total energy is equal to the rate at 
which work is performed on the material in V if 
the conduction of heat is neglected. Thus, 

— y*p(e + u 2 /u) * fp ? . da (2-98) 

V a 

Again using Eq. 2-92 and Gauss’ theorem to 
transform the surface integral, we obtain 

/fcW + u 2 /2) + V -u(e + u*/2)I 
v ) (2-99) 


— + u • Vn, = R.lp I 

A more familiar form of these equations of 
hydrodynsunics i? obtained by introducing a 
total time derivative by the definition 

A = 1.$ s v < 2:l02 > 

dt dt 

by means of which the rates of change are 
measured by an observer moving with the fluid. 
Then Eqs. 2-101 become 

dp . mass I 

^- + pV . u 0 congerva tion I 


du 1 
rr + ~ VP 
dt p 


momentum 

conservation 


+ V - («p)] j dV= 0 j 

The volume V of Eqs. 2-94, 2-97, 2-99, and 
2-93, is arbitrary. Therefore, the integrands of 
each expression must equal zero, giving 

♦ v . (i7p) - o mass conservation \ 


+ v. (uptt) m - vp momentum 
dt conservation 

j t [p(« + « J /2)1 

+ V - i tp{e * u J /2) - - v - (uP) 

energy conservation 


~ 0 energy 

conservation 


and the last equation can be taken as a 
definition of the quantity R ( . Rates R f of 
production of the constituents of the mixture 
are not all independent but most obey the 
stoichiometric conditions of par. 2-2. Thus; only 
8 - c of the quantities R } may be regarded as 
independent. 

The further development of the theory of 
irreversible processes of -nonuniform systems 
that are not in equilibrium is based on two 
assumptions: (1) temperature T and chemical 
potentials p can be defined as functions of the 
fundamental densities pn ( , pu> and p(e + u 2 /2); 
(2) T and p ( can, to a good approximation, be 
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regarded as point functions of the fundamental 
densities. To simplify the development, we shall 
assume initally that all infinitesimal processes, 
including chemical .ones, in a given volume 
element are reversible. (Later, wt shall explore 
the analysis without this assumption.) With this, 
assumption of reversibility we can regard a given 
volume element as being in equilibrium. The 
assumption of local reversibility makes it 
possible to employ the thermodynamic relations 
between the various suite variables in a 
nonuniform system. 

Eq. 2-19 for a general change in the energy can 
be written 



(For simplicity, we assume, that the system is a 
gas mixture. Our conclusions are unchahgea if 
condensed phases are present, although the 
assumptions of this paragraph require that such 
phases be completely entrained in theilow.) The 
reaction rates must satisfy the stoichiometric 
conditions, Eqs. 2*27, and therefore 


SftAy- 0 (J * 1, 2, ...c) (2-105) 


Now, if chemical changes in th* system are 
reversible, the equilibrium conditions, Eqs. 2*30, 
ire satisfied, and Eq. 2-104 can be written 


de 

dt 



+ 7 ? W< (2 - 106 ) 


Therefore, if all of the changes, including 
chemical ones, are reversible, 



(2*107) 


Combining this equation with the energy 
transport equation 2-103, it follows that 



Eq. 2-108 states that the entropy contained in 
an element of fluid, does not change as the 
element moves if diffusion and heat conduction 
are negi; ®d, if the dissipative effects of 
viscosity v neipected, and if all changes in state 
of the element are revorslble. 

If the processes represented by Eq. 2-104 are 
not reversible, the assumption of local 
equilibrium >> no longer possible. In considering 


a single element of volume one must now 
employ a quasi-thermodynamics, the 
justification of which is beyond the scope of this 
paragraph. However, the results arc that one can 
define a specific entropy s such that for a fixed 
volume element 


Td(p\) * d{pc) - Ep t d{pn ( ) (2-109) 


in which T and p { are calculated as though the 
element were in thermodynamic equilibrium. 
This expression can be transformed, to 


Tds * de - 



dp - Ep, dn { 


12 - 110 ) 


where p > * p ^ s - e + £ p t dn f ) 


The quantity p' i? evidently the 
thermodynamically deiined pressure. In general, 
it differs from the dynamic! defined quantity 
of this paragraph because of the irreversible 
chemical reacifcons. It is usually a good 
approximation to assume that the 
thermodynamic and dynar« pressures are 
identical. Then the equation for entropy 
transport becomes 

P } ^( 

(2411) 

If chemical reactions are irreversible, the 
entropy contained in an element of fluid 
changes in accord with Eq. 2-111 as a 
consequence of the entropy increase during an 
irreversible process, 

A steady flow is defined as one in which all of 
the partial derivatives with respect to time are 
zero, A flow is called subsonic, sonic, or 
supersonic at a point as u « I if I is less than, 
equal to, or greater than the velocity of sound c 
at that point in the particular coordinate system 
being used. 

7)qs. 2-103 are to be solved subject to initial 
and boundary conditions and to a specification 
of the state of the fluid, i.e., a knowledge of the 
function 

a ** <?(/>, Pt —a .».) 

If all of the processes occurring arc reversible, so 
that the energy transport equation can bo 
replaced by the entropy transport equation us 
expressed by p *q. 2-108, then the state ol the 
system is suffice ably specified if. the function 



P 13 P(P, s) 
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is known. Under these circumstances, *Eq? 2-103 
can also be expressed in the form 


i (!)♦„.«.o 

f® 


VP K o 



ds 

di 


which involves derivatives of only the pressure 
and particle velocity. 

Eqs. 2-103, and their alternative forms are 
called the Eulerian equations of 
hydrodynamics. When supplemented—as 
previously mentioned by initial and boundary 
conditions and by ah equation of state, they can 
in principle be solved to determine p, p, and# 
regarded as functions of position and time. The 
initial conditions consist of a knowledge of these 
quantities as functions of position at some time 
which is taken as the initial instant Boundary 
conditions are of two types, kinematical 
(velocity and displacement conditions) and 
physical (pressure). A kinematical condition is 
the requirement that the components of velocity 
normal to an interface be equal on both sides of 
the.-interface. A physical condition that must be 
satisfied by an inviscid fluid in contact with a 
rigid boundary is that the pressure shall be 
normal to the boundary. In the case of two 
inviscid fluids presenting a surface of separation 
the physical condition to be satisfied is that the 
pressure shall be continuous at the boundary in 
passing from one side to the other. The surface 
separating two fluids or the same fluid at 
different densities is called a contact surface. 

The equations of hydrodynamics comprise a 
system of partial differential equations of the 
furst order that are quasi-linear, i.e. t the partial 
derivatives appear linearly. Formal solutions of 
these equations can be obtained only in special 


cases. 


As an example, the Eulerian equations of 
hydrodynamics for nondissipative (ds/dt * 0) 
flow can be written for motion in one dji 
in the form 


dp idu\ 
dt + P W ' ° 

i(?) = o 

p vW 


du 

dt 


(2-113) 


where u is the particle velocity in the 
x -directi on. The Eulerian equations for 
one-dimensional, radial flow with spherical 
symmetry can bo written 


dt 


du 

dt 



2 up 
r 

= 0 


0 


> (2-114) 


where u is now the particle velocity in the 
direction of the radial coordinate r. 

There is another mode of expression of the 
fundamental equations called the Lagrangian 
form. The label coordinates of a point may 
consist of its position coordinates or Eulerian 
coordinates at the initial instant of time. Thus a 
partial derivative with respect to time at 
constant values of the label coordinates has the 
same meaning as the operator d/dt in Eulerian 
coordinates, and 


where r is the position vector of a point at time 
t. The Lagrangian representation is especially 
useful for problems in which interfaces and 
boundaries must be preserved, and in which high 
precision in the conservation of mass snd 
momentum is desired. Lagrangian is generally 
superior to Eulerian for one-dimensional 
problems but not necessarily for two- or 
three-dimensional problems. 

As an example of the Lagrange representation, 
we may consider the cage of plane flow in one 
dimension and let the label coordinate of a 
particle x q to be \he value of its position 
(Eulerian) coordinate x at t » 0. The particle 
velocity is given by 


u * {teldt) Xo (2-115) 

The form taken by the equation of continuity in 
Lagrangian coordinates is most easily deduced 
for the particular initial circumstances of the 
fluid. Suppose that the fluid is initially uniform 
with constant density p Q . The conservation of 
moss can be expressed by 

<> 

x o P a * Jp{x, t) dx (2-116) 

*{Q, U 
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where x(x o ,t) is the Eulerian coordinate at time 
t of the point whose Eulerian coordinate at t » 0 
was x Q and x(o;t) is the Eulerian coordinate of 
the point that was on a plane through the origin 
at t 35 0. Differentiating this expression with 
respect to x- o at constant t , we obtain the 
Lagrangian equation of continuity for plane 
flow of an initially uniform fluid in the form 

(f) (2-117) 

' dx Ji P 

The Lagrangian equation of motion for the same 
fluid in plane flow can be obtained-from the 
second of Eqs. 2-113 by the use of Eqs, 2-115 
and 2-117. We obtain 

(d 2 x\ 1 /S p\ 

fcrf + 7 y = 0 (2 ' 11S) 


For hondissipative flow, the entropy transport 
equation has the form 


The Lagrangian form envisages the possibility 
of obtaining a description of the properties of 
the' fiow< including the Eulerian coordinates, as 
function*, of the time and the label coordinates. 

2-7 UNIFORMLY 1SENTROPIC FLOW IN 
ONE DIMENSION 

We will consider ah application of the 
fundamental equation to a flow for which a 
formal solution is possible. The flow is 
considered to be in one direction—e.g., the 
jc-direction—which means that the properties of 
the flow are functions of the x-coordinate only 
and independent of the y- and z-coordinates in 
a rectangular coordinate system. Whenever there 
is a portion of the x-t plane in which all the 
material is on tho same isentrope-i.e., when the 
material is uniformly isentropic or 
homentropic—it is possible to transform the 
fundamental equations of par. 2-6 to another 
form that is due to Riemann. 

For nondissipative flow as described by the 
entropy transport equation in the form of Eq. 
2-103, the pressure and the sound velocity vary 
within the flow as functions of the density only. 
It is *‘)en convenient to introduce the quantity 


o "J (clP)dp (2-120j 

{doldp\ = c/p 

where the integral is along a path of constant 
entropy and where c in the sound velocity, 
defined by Eq. 2-76. The quantity o is 
undefined to the extent of an additive constant 
which can be arbitrarily assigned for 
convenience of calculation by the alignment of 
a lower limit of integration. Then Eqs. 2-113 
and 2-108 can be written 

da (do\ (du\ 

3 it (du\ jbo\ 

ar-y-y- (2'i2D 

t + u (t) 

dt W 

Addition and subtraction of the first two of 
these equations yields the new set 

frr + ( u + «) T’lfa + “) - o I 


[¥ + ( “ + c) 7] (a + u) '° 

[ 7 +(u - c) tI (0 -“ )=q 
ra al 

\zr + u T~\ s * 0 
[dt dx} 


which is due to Riem&nn. The form of Eqs. 
2-122 suggests the definition of three 
characteristic directions—labeled C + , C., and 
C o —by the definitions 

c -7 =u+c ) 


A characteristic curve in the x,t plane is defined 
as one that is tangent at every point to a 
characteristic direction. Thus, Eqs. 2-123 are the 
equations for the characteristic curves. The 
characteristics C are evidently the particle 
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paths in the x-t plane. With theEe definitions. 
Eqg. 2-122 can be interpreted as stating that on 
characteristic curves C + 

r * y + u * constant (2-124) 

on characteristic curves C_ 

8 * q - u * constant (2-125) 


while on the particle paths C o> . the entropy is 
constant. The entropy transport equation states 
that if the entropy is initially constant, it will 
remain constant for flow without discontinuities 
in the x-t plane. 

The quantities 7 and 7 are called the Rieniann 
invariants. If they are known at a given point, 
then u and a are known there, i.e., 


a * (r + s)/2 
u * (r - s)/2 


(2-126) 


From these, the density ^an be obtained from 
£q. 2-120 and the pressure from the equation of 
state. For materials with a constant adiabatic 
exponent, as described in par, '<.*6 


a * 2c/(fc - 1) 

An especially simple case occur for k * 3, since 
then o - c, T* c + u, andT^c-^. The first two 
of Eqs. 2-123 become 



C : 


dx 

dt 


8 


(K » 3) 


(2-127) 


Since T i* constant along curves and T is 
constant along lines C m , Eqs, 2-127 can be 
integrated to give 

C + : x * rt + constant 


C : x * - 8t + constant 

so that the characteristic curves of each kind arc 
straight lines for #c " 3. This case is of practical 
interest because the explosion products for 
condensed explosives have an adiabatic 
exponent that is near the value 3 and, 
consequently, flows for wnich K * 3 present the 
qualitative feature of the flows of such gases. 

In general, the characteristic curves have the 
following useful properties; 


(1) There is a curve of each type through every 
point on the x-t plane. 

(2) If curves of a given type having different 
values of the invariant associated with that type 
intersect at a point, the flow cannot remain 
continuous because different values of the 
dependent variables would be obtained if one 
characteristic or the other were used in 
computation. Thus, there will be a discontinuity 
in u, p, etc. at that point. 

(3) If, in a given region, s has the same value 
along adjacent C_ curves, the C + curves are 
straight lines in that region. For 7 is constant 
along a C + curve which will cross the C. curves 
and if T is also constant along the C + curves, 
both u and o, therefore u and c, and therefore 
the slope of the C+ curves must be constant. 

(4) Similarly, if 7 has the same value along 
adjacent C + curves in a given region, the C_ 
curves are straight lines in that region. 

(5) A weak discontinuity (not a shock), i.e., a 
discontinuity in a derivative of a function 
without a change in the function itself, is 
propagated into the flow from a boundary along 
a characteristic curve. 

If both the density and the particle velocity 
axe known along a line in the x-t plane, then 7 
and 7 and the two characteristic diirections can 
be calculated for each point along the line. Such 
a line may be the x-azis, in which case the 
information on the line describes the initial.state 
of the fluid. Information may also be given as to 
one or more properties of the flow along 
additional paths in the x-t plane. For example, 
the path of a piston may b$ prescribed along 
which the velocity u ic known. Similarly, the 
path of a shock wave may be given along which, 
as we shall see, the density and particle velocity 
are known. It is necessary to consider briefly the 
amount of initial and boundary information that 
is required, from which the propagation 
equations—Eqg. 2-124, 2-125, and 

2-126-uniqucly determine the flow, If a point 
following a given curve in the x-t plane moves 
supersonically with respect to the local flow, 

I dx/dt - u\ > c 

then the curve is called spacelike; if such a point 
moves subsonically with respect to the local 
flow, i.e., 

I dx/dt - u| < c 

then it is called timelike, and if such a point 


, ? 


(- 
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moves sonically with respect to the local flow, 
i.e., , 

\dxjdt - u \ = c 

then the curve is a characteristic. In general, the 
characteristic curves are not perpendicular to the 
direction of flow. There is, therefore, a 
downstream direction on the characteristic 
curves of each type. If an initial value curve is 
spacelike, it lies outside the region between the 
directions of the two characteristic curves; if it is 
timelike, it lies inside the region between the 
directions ot the characteristic curves. If an 
initial value, curve coincides with a characteristic, 
a point moving along the curve moves with 
respect to the local Cow with the velocity of 


The x-axis is spacelike. The path of a piston 
moving subsonically with i»poct to the local 
flow is timelike. 

If the values, of the dependent variables u and 
a (or f and?) ore changed at a particular point, 
this change can only affect the properties of the 
flow in a region of influence of that point, 
which is the angular region between the 
characteristics through the point. The region cf 
influence of a point P is sketched in Fig. 2-2. 
Now, consider the arc AB of a spacelike im **4 


value curve, as shown in Fig. 2-3. It is evident 
that points in the x-t plane lying outside of the 
region enclosed by the C+ characteristic through 
A, the C. characteristic through D and the arc 
AB are unaffected by the values of the 
dependent variables on the arc AB. The region 
thus enclosed is called the domain of 
dependence of the spacelike arc AB since this 
region contains all of the flow determined by 
the given initial values on AB, including the end 
points, then the flow is unique and continuous 
in the domain of dependence, including its 
boundaries. If the arc AB is on a tunelike curve, 
a second intersecting curve-which may be either 
another timelike curve or a characteristic 
curve-ris required, as shown in Fig. 2-4, to 
obtain a downstream domain of dependence. It 
can be shown that only one dependent variable 
roust be specified on each such timelike or 
characteristic curve (both being known at th *■* 
intersection) to obtain a unique flow in the 
domain of independence. 

In certain flows, the invariant s is constant 
over a certain region. The C + characteristic 
curves are then straight lines, as has already been 
mentioned. Flows of this type are called 
progressive simple waves. As an ekunple. of this 
type of flow, consider the case of an infinite 



Figure 2-2. Region of Influence of a Point P 
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tube closed at one end by a piston initially at 
rest. At the initial instant of time, the material 
in the cylinder is at rest with u * a = 0 (the 
lower ilmit of integration of Eq. 2-120 is here 
taken to be p o , the density of the undisturbed 
material). Thus, on the spacelikc x-axis, r * s = 
0. Therefore* both kirds of characteristic curves 
originating oh the x-axis are straight lines. The 
C± characteristics through points on the x-axis 
cover the whole x-t plane since the tube is 
supposed :to.be infinitely long. Therefore, if s ~ 
0 on the x-axis; J - 0, u ■ o* and 7 » 2u 
everywhere, and the C + characteristics are 
straight lines everywhere. Suppose as shown in 
Fig. 2-5, that the piston begins^ to move in the 
negative x-direction at the initial instant of time 
thus initiating a rarefaction wave moving down 
the tube in the positive x-direction. The particle 
velocity on the piston path is equal to the piston 
velocity and r is known on this path. Since the 
C + characteristics are straight lines, their slope is 
constant. Since f is changing from one C + 
characteristic to another, the slopes of the C+ 


characteristics increase in moving backward into 
the flow and the C.characteristics are curved. If 
the piston path is specified, an analytic solution 
of the flow equations!* easily constructed. Now 
suppose that the acceleration of the pistpn 
ceases and its (backward) velocity becomes 
constant. The characteristics, of both types 
originating on this part of the piston path are 
then straight lines. The flow in the x-t plane thus 
consists of three regions; 

(T) : The -initial undisturbed region of uniform 
density and zero particle velocity between the 
xraxis and the C + characteristic labeled A in Fig. 
2-5. 

(2) The simple wave generated by the 
accelerating.pfeton in the region between the 6+ 
characteristics labeled A and B. 

(3) the final state in the region to the left of 
the C + characteristic labeled B. of uniform 
density and particle velocity accommodated to 
the piston velocity. 

It will be noticed that the front of the 
rarefaction wave propagates with the velocity of 





Figure 2-3. Domain of Dependence of Arc AB of a SpaceWte Initial 
Value Curve 
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sound in the undisturbed medium while the rear 
of the wave propagates with the velocity of 
sound in the final medium of reduced density 
plus the (negative) particle velocity in the final 
medium. Therefore, the rarefaction wave 
broadens as it passes down the tube, and no 
strong discontinuities occur. If the piston had 
been instantaneously accelerated to its final 
velocity, all of the C + characteristics in the wave 
region would have emerged from the point at 
which the piston motion began. Such a wave is 
called a centered simple wave. 

Now, in contrast to the flow just discussed, 
suppose that the direction of the piston is in the 
positive ^-direction, as shown in Fig. 2.-6, 
jenerating a progressive compression wave. The 
resulting flow remains a simple wave withT* 0 
everywhere and, consequently, with C+ 
characteristics that are straight lines. In this case, 
however, the C + characteristics originating on 
the piston path do not diverge but converge, and 


they must in consequence intersect. It has been 
noted that the flow cannot remain continuous if 
two characteristics of the same type overtake 
each otuer, for different values of the flow 
variables obtain on each of the intersecting 
characteristics. The discontinuity that appears in 
a,progressive compression wave is called a shock 
wave and, in any such compression wave, shock 
waves form in the body of the fluid. The 
boundary between a region where characteristics 
of the same type interaect and one where, they 
do not k m envelope of these characteristics. 
Intersecting characteristics of the same type 
being physically impossible, the shock wave 
begins at the first point of that envelope. If the 
piston is instantaneously accelerated to some 
final finite velocity, 'the envelope begins on the 
piston path. 

It can be concluded that compression wave3 of 
finite amplitude cannot propagate wiiheut the 
formation of shock waves. Each of the two 



Figure 2-4, Domain of Dependence of Arc AB of a Timolike Initial 
Value Curve and Arc BC of a Timelike or Characteristic 
Initial Value Curve 
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characteristic curves passing through a point 
corresponds to a sound wave, the one to a 
forward-moving wave and the other to a 
,backward-moving waye. The intersection of two 
C + characteristics corresponds physically to the 
overtaking of one forward-moving sound wave 
by a later one with higher velocity. When later 
sound waves overtake earlier ones, there is a 
steepening of wave profiles until discontinuities 
of the dependent quantities velocity, pressure, 
and density are formed. That such 
discontinuities should form in the case of 
compression waves^supported: by an accelerating 
piston is apparent in the fact that the sound 
velocity is greater in the compressed, 
adiabatically heated medium resulting from the 
piston motion than in the undisturbed medium. 

The one-dimensional unsteady flow equations 
that have been discussed in this paragraph are an 
example of a general case involving two 
simultaneous first order partial differential 
equations for which two reel characteristic 


directions can be defined and which, for that 
reason, are said to form a hyperbolic system. If 
the equations are linear, as in the example of 
this paragraph, they are said to be reducible. The 
equations for two-dimensional, steady, 
irroiational, uniformly isentropic flow form 
such a reducible hyperbolic system. The theory 
of hyperbolic systems of equations is treated in 
detail by Courant and Friedrichs 3 . 


2-8 CONSERVATION CONDITIONS A r A 
discontinuity; THE HUGONIOT 
EQUATION 

A shock wave consists of a very thin region in 
which the properties of the undisturbed medium 
very rapidly become those of the shocked 
medium. The structure of this region is. 
determined by the viscosity of the medium.and 
is affected by the irreversible process of heat 
conduction along the very steep temperature 



Figure 2-6., Irrfprseciing Straight Characteristics C+ During 
Compression Wave 
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gradient existing in the transition region. In the 
mathematical treatment of shock waves, it is 
usual to idealize them by supposing that the 
dependent variables change discontinuously 
from their initial to their final states at a 
mathematical surface of zero thickness. It can be 
assumed that (X) the flow involving such a 
discontinuity is determined by the laws of 
conservation of mass, momentum, arid' energy; 
and that (2): the irreversible nature 1 of tee 
discontinuous; process is described by the 
condition that the >ntropy does riot decrease. 
Apart from the discontinuity, the flow car be 
described by the differential: equations for 
continuous flow described in par. 2-6. A more 
complete discussion of shock waves is. given by 
Rice, McQueen, and Walsh 11 . 

We consider a shock wave propagating in one 
dimension in the direction of increasing values 
of the coordinate x, and we denote its velocity 
with respect to the undisturbed material by U. 
Employing the notation exemplified in Fig. 2-7, 
we fix the origin of the x-coordinate in the 
moving shock wave and denote the velocity of 
undisturbed material and shocked material with 
respect to this origin and in the direction of 
increasing x by w q _ and w respectively. If u Q 
and u x are the corresponding velocities relative 
bo a fixed coordinate system, 

:w Q = - (/, u/j = - u o - U (2*128) 

The undisturbed medium is at pressure p o , 
density p o , and has specific energy e o , ar.d the 
shocked material is at preesure p l , density p l . 
and has specific energy e x . 

In a time dt, an amount of mass -p o w Q dt is 
brought up to a unit area of the moving 


discontinuity from the right and an amount of 
mass - p x w x dt is removed from unit area to me 
left. When dt is made very small so that the 
layers on either side of the discontinuity are 
infinitesimal, the mass brought up on the right 
must equal that removed to ihr left, so that 

Pw o - P,w x (2-129) 

even if U is not a constant. Similarly, the change 
in momentum of a thin slice of matter of mass 
P 0 W 0 P er Un ^ ? rea must equal to the 
resultant force acting on unit area, so that 

Po w l - Pi W 1 = Pi - Po (2-130) 

even if U is not a constant. Finally, the work 
done on the matter in the thin: slice by the 
forces acting on it must be equal to the increase 
in energy of the matter in the slice, sothat 

c, + - e„ - wll2 = p„v a - P, 0 , (2-131) 

even if U is not a constant. Fot the irreversible 
process at the shock discontinuity, the second 
law of thermodynamics requires that 

«! > 3o (2432) 

By rearrangement, Eqs. 2-129 and 2-130 may be 
written in tho form 

88 Pi^i I 

(2-133) 

Pi - Pti “ Po^iWe - !«, ) ) 

Eqs. 2-133 are called the mechanical 
conservation conditions. When they are used to 
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Figure 2-7. One-dimensional Shock Wave 
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simplify Eq. 2-131, we obtain 

«i - ~ V4lP t + P o )0'o ~ L \) (2-134) 

Eq. 2-134 was obtained by Ranking and by 
Hugoniot, and it is called the Rankine-Hugoniot. 
equation. It contains thermodynamic quantities 
only. With thermal dab and an equation of state 
of the material, the quantities e 1 *e(p v v x ) and 
Cq - efp o ,v o ) are determined, and therefore Eq. 
2-134 describes a curve in \hep-t plane for given 
values of p ? and v c , which is the locus of all 
states (p t b ) which satisfy the conservation 
conditions for a given initial undisturbed state. 
The curve is called the Hugoniot curve and it is 
said to be centered on the point (p 6 , v o ). 

Shock waves are stable, i.e: they, do not break 
up into several shocks nor become a gradually 
rising wave, if the iaentropes satisfy the 
condition 


When this condition is satisfied, the. Hugoniot 
curve represents states which can be reached by 
a shock process from the initial state (p o% v o ), 
and shock wave of rarefaction do not exist. 

If (he state of the fluid is known on one side 
of the shock wave, the shock velocity and state 
on the other side of the shock way*? are 
completely determined by Eqs. 2-133 and 2-134 
if one additional quantity is given. The 
additional quantity may be either a state 
variable, the shock wave velocity or the particle 
velocity, except that if the particle velocity is 
given as the additional quantity, it is necessary 
to specify which is the downstream side of the 
shock wave. 



Additional properties of the shock wave can 
be deduced directly from Eqs. 2-133. Since p l > 
p , it follows that w q > , i.e., thatihe flow is 

decelerated in passing through the shock front 
It then follows that p > ,p o , from the first of 
the mechanical contritions. It can also be 
shown—as, e.g., by Gouiantand Friedrichs-*that 
ihe flow velocity relative to a shock wave is 
supersonic ahead of the wave and subsonic 
behind it. Therefore, C + characteristics through 
a point behind a shock wave overtake the wave 
and the shock overtakes C+ characteristics ahead 
of it. Fig. 2-8 illustrates the flow in a steady 
plane shock wave supported by a piston 
propagating into a uniform fluid at rest 
For many applications of the shock wave 
conservation equations, the undisturbed medium 
is at rest in a stationary coordinate system. For 
this case, the mechanical conservation 

conditions can be written in the form 


* 0(1 - Do V y) 

pa L 


(2-135) 


In this case, the particle velocity of the shocked 
material is seen to be directed toward the shock 
front 

The conservation, equations of this paragraph 
provide relations between the dependent 
variables on the two sides of the shock 
discontinuity, In the regions where the flow is 
continuous, it is described by the differential 
equations of,par. 2-6. The complete flow is thus 
determined by solutions of the differential 
equations that are subject to conditions 
specified on the shock path which is to be 
regarded as a kind o*,initial value curve. 
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Figure 2-8. Flow In a Study One-dimensional Shock Supported by a 
Piston , Showing a Particle Path and C+ Characteristics 
Through Points on the Particle Pith 
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CHAPTER 3 ENERGY OF EXPLOSIVES 


3-1 INTRODUCTION 

Explosives are substances that rapidly liberate 
their chemical energy as heat to form gaseous 
and solid decomposition products at high 
pressure and temperature. The hot and very 
dense detonation products produce shock waves 
in the surrounding medium and upon expansion 
impart kinetic energy to the surrounding 
medium. The energy released in the detonation 
process and the energy available after some 
degree of expansion respectively measure the 
ability of the explosive to generate shocks and 
to impart motion to the environment. 
Consequently the energy of an explosive is a 
measure of its performance. Moreover the heat 
release in the detonation is an important 
quantity, as will be shown, in the 
thermo-hydro dynamic Chapman-Jouguet (C-J) 
theory of detonation (see Chapter 6 for a 
discussion of the C-J theory). 

3-2 HEAT OF DETONATION 

In principle, Q, the heat released in a 
detonation, is obtained for some standard state 
by Hess’ law according to 

n t (AH° r ), - £ mj(AH° r )j 0-1) 

where n, is the number of moles the i-th species 
of detonation products whose standard heat of 
formation is (A H° f ) l and mj is the number of 
moles of unreacted explosive of the j-th species 
whose standard heat of formation is (AH? J y .If 
the Lewis and Randall convention is used, the 
right hand side of Eq. 3-1nvuld be negative for 
an exothermic reaction. However, it is 
customary to have Q positive for exothermic 
reactions. Thus Q * - A H rtact(on where 
AH rtactiorM the right hand side of Eq. 3-1. In 
practice it turns out that the compositions of 
the detonation products in the C-J state, or at 
different degrees of expansion, are unknown. 
Since chemical equilibria can be influenced by 
the total pressure of the system, the product 
composition and consequently Q can change as 
the products expand and the total pressure 
decreases. Expansion also results in cooling and 


consequent product composition change. Below 
some temperature, chemical reaction rates 
become so slow that further temperature and 
pressure decrease (expansion) produces virtually 
no further change in composition, i.e., the 
composition is “frozen”. Thus any calorimetric 
measurement of the heat of detonation A H d , 
may not be the Q for the C-J state, but the heat 
of reaction for spnie expanded “frozen” 
equilibrium composition. Measured heats of 
reaction will vary depending on how 
the calorimeter measurements arc made, i.e., on 
how much the products are allowed to expand 
before the composition is frozen. This is 
probably the main reason why many conflicting 
values of A H d have been reported. Further 
confusion arises from the fact that sometimes 
calorimetric heats of detonation are “corrected” 
for the heat of vaporization of water (one of the 
major detonation products in secondary 
explosives). In a calorimeter measurement water 
is in its liquid state, but under detonation 
conditions it is in the gaseous state. Thus to 
obtain Q from calorimeter measurements a heat 
of vaporization correction should be made, blit 
unfortunately it is not always possible to 
estimate how much water was present under 
detonation conditions even though the amount 
of water formed during the reaction in the 
calorimeter has been determined. 

3-3 THERMOCHEMISTRY OF HIGH 
EXPLOSIVES 

Thermochemical data and empirical formulas 
for several explosives, explosive mixtures, and 
ingredients of explosive mixtures are given in 
Table 3-1, together with data for their magor 
decomposition products. These are important 
quantities from which theoretical properties of 
explosives can be calculated. There is no obvious 
correlation between A H° f or Atf d and the 
“stability” or “sensitivity” of an explosive. For 
example, NG and PETN which are known to be 
“sensitive” have large negative A/fJ’s, i.e., these 
compounds are thermally stable with respect to 
their constituent elements. On the other hand 
TNT which is quite “insensitive” is almost 
thermoneutral with respect to its elements. 
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HMX and RDX which are certainly less 
“sensitive” than PETN or NG are thermally 
unstable with respect to their elements. 
Similarly s do not correlate with 

sensitivity, e;g., tetryl is much mere “sensitive” 
than nitromethane but (A H d )^ jy > 
(A Ha)te t r;i‘ Moreover it does not necessaiily 
follow that a positive A H° f results in a large 
<(bH d ) fETN . 

By far the best available determinations of 
A ti d and product composition are those of 
Omellas 7 . His results are given in Table 3-2. 
Note the excellent thermal and material balance 
obtained. Certain useful generalization can be 
drawn from these data, namely: 

1. Confinement increases Aand 
changes product composition in Oxygen-negative 
explosives but not in oxygen-balanced explosives 
(see par. 3^4 and Table 3-6). 

2. In confined oxygen-negative 
explosives, at large packing density, an 
appreciable amount of solid carbon is found in 
the products even though sufficient oxygen is 
available to form CO, e.g., in HMX. 

3. The fluorine of fluorine-containing 
explosives appears as HF in the detonation 
products. 

Consider the data of Omellai (Table 3-2) for 
unconfined explosives. If the products for 
lihconfined shots expand very rapidly so that 
the pressure becomes much less than P CJ at T fri 
the temperature at which equilibria are frozen, 
then these products should approach perfect gas 
behavior at T fr . If we know the equilibria 
involved and their ideal equilibrium constants as 
a function of temperature, we can compute Tfr- 
Table 3*3 gives the free energy function G°/RT 
for the important detonation products of CHNO* 
explosives.. From these data AG° /(RT)can be 
obtained for different temperatures for the 
reactions of interest, and ideal equilibrium 
constants computed according to 

ZnK - - AG°/(RT) (3-2) 

where 

standard state Gibbs free energy 
R * gas constant 
T * absolute temperature 
Let us assume that the water-gas reaction 

* Since the* ere the exploelvee of military interest all 
the subsequent discussion in this chapter will be 
confined to CHNO explosives. 


C0 2 +H 2 =C0 + H 2 0 (a) 


is the controlling equilibrium. To illustrate the 
computation we will use PETN, CgHgN^iO^, as 
an example. Let X be the number of moles of 
C0 2 at equilibrium, and C, H, O the original 
gram atoms of carbon, hydrogen and oxygen 
respectively. Then from mass balance and 
Raoult’s law 


Pco 


^ PiCrX) 
n t 


P co 2 


PX 

n t 


PhjO (O-C-X) 


(3-3) 


Ph j (WH + C - 0 + X) ] 

where 

n t = total number of moles of gas at equilibrium 
p - partial pressure 
p = total pressure at equilibrium 


The ideal equilibrium constant for reaction (a) 
is 

Pcu^h 2 o (fi-X) (O-C-X) 

K(t ~ Pco 2 Ph 2 "^CH + e-O+X) 

* (5 - X) (7 -X) 

X(X - 3) 

For PETN with K - 2.96 corresponding to T fr * 
1600° K: 


X - 3.BO - moles CO* per mole of PETN 
C-X ~ 1.B0 - mole* CO per mole of PETN 
O-C-X * 3.50 - moles H,0 per mole of PETN 
V4H + C • 0 ♦ X - 0.50 - moles H, per mole of PETN 
N/2 - 2.00 - moles N a per mole of PETN 


This equilibrium mixture matches .almost 
exactly toe composition found by Omellas* for 
unconfined PETN (see Table 3-2). In Table 3-4 
we show that for T fr =1600° K the computed 
ideal gas mixtures for HMX, TNT, as well as 
PETN, agree closely with the results of Omellas 
for unconfined charges. 

Other reactions which must be considered at 
high pressures (confined charges) are 

2CO = C0 2 + C(s) (b) 

CO + H 2 = H a O + C(s) (c) 
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At low total pressures (unconfined charges) the 
data in Table 3*3 give K e ** 9 X 10‘ 6 and K b « 4 
X 10‘ 6 for the equilibria (b) and (c) at T fr - 
1600° K. Thus the neglect of reactions (b) and 
(c) at low pressure is entirely justified. 
According to lie Chatelier’s Principle, reactions 
(b) and (c) will shift to the right at high 
pressure, and we should expect more C0 2 , H 2 0 
and C(s) for confined charges than for 
uncon fined , charges. At high pressures, the ideal 
gas laws are no longer applicable and simple 
computations of equilibrium compositions are 
no longer possible without the appropriate PVT 
equation of state for the products. Omellas 1 has 
made computations for C-J isentrope 
compositions at 1500°K and at 1800°K using 
the Becker-Kistiakowsky-Wilson (BKW) and 
Lennard-Jones Devonshire (LJD) equations of 
state for the products. Agreement between 
observed and computed product compositions is 
quite good. This suggests that T fr for confined 
charges is between 1500° and 1800° K in 
agreement with Tf r = 1600° K for unconfined 
charges. 

At high pressures and temperatures of the 
order of 1500° to 2000° K the reactions 

Nj + 3H, = 2NH 3 (d) 

C(s)+ 2H 2 =CH 4 (e) 

are no longer neglible if the equilibrium mixture 
(before considering reactions (d) and (e)) 
contains appreciable H 2 . Equilibria (a) through 
(e) account for all the observed products (Table 
3-2) with the exception of very minor amounts 
ofiHCN. 

84 COMPUTATION OF Q 

Examination of computations for unconfined 
charges (perfect gas) as well as the more 
elaborate calculations for confined charges 
BKW* LJD, etc.) clearly show that when an 
explosive contains sufficient oxygen to convert 
all its hydrogen to steam and its carbon to C0 2 
(oxygen-balaiiCed), the water gas equilibrium 
completely determines the composition of the 
products. Thio ec 4 uilibrium is rather insensitive 
to the total pressure at equilibrium. 
Confirmation of these theoretical computations 
is found in OrneRas* data for confined and 
uncorifined PETN (Table 3*2) which show 
essentially the same product composition at high 


pressure and at ambient pressure. Conversely, in 
oxygen deficient explosives equilibria (b) 
through (e) play an important role and as 
expected, the product compositions for an 
oxygen-negative explosive are very different for 
confined and unconfined charges (Table 3*2). 

We now return to the question of Q the heat 
released in a detonation and its relationship to 
AH d which is determined calorimetrically. Q 
cannot be measured directly. It can be 
computed if a. PVT equation of state is known 
for the dense detonation products. Since there is 
no generalagreement about the proper form of a 
PVT equation of state for detonation products, 
the best we can do is to compare Q*s computed 
with different'equations of state. This is done in 
Table 3*5 using three rather different equations 
of state; Somewhat unexpectedly it turns out 
that Q is quite insensitive to the type of 
equation of state used.Thus Q'a computed, for a 
given explosive at a given density but using 
different equations of state, agree closely. What 
appears to be even more remarkable is that for 
explosives that are not too deficient in oxygen 

Q « CiH d (3-4) 

and for oxygen deficient explosives 

QwLlAff,, (3-5) 

where the calorimetric measurements AH d were 
made on confined explosives. Actually this 
coincidence is not totally unexpected. In a 
calorimeter water is in the liquid state and even 
for strong confinement one might expect some 
pressure drop before the thermal measurements 
are completed. In the C-J state, water is gaseous 
and the pressure is at its highest possible level. If 
there were no pressure drop, then A H d >Q by 
the heat of vaporization 
of water. However there is some pressure drop 
and, consequently, the equilibria of such 
reactions as (b) and (c) lie further to the right in 
the C-J state than in the calorimeter. Reactions 
(b) and (c) (as well as (d) and (e) the less 
important reactions) are exothermic, and their 
greater degree of completion in the C-J state 
tends to compensate for the effect of the heat of 
vaporization of water. 

Some further conclusions may be drawn from 
the data in Table 3*5. As already stated, at a 


3-3 






AMCP 706-190 


fixed density for a given explosive, Q does not 
change with the equation of state but the 
computed C-J temperatures do change . The 
computed C-J pressures (which are generally in 
reasonable agreement with experiment) do not 
change appreciably with these equations of 
state, but do change strongly with initial 
density. Now for a given equation of state, a 
change in initial density produces a much greater 
change in the computed pressure than in the 
computed temperature. This computed pressure 
change is confirmed by experiment. Note that 
the computed Q for a particular explosive in all 
cases decreases as the computed pressure 
decreases but that it is fairly independent of the 
computed temperatures. This same trend 
appeared in the data of Table 3-2 where the 
freeze-out temperatures for all the explosives 
were about 1600° K but the equilibrium 
pressures and product compositions varied 
depending on whether the explosive was 
confined or unconfined. Thus it appears that 
product composition (which determines Q) is 
more strongly influenced by the final pressure 
than by the final temperature of the system. 

The relative nonckpendence of Q on C-J 
temperature may be rationalized as follows. For 
oxygen-balanced or oxygen-rich explosives, the 
water gas equilibrium (reaction(a)) is the 
primary reaction which determines the product 
composition. This equilibrium changes rather 
slowly with temperature and furthermore small 
changes in equilibrium composition produce 
very little change in Q because reaction (a) is 
almost thermo-neutral, i.e., (A Ifj) c 0 % 

(AHf)co + (Afl?) h 2 o- For oxygen-poor 
explonves the explanation is not as apparent. 
Reactions (b) and (c) are sensitive to 
temperature, and they are not thermo-neutral. It 
may be that equilibria (b) and (c) lie far to the 
right (as written) over wide ranges of detonation 
temperature and pressure. 

Two further generalizations can be made 
about the results in Table 3-5. If we arrange 
explosives according to their oxygen balance in 
order of increasing unbalance, as we have done 
in Table 3-6, then it becomes apparent that the 
largest Q’s are obtained with balanced explosives 
and that the Q’a decrease fairly slov/ly for 
moderately oxygen-poor explosives, and more 
rapidly for oxygen-rich explosives. The reader 
must be warned that there are exceptions to this 


generalization—(e.g., Explosive D and Hydrazine 
nitrate in Table 3-6). 

A more fruitful approach to a priori estimates 
of Q ii shown in Table 3-7. It is clear that <3’s 
based on the best available computations agree 
closely with Q a ’k computed solely on the basis 
of initial explosive composition and 
thermochemistry with the arbitrary 
assumptions: 

(1) All the initially available hydrogen 
forms steam. 

(2) Any oxygen remaining forms C0 2 . 

(3) Any carbon remaining appears as solid 
graphite. 

(4) All the nitrogen goes to N 2 . 

Thus quite accurate estimates of Q appear 
possible if the initial explosive composition and 
A H° of this composition are known. 


3-5 FRAGMENT VELOCITIES 

One of the most useful functions of a 
secondary explosive is its ability to.produce and 
accelerate fragments formed from its immediate 
environment. It seems likely that the efficiency 
of an explosive in accelerating fragments should 
be relatid to the energy contained in the 
explosive. The discussion which follows will 
shovz that this expectation is fulfilled. 

The so-called Gurney forinulas 6 are very 
successful in determining terminal fragment 
velocities. These formulas are derived oh the 
basis of three -fundamental assumptions, namely: 

(1) The chemical energy of the explosive 
is converted into kinetic energy of fragments 
and detonation products. 

(2) The velocity distribution of the 
detonation products varies linearly from zero to 
the velocity of the fragment. 

(3) Th^ density of the products is 
uniform or at lease independent of position, fie., 
P x p(t) but p fp(x). 

For cased cylindrical explosive charges these 
assumptions lead to 

v Mm (3 ' 6) 


3-4 






AMCP 706*180 


where 

y 




c 

Mr 

For the 


= terminal fragmu-* velocity (no air 
drag) 

= empirical Gurney constant (having 
the dimensions of V) 

= weight of explosive 
= weight of casing 

case of a plane wave detonation 


accelerating a flat plate, the Gumey formula is 


V =J2E, 


1 + 5 M/C + 4 (M/C) 2 


(3-7) 


Gumey constants computed from experimental 
data obtained from several sources are compared 
with Q in Table 3-8; On the average (with Q 
obtained from Eq. 3-4, using experimental Atf d ) 
y/2E/ yficT * 0.95, however, there may be a 
trend for this-ratio to decrease as p Q decreases. 
The results for TNT are contradictory. The only 
available information for nitromethane (NM) 
makes it appear as an inefficient plate driving 
explosive. Nevertheless, the data in Table 3-8 
clearly show that in one-dimensional 
detonations the chemical energy of explosives is 
very efficiently converted into kinetic energy 
(around 90% conversion) of fragments and 
explosipn products. 


3-6 AIR-BLAST 


The efficiency of an explosive in producing 
air-blast is usually given in terms of equivalent 
weight, i.e., the weight of TNT (or some other 
standard explosive) to give the same air-blast 
overpressure as the test explosive where both 
measurements are made at a fixed distance 
from the charges (see Chapter 13). For 
measurements made far away from the explosive 
charge, Landau and Lifshitz 2 have shown that 
the overpressure is proportional to the initial 
energy of the explosive, i.e., to mQ where m is 
the mass of explosive; consequently, 

equivalent weight = m°/m = Q/Q° (3-8) 

where the superscript o refers to the standard 
explosive. 

Experimental equivalent weights are compared 
to computed Q/Q T nt and to experimental 
AH d /(Af/ d ) T/ f T in Table 3-9. Agreement 
between m TNr /m and Q/Q TNT is seen to be 
quite good. &H d f(AH d ) V NT> ni TNT /m except 


for Comp. B and Pentolite which contain large 
proportions of TNT. This is not surprising since 
it is Q and not A H d which should correlate with 
equivalent weights. Using.the approximation, of 
Eq. 3-5 brings the A H d ratios into much better 
agreement with the equivalent weight ratios, 
except in the case of aluminized explosives for 
which the “corrected” A H d ratio is still greater 
than the equivalent weight ratio. This suggests 
that in unconfined aluminized explosive charges 
the aluminum does hot contribute all its 
chemical energy presumably because the 
aluminum reactions ate slower than the other 
detonation reactions. 

3-7 UNDERWATER PERFORMANCE 

Price 3 has suggested that a criterion of the 
underwater performance of an explosive is given 
by the sum of the shock wave energy (at arfixed 
distance which is large compared to the 
explosive dimensions) and the oscillating bubble 
energy. To a first approximation both shock 
energy and bubble vary directly with explosive 
weight, and the sum should be approximately 
equal to the chemical energy of the explosive 4 . 
Consequently, Eq. 3-8 is also applicable to 
underwater explosions if the m’s are the sums of 
equivalent weights for shock wave and bubble 
energies. The data in Table 3-10 show excellent 
agreement between equivalent weights and 
Q/Qt n t except for two explosives (TNETB and 
PETN) which have only slight oxygen 
deficiences. As discussed in par. 3-3 the 
composition and, consequently, Q for these two 
explosives do not change with confinement; For 
the other explosives in Table 3-10, and 
particularly for TNT, composition could be 
affected by confinement in the direction of 
smaller Q as cukfiriemeni is reduced. It is 
conceivable that the computed Q’& for the 
oxygen negative explosives are overestimates of 
the actual Q’s for the conditions of the 
experiment, and consequently Q P ktn/Qtnt <>* 
Qtnetb/Qtn t should be larger than shown in 
Table 3-10. 

Note that aluminum greatly adds to the 
underwater performance of aluminized 
explosives. Presumably this is due to the longer 
confinement period of the surrounding water 
which allows the aluminum reactions to go to 
completion before too much expansion occurs. 
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3-8 C-J PARAMETERS 


In par. 3-4 we indicated that calculated Q’s for 
dense explosives are insensitive to tlie form of 
PVT equation of state used in the computation. 
This means that Q , if available experimentally, is 
a poor criterion for choosing the best equation 
of state. On the other hand quite good estimates 
of Q appear possible based oh Q A or A H d . 
These estimates can then be used to get 
approximate values of T v the equilibrium 
temperature of a constant volume explosion, 
Pcj the Chapman-Jouguet pressure, and D the 
steady detonation velocity; Approximate values 
for T v can be obtained from 


Tv 


*-24- 

Sn, c, 


+ To 


(3-9) 


where 

Q a * heat released in an explosion 
computed on initial explosive 
composition and thermochemistry 
and arbitrary assignment of products 
shown in par. .3-4. 

n< * number of moles of gas at equilibrium 
estimated from arbitrary reactions 
used in obtaining Q A 

= specific heats of products averted 
over the temperature range T v - T 0 
The T v obtained from Eq. 3*9 should represent 
an upper limit to T C j, since all the chemical 
energy is assumed to go into thermal energy of 
the products and no allowance is made for 
energy of repulsion which surely must be 
present in the highly compressed C-J state. If the 
detonation products obey the poly tropic gas 
law, i.e., PV K « constant, then 


D * 2 Qa(ic 9 -1) (3-10) 


and experimental P C j is 6%(+15 to - 11 % 
maximum deviation). For ten other explosives 
for which experimental data are also available 
the deviation is greater than that given. Seven of 
these ten explosives contain NM or TNM or 
both. For other values of K, agreement is even 
poorer. 

A better approach for estimating P C j is to use 
experimental D values which are often available 
where experimental P C j data are not. A 
convenient equation to use is 



Calculations on 26 explosives (some of these 
are at about 1/2 of voidless density), using Eq. 
3-12 and experimental D and P C j , give an 
average k of 2.8 with a maximum range of 2.4. to 
3.0. Four explosives which give k’s outside the 
above range are NM. TNM and two aluminized 
Comp B mixtures. 

3-9 MAXIMUM WORK 

In an adiabatic process, according, to the first 
law, the maximum work W m ax that, an element 
of explosive can do on its surrounding} is-A£ 
(note that the term adiabatic refers to no heat 
gain or loss by the element from, or to the 
surroundings). For a constant volume explosion, 
explosion products (formed in an exo-thermic 
reaction) assumed to be a pplytropic gas, and 
neglecting the Pv term for the solid unreacted 
explosive. 


A E * Ef - E 0 ~ products 





(3-13) 


and 

Pcj * 2Q aPo (*-1) ( 3 ' 11 ) 

Agreement between experimental values of D 
arid Pcj, and those computed using Eqs. 3-10 
and 3-11 is only moderacely good. Using Q A (or 
Q) and k» 2.5 the average deviation oi 
computed and experimental D’g (detonation 
velocity) is 5% (+5 to-13% maximum deviation) 
for 13 almott voidless explosives. For these same 
explosives the average deviation of computed 


** Qc.v. + y -1 = ~ I 

For a polytropic gas v f may be related to v 0 
according to 

Pj0£/2 = JP,if and = P 0 v? 

where the subscript ( refers to some intermediate 
state above which the poly tropic coefficient is K 
and below which die coefficient is 7 *= 
Cp/c,,, * Pjj2 is the constant volume 

explosion pressure, and the subscript o refers 
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to the standard explosive. For typical values of 
the parameters involved and an arbitrary 
assignment of (Pj/Pi)f 2 * 10 3 it can be shown 
that P 0 Vf 

W <0 ' 04; 

Consequently for a constant volume 

(c.v.) explosion (3 . 14) 

Eq. 3-13 is also applicable to a W detonation 
except that v f for a C-J detonation is different 
from v f for a constant volume explosion. For a 
G-J detonation 

- Pil ».*£/(•£ + 1)]‘ 

-Pje," and as before P,vJ • P 0 v} 

P V 

With the same assumptions as before 
<6.03 and (7-W 

if*. * Q (316 > 

Because the pressures are different and 
consequently the chemical equilibria could be 
different Q does not necessarily equal Q e , Vt . The 
data in Table 3-5 suggest that Q > Q e v because 
Pj >?<.*.- 

There are no completely unambiguous 
measurements of the maximum work done by 
an explosive; however, the Ballistic Mortar 
probably come: closest to being a valid test of 
the maximum work. In this test a standard 
weight of explosive is fired in a suspended 


mortar with a tightly fitting steel projectile and 
the angle of recoil of the mortar is measured 
Results are pmerally expressed in terms of a 
standard explosive, e.g., TNT. In Table 3-11 we 
comj?^ measured Ballistic Mortar results with 
Q where both quantities are taken relative to 
TNT. It is obvious.that correlation is poor. If the 
comparison is made with AH d rather chan Q, 
correlation is much betterand it becomes better 
yet if one arbitrarily assigns (^Hd)TST * 1.00 
kcal/g rather than the measured (AH d ) TNT * 
1.09 kcal/g for tightly confined charge 1 . As 
already discussed the heat release of TNT, but 
not of other explosives such PETN, is strongly 
influenced by confinement The explosive loads 
in the Ballistic Mortar are generally at fairly low 
packing densities so that detonation products 
can expand slightly before the projectile starts 
to move. During, the period of acceleration of 
the projectile thoe is further gas expansion and 
re-equilibration of products. The whole process 
appeare-to be quite similar to what is happening 
in a partially confined charge fired in a 
calorimeter. Thus one. might expect that A H d> 
and not Q is a better measure of the “maximum 
work” measured by the Ballistic Mortar;. In 
Table 3-2 we show that &H d for TNT varies 
from 0.68 to 1.09 kcal/g depending on the 
degree of confinement. Consequently, the 
arbitrary choice of (AH d ) TffT « l.CO kcal/g is 
riot unreasonable in this case. 

In the Ballistic Mortar, m in air-blast and 
fragment propulsion, aluminized explosives do 
not perform as well as expected from their 
theoretical values. 
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TABLE 3-2. CALORIMETRIC DETERMINATION OF THE HEAT AND PRODUCTS OF DETONATION^ 


EXPLOSIVE 

prrx 

PITH 

HMX 

KMX 

THT 

THT 

NN 

PEFO 

Coedltloo 

Confined. 

Unconfined 

Coof imd 

Unconfined 

Confined 

Oneonfined 

Confined 

Confined 

P o (t/cc) ^ 

1.74 

1.74 

1.00 

1.00 

1.53 

1.33 

1.13 

1.60 


1.4® 

1.50 

1.40 

- 

1.09- 

- 

1:23 

1.2S 

< M (J ) c> i (k cal/g)* 1.50 

1.51. 

1.51 

1.33 

1.16 

0.60 

1.25 

1.35 

Products 

MoIi/boIi 









<*2 

3.38 

3.30- 

1.92 

1.44 

1.25 

0.063 

O.20i 

3.10 

CO 

1.64 

1.59 

1.04 

2:65 

1.98 

5.09 

0.550 

1:00 

«4 

0.003 

<0.0002 

0.039 

0.0000 

0.099 

0.009 

0.003. 

0.001 

C(.) 

aon« 

BOO* 

0.97 

noM 

3.65 

1.01 

0.095 

non* 

H 2°(i) 

3.SO 

3.45 

3.10 

2.50 

1.60 

0:17 

0.602 

2.14 

“2 

0.45 

0.31 

0.30 

1.53 

0.46 

2.31 

0.294 

0.046 

*2 

2.00 

2.00 

3.00 

4.01 

1.32 

1.30 

0.394 

1.99 

*3 

0i037 

0.002 

0.395 

BOO* 

0.162 

0:022 

0.110 

0.023 

ECU 

nooi 

none 

0.000 

6.0006 

0.020 

0.024 

0.000 

- 

Kf 

- 

- 

- 

- 

- 

- 

r 

1.97 

tepirlcil f omuls 
of «x pi oil n s b 
on .products*• 








C 

5.03 

3.01 

4.00 

4.09 

2.00 

0.99 

q.99(s) 

5.04(b) 

H 

5.02 

7.92 

0.31 

6.00 

.5.03 

5.00 

3.04 

6.30 

K 

4.04 

4.00 

*.77 

1.04 

2.60 

2.70 

0.02 

4.66 

0 

11.92 

11.99 

0.08 

0.03 

0.00 

0.19 

1.95 

10.34 

r 

- 


“ 

- 

- 

- 

" 

1.97 

* Pro* product cexposition 

sad 4H°'s of 

Table 3-1. 







Cos&pur* with mpirlctl famuli of Tibi* 3-1. 

(*) Analysis of erlflasl nitirisl (in M 

<'■' *"ir*‘* °< r.v. c # 00 k 5 T4 k 4 m o 10 ^ 
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f ABLE ML CORRELATION BETWEEN Q AND OXYGEN BALANCE 


Explosive 

p 0, 

g/co 

Q*. 

kcal/g 

Oxygen 

Balance 41 * 

0.8 NH/0.2 TM 

i.3i 

1.61 

6.00 

BTNEU 

1*86 

1.49 

0.00 

NG 

1.60 

ii.47 

♦3.5 

TNBTB 

1.70 

1.45 

-4.0 

PETN 

1.7.7 

1.50 

-10 ;0 

2/ 3NM/1/ 3TNM 

i .40 

1.30 

+15.1 

RMX 

1.90 

1.48 

-22.0 

RDX 

1.80 

1.48 

-22.0 

KM 

1.13 

1 .33 

-39.3 

Comp. B 

1.7 

1.41 

-40.3 

Tetryl 

1.70 

1.41 

-47.4 

TNT 

1.63 

1.27 

-77.6 

TNM 

1.64 

0.55 

+49.0 

Explosive D 

1.50 

1.27 

-52 

DATNB 

1.79 

1.12 

-56 

Hydrazine nitrate 

1.63 

0.90 

♦8.4 


^Average value shown In Table 3-5 

♦ * % 1600 r 

Oxygen balance * - -r — — —7—- 12C atoms +H/2 a mb - 

formula weight 


0 atoms] 
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TABLE 3-7. COMPARISON OF Q& AND Q A SASiD ON AN ARBITRARY 
DECOMPOSITION MECHANISM 


Explosive 


Po, 

\tf cc 

* 

Q. 

kcel/g 

‘ ft /* ** 

kcal/g 

PETN 

C tWi2 

1-.75 

1-.50 

1.52 

BTNEU 

W 8 °13 

1.86 

1.49 

li 48 

RDX 

SWfi 

1.80 

1<48 

1.48 

HMX 

C 4 H 8 N 8°8 

1.90 

1.48 

1.48 

TNETB 

C 6 H 6 N 6°14 

1.70 

1.45 

1,43 

TETRYL 

c iWb 

1.70 

i.4i 

1*43 

m 

CH 3 N0 2 

1.13 

1.33 

1.36 

TNT 

C tW 6 

1.63 

1.27 

1.28 

PICRIC ACID 

6 3 3 4 

1,7 

1.23 

1.25 

3ATNB 

C 6 H 5 ' , 5 °8 

1.J9 

r .12 

1.12 

Explosive D 

C 6 H 8 K 4°7 

1.70 

1.07 

1.08 

PBX 9404 

C 1.40 H ; 2.75 N 2.57°2.69 

1.84 

1.46 

1.47 

COMP.B-3 

C 2.05 H 2.51 N 2.15°2.67 

1;7 

1.40 

1.39 

OCTOL 

C 6.84 H 10.03 N 9.22°10.43 

1.81 

i. 43 

1.43 


* From Table 3-5, and NGLand LASL compilations. 

** From arbitrary decomposition mechanism assigning all available 
oxygen to HgO and C0 2 with excess carbon appearing as C(s). 
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TABLE 3-8. COMPARISON OF Q AND GURNEY CONSTANTS FOR PLANE-WAVE 

SHOTS 


yfiQ . y/5T, \J 2I/2Q 


Source 


Baratol 

2.81 

-.2.0 

1.94 

*-0.97 

SRI 

) 




1.72 Bin ~0.86 eln 


i 

•3/17 HMX/TefIon 

1 ,911 


3.22 

0.993 

LRL 

< 

■M/14. iOOC/ ifluorcarbon 

1.894 

3.26^ 

3.32 

1.02 

LRL 

* 

MMX 

1.891 

3.32 

3.53 

1.01 

LRL 

f 

HMX 

1.89 

3.52 23.43 

20.980 

SRI 

j 

§4/i« KKX/Kel-7 

1.882 

3.BT W 

3.28 

1.00 

LRL 

i 

80/20 MMX/Vlton 

1.876 


3.14 

0;995 

LRL 

i 

< 

80/10 MKX/Vlton 

1.863 

3.3i (,) 

3.32 

0.980 

LRL 

i 

83/13 M(X/Vlton 

1.863 

3.34<* ) 

3.19 

0.984 

LRL 


PBX 8404 

i .841 

3.42 

3.38 

0.988 

LRL 

\ 

POX 9404 

1.84 

3.42 

3.21 

0.838 (0.99max)SRI 

5 

i 

76/22'MMX/TMT 

l;82l 

3.41 (b > 

3.29 

0.863 

IJLL 

! 

88/12 MMX/Pluorcarbon 

1.798 

3.30<*> 

3.17 

0.960 

LRL 

T 

90/J/0 RDX/Xel V 

1.787- 

3.22 < * ) 

3.13 

0.972 

LRL 

\ 

90/10 HKX/llrethane Polymer 

1.777 

S.38^ 

3.14 

0.929 

LRL 

/***< % 

PITH 

1..765 

3.37 

375s 

0.940 

LRL 

{ J ‘ 

77/23 Cyclotol 

1.734 

3.35^ 

3.14 

0.938; 

LRL 

i 

92/8 HKX/PI 

1.719 

3.« (,) 

3.10 

0.803 

LRL 


Coep, B grd.A 

1.717 

3.26 

2.990 

0.913 

LRL . 

t 

i 

Comp, B-3 

i;68 

3.22 

2.99 

0.930 

SRI 

1 

t 

Coep. B-3 

1.68 

3.22 

3.00 

0.933 

MO L 

i 

90/8/2 RDX/P.S./D.O.P 

1.673 

3.37 <*> 

2.97 

0.909 

LRL 

j 

TXT 

1.630 

3.02 

2.34 

6.84 aln. 

LRL 

i 

TOT 

1.630 

2.37 (d) 

2 .54 

1.07 max 

" 

I 

TOT 

preened 

3.02 <3.00 

<0.98 ^ 

SRI 

i 

TOT 

preaaed 

3.02 

C2.« 

<0.88* C ) 

LASL 

< 

i 

MM 

1.143 

3.21 

2.IB 

0.88 

LRL 

\ 

XM 

1.143 

2.86^ 

2.18 

0.76 ein 

" 

\ 


Q a for confined chargea. 

Determined by Kq. 3-d ualng eiperleental data, 
q <* <JHMX) (Q^X, *11 other eaterlale asauMd lnart, 

Q * £n 1 q 1 

Plane wave lena contrlbutea to driving the eetifl. 

Baaed on AH for unconfIned chartea (aee Treble 3-d). 


+ 1 « 











AMCP706-180 


o- 

TABLE 3-9. CORRELATION OF Q AND EQUIVALENT WEIGHTS FOR FREE AIR 

BLAST 



Po, 

Q. 


Explosive 

g/cc 

kcal/g 

TOT 

1.6 

1. 

.27 

TNETB 

1.7 

1. 

.45 

Comp B-3 

1.7 

1.. 

,40 ( ‘> 

96/2 RDX/Wax 

1.6 

1. 

,45 (b> 

95/5 RDX/Wax 

1.6 

1. 

,41 <b) 

91/9 RDX 
(Comp. A-3) 

1.6 

1, 

,35< b) 

PETO 

1.55 

1. 

,48 

50/50 Pentollte 

1.6 



Explosive D 


«1, 

.07 W) 


Aluminized explosives 



80/20 Trltonal 

1.7 


HBX-3 

1.8 


Mlnol It 

1.7 


Torpex II 

1.7 


Experimental 

AHd, 

kcal/g 

Equivalent 
Weight 


AH. /(AH. 
a a 

1.09 

1.00 

1.00 

i.oo 

1.47 

1.13 

1.14 

1.35 

1.24 

1.13 

lilO 

1.14 

1.45 <b) 

1.19 

1.14 

1.33 

1.41 <b) 

1.19 

1.11 

1.29 

KSS™ 

1.09 

1.06 

1.24 

1.49 

*1.2 (C) 

1.17 

1.36 


1.16 

- 

1.18 

~ 

»0.85 

0.84 

“ 

1.63 

1.07 

Ml.4 

1.52 

1.995 

1.16 

- 

1.83 

1.51 

1.24 

- 

1.39 

1.60 

1.23 

- 

1.47 


a* 

(.) 

<b> 

(*!.) 

<d> 

(e) 


Average of values shown In Table 3-5. 

Taken from J. Petes ,Annals N.Y. Academy of Sciences 162, 313 (1968),. 

Assumed slightly smaller than the 1.12 to 1.45 kcal/g computed by LJD or BKV 
methods for 64/36 RDX/TOT. 

q - i n i Q 1 

AH. = E nttH ) 
a l a i 

Unpublished date, Stanford Research Institute 
NOL calculation using the BKV equation 

Based on 1/3 + 0*7Al 2 0 3 «,0.83H 2 0 ♦ 7/3 C(*) + l/2N 2 


TNT 


3-17 






AMCMOtlt? 


TABLE 3*10. UNDERWATER PER FORM ANCE OF EXPLOSIVES 


Explosive 

Equlvalent 
height * 

Q/Q T nt 

TNETB 

1.28 

i.i4 

PETN 

1.25 

1.18 

HftlX 

1.19 

1.17 

RDX 

1.16 

1.17 

95/5 RDX/Wax 

1.13 

1.11 (a > 

75/25 Cyclotol 

1.12 

i.«w 

Comp. B 

1.11 

1.11 

50/50 Pentolite 

1.09 

1.09 (a) 

Tetryl 

1.08 

1.11 

Explosive D 

0.91 

0.84 ^ 

Aluminized 



70/30 TNETB/A1 

1.80 

»1.90* C * 

HBX-3 

1.59 

«1.57 (d) 

70/5/25 RDX/tfax/Al 

*1.60 

*1.7 (e) 


Relative to TNT, this is the equivalent weight for shock 
energy + bubble energy. Data taken from Ref. 3. 

(a) Q = E n^Q^; wax, if present, assumed inert 

(b) NOL computation of Q 

(c) Q = 2.42 kcal/g for C-KLN c 0_ ,+ 6A1 = 3Al o 0 + 3H 0 + C0 rt +5C+3N rt 

A bob 14: « 3 Z c 2 

W Assuming Q = AH^ 

(O Q2.2 kcal/g for 1/3 C_H e N c 0 c + 0.98 A1 = 

A J b b b 

0.49A1 2 0 3 +0.53K 2 0 + 0.47H 2 +C(s)+N 2 
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TABLE 311. CORRELATION OF DETONATION ENERGY AND MAXIMUM WORK 
(BALLISTIC MORTAR) 


.o\ 


KXplOfllV* 

Ballistic Mortar 
Relative to TUT 


AH / (AH-) 
a <3 Tlfr 

TUT 





<*d>T*r " ' d TlfT " 

KMX 

1.50 

1.17 

1.36 

1.46 

W)X 

1.50 

1.17 

1.36 

1.48 

PITH 

1.45 

1.18 

1.37 

1.50 

yo 

1.40 

1.16 

1.35 

1;4« 

THETB 

1.36 

1.14 

1.35 

■I.. - . 

Coap, A-3 

1.35 

!.(>«<•> <» 

l.» W ' <b> 

<b) 

Coap, B 

1.33 

i.io 

1.14 

1.24 

Tetryl 

1.2 to 1.3 

l.u 

1.07 

1.17 

Pentolite 

1.26 

1.02 (i> 


1.29*** 

Picric Acid 

1.12 

0.97 

0.95 

1.03 

DATXB 

i.oo 

0.88 

0.93 

1.01 

Explosive- D 

0.99 

0.84 

i.98 

1.07 

Mind 2 

1.43 

- 

1.39 

1.51 

Torpex 2 

1.36 


1.47 

1.60 

Tritonal 80/20 

1.24 

- 

1.50 

1.6? 

HBX-3 

1.11 

- 

1.83 

2.00 

«) 9 - 

t* & - tn i (m 6 ) ± 




j) &»mm6 wax 

la completely inert 
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CHAPTER 4 THERMAL DECOMPOSITION OF EXPLOSIVES 


4-1 INTRODUCTION 

Explosive liquids and solids can be 
decomposed by heat and light at relatively 
moderate temperatures. During decomposition, 
considerable heat is liberated since these 
reactions are exothermic. When the rate of 
decomposition in. the condensed phase is 
sufficiently high, then an explosion may result 
due to self-heating, i.e., the heat generated during 
decomposition exceeds heat loss to the ambient 
by conduction and other means. This phase of 
decomposition (self-heating) is analyzed in 
Copter 10. It is clear that detailed information 
on the stability of liquids and solids is needed 
for two reasons. First, to determine the 
conditions under which the unstable materials 
may be handled with some degree of safety. 
Second, to determine the conditions under 
which explosion will result since many 
explosions are preceded by a phase of rapid 
decomposition. 

The first step in assessing the stability of a 
liquid or solid is to consider the thermochemical 
properties. Detailed information is needed on 
rates of decomposition, activation energies, and 
heats of decomposition. Some information on 
these properties is becoming available but there 
is considerable discrepancy in the values quoted 
by different workers. There is also a lack of 
reliable values for many of the thermal 
properties such as specific heat, thermal 
expansion, thermal conductivity, and other 
similar properties. 

If the conditions under which explosion 
develops are to be controlled, then it is vital to 
understand the mechanism of the 
decomposition. This has been recognized in the 
last ten to fifteen years, and there are active 
centers of research throughout the world 
concentrating on this problem. Liquid explosives 
are usually characterized by covalent bonds, and 
there is considerable background of research for 
related materials to make it possible to propose 
reasonable decomposition mechanisms. At the 
same time, the development of modern 
equipment makes possible the analysis and 
identification of intermediates in small 
concentrations and of short life. Mass 
spectrometers, electron spin resonance and 


nuclear magnetic resonance equipment, 
chromatography, and spectroscopy are all being 
employed in this connection. 

The majority of explosive materials, however, 
are solids and here the situation is more 
complex. The decomposition may be mainly a 
surface reaction or it may develop in the bulk 
material. Defecta and impurities can influence 
the course of ,tue reactions. It is perhaps 
essential to have a phase change or to melt the 
solid before an appreciable decomposition rate 
can be measured. The methods used to study 
explosive solids follow closely those developed 
for the study of semiconductors. It is necessary 
to show the nature of the bonds in the solid and 
to decide whether the solid is ionic or covalent. 
Covalent solids can be of the valence type or of 
the molecular type. For this purpose, studies are 
being made of the optical properties of the solid 
(ultraviolet, visible, and infrared spectra; 
refractive index; birefringence), as well as 
electrical properties (conductivity at low and 
high temperature), photoconductivity, 
crystallographic studies, and electron 
microscope and electron diffraction studies. In 
this way much has been learned about simple 
azides although it cannot be said that one can 
yet speak with confidence about solids such as 
lead azide. 

4-2 DECOMPOSITION ENERGIES 

The decomposition of most liquid arid solid 
explosives results in the formation of gas. The 
simplest way to follow the reaction is t make 
pressure, time measurements in a closed system 
at constant volume. These curves are sigmoid in 
shape (Fig. 4-1), and from such curves the rate 
constant k can be obtained. Numerous relations 
have been obtained experimentally for solids, 
for example 


kt + constant 

(4-1) 


(4-2) 


where p is the gas pressure at time t and p f the 
final gas pressure. For many solids nuclei are 
formed in localized regions, and these play a role. 
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in the decomposition. These nuclei grow and 
eventually overlap and interfere. Many 
investigators have derived expressions to fit the 
experimental curves in terms of the production 
of nuclei. Thus, Prout and Tompkins give the 
relation / . \ 



where c is a constant and a the fraction of 
explosive decomposed; this holds for the 
decomposition of many solids such as 
permanganates and oxalates, and some of the 
azides. Another relation by Avrami and Erofeev 
is griningin popularity. Their analysis involving 
three-dimensional growth of nuclei is of the 

tonD - in ( 1 - a ) = (*t) n (4-4) 

For some reactions n * 4 at the beginning of the 
reaction and n - 3 in the decay period. 


When melting takes place, the nature of the 
rate equation is modified. The decomposition of 
liquid explosives has been successfully followed 
by determining the concentration of one of the 
products of decomposition with time, e.g., the 
formation of nitrogen dioxide during the 
decomposition of the nitrate esters or the nitro 
compounds. Here, of course, the assumption is 
made that the nitrogen dioxide is one of the 
primary products of decomposition: It is hot 
intended to list here all the various methods in 
use to follow decomposition since these are too 
numerous. Accounts can be found in Chemistry 
of the Solid State*, Reactivity of Solids* , and in 
many other Symposia and papers publidied in 
recent yeah. 

Once the rate .constant has been determined, 
then a study of the variation of the rate'constant 
k with absolute temperature T gives a measure 



Figure 4-1. Thermal Decomposition Sigmoid Curve 
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the activation energy E (refer to Pig. 4-2) from, 
the general relation 

k = Z exp [ : J5/(«r)j (4-5) 

where 2 is the pre-exponential factor and R the 
gas constant-. Unless it is stated specifically, the 
values for E are usually the overall activation 
energies. Of greater interest is the value for the 
activation energy for each individual step in the 
decomposition complex of reactions; these are 
gradually becoming available. More refined 
equations are available for analysis of rate 
measurements but the experimental results 
obtained so far do not lend themselves to the 
use of advanced theory. 

Values which have been given for activation 
energies of various explosives are listed in Table 
4-1. These have been selected as possible values 
but the agreement between different 
investigators is not good. Both E and Z may vary 
with temperature, particularly at high 
temperatures. Autocatalysis may also take place 


and the products of decomposition can exert a 
profound influence pn the rate. The table is 
included to give an idea of the magnitude of the 
energies, however, too much reliance should not 
be placed on the absolute values given. The 
values usually range between 30 and 50 
kcal/mole, and are not very different from those 
normally found for many other nonexplosive 
materials. This is not surprising as the processes 
involved in the decomposition of explosive and 
nonexplosive systems can be very similar. It is 
the exothermic nature of. many of the 
decompositions that makes the reaction run 
away to explosion. Chain mechanisms.may also 
play a part in the decomposition. 

4-3 DECOMPOSITION MECHANISMS 

It will be convenient to consider explosives in 
three groups: 

(1) Covalent liquids and solids (the organic 
nitrates and nitrocompounds). Here the initial 



A 


Figure 4-2. Riot of Logarithm of Rate Constant k vs Reciprocal of Absolute Temperature to 
Determine Activation Energy from Slope of the Line 
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TABLE 4*1 ACTIVATION ENERGIES AND PRE-EXPONENTIAL FACTORS FOR 
SOME EXPLOSIVE LIQUIDS AND SOLIDS 


Temperature 


Compound 

Range y . 

°C 

E,, 

kcal/molt 

logZ 

—c* 1 

Mitroglycerin 

160-190 

50 

23.5 

Tetiyl 

211-260 

38.4 

15.4 

Ethylene dinitramine 

174-178 

30.5 

12.8 

PETN 

160-230 

47 

19.8 

TNT 

— 

37 

— 

DINA 

— 

35.5 

— 

Picric acid 

153 

58 

— 

Lead .azide 

— 

36-38 


Silver azide 

below 190 

44 



above 190 

31 


Mercury fulminate 

100-115 

32.2 


Lead styphnate 

225-255 

40? 



step in the decomposition is usually bond fission 
and a free radical mechanism applies. 
Intramolecular elimination reactions have also 
been considered. 

(2) Ionic solids. Many of the primary 
explosives such as the azides, metal picrates, and 
acetylides belong to this group; electronic 
processes will dominate the reaction mechanism. 

(3) Ammonium salts. Ammonium salts in 
principle belong to group (2) since they are 
generally ionic solids. There are, however, twe 
possible paths for the decomposition, and for 
this,reason they-are considered separately. 

4-3.1 COVALENT LIQUIDS AND SOLIDS 

There is no doubt that the organic nitrates 
form thn only class of materials which have been 
studied in a systematic way. It is generally 
agreed that the first step in the decomposition is 
the fission of the oxygen-nitrogen bond in which 
an alkoxyl radical is produced. This is also the 
rate determining step. Thus, for a simple 
compound such as methyl nitrate 

CH a 0N0 2 •+ CH s O + N0 2 
The activation energies favored by Gray 7,1 for 


the decomposition are methyl nitrate, 38.4 
kcal/mole; ethyl nitrate, 36.4 kcal/mole: 
n-propyl nitrate, 37.6 kcal/mole; and this is 
equated to the energy required in the bond 
fission process given in the given decomposition 
reaction. The reactions in the gas phase in 
particular are homogeneous with 
pre-exponential factors approximately equal, to 
10 13 . The decompositions are also inhibited by 
the addition of nitrogen dioxide and nitric oxide 
by the possible reactions of the alkoxyl radicals 
RO in the manner 

RO- + N0 2 R0NO 2 

RO- + NO -* RONO 
thus indicating the way in which nitrates may be 
reformed and also how nitrites can be produced 
during decomposition of the nitrate esters. 

The alkoxyl radicals can undergo a variety of 
reactions and rearrangements, and in the case of 
the simpler alkoxyl radicals these have been 
described in detail in a review by Gray and 
Williams 3 . There may be association with 
radicals, hydrogen abstraction, rearrangements 
(isomerization), decomposition of the radical to 
simpler radicals and aF hydes or ketones, 
disproportionation, and decomposition by 
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radical attack. It is evident that all these 
reactions can lead to complex products and 
these are found in the decomposition products; 

For the decomposition of a nitrate ester such 
os n-propyl nitrate the following set of equations 
may be written as a sequence of reactions during 
decomposition: 

n-C 3 F ONOj -+ n - C 8 H 7 O + NO* 
n-CjHjO-* 

C 2 H 5 - + N0 2 *+ C 2 H 3 0 + NO 

and some C 2 H 5 N0 2 

C 2 H 6 0- CH a - + CH 2 0 

CH 3 * + N0 2 -* etc. 

11 -C 3 H 7 O + NO -♦ n-C 3 H 7 ONO 

etc. 

Schemes such as this have been proposed for 
many nitrates and related esters. What is needed 
is the activation energy for each step; some of 
these are now known fairly accurately. 

Systems such as glycol dinitrate, nitroglycerin, 
and PETN will behave in the same way but, 
since there are more nitrate groups in each 
molecule, there is difficulty in working out the 
precise order of the steps to the final products. 
Thus, glycol dinitrate would be assumed to 
decompose ideally in the manner 
N0 2 OCH a CH a ONO 2 -►2NG 2 + 0CH 2 CH 2 0 

i 

2CH 2 0 

or for more complex dinitrates • 

(CH 3 ),COj NO, 

CH, •+ 2 (CH,),CO + 2 NO a + C,H 4 
CH 2 

(CH a ) a COj NO, 

For PETN, nitroglycerin, and related systems, 


carbonyl compounds^such as formaldehyde, 
more complex aldehydes and ketones—are 
formed simultaneously, and these together with 
the alkyl radicals are oxidized by vhe nitrogen 
dioxide. The decomposition of nitroglycerin 
accelerates if the products are allowed to 
accumulate or if w r ater or acids ar> introduced. 
Apart from gaseous products—such as NO, N.O, 
H 2 0, CO, CH 4 , N 2 , and HCN-liquid /wd solid 
residues of complicated structure are also found. 

The nitrate esters are also decomposed by 
ultraviolet light, and again it is assumed that the 
initial step is bond fission. First there is the 
formation of an excited state 

RONO, RONO* -> RO + NO, 
excited state 

which may revert to the ground state or 
dissociate to give free radicals. 

Andreev has made an extensive study of the 
decomposition of nitrate esters, and of the 
effect of products and. additives on the reaction 
rate. He followed the decomposition of PETN in 
a variety of physical states: the solid, molten, 
dissolved, and gaseous states. The rate of 
decomposition is greatest in the gaseous state 
and least in the solid state. 

The nitro compounds have also been studied 
in some detail.. A review of the decomposition of 
nitromethane by Makovsky and. Lenji 10 records 
the information available up to 1958. The vapor 
phase decomposition at different temperatures 
and pressures has been followed by static and 
flow methods. The reaction has been shown to 
be first order and a large number of the products 
of decomposition identified. These include NO v 
N a O, H a O, CO, CH 4 , C0 2 , and traces of C 2 H 2 , 
C 2 H g , and NO a . More complicated products are 
formed at high pressures, e.g., HCN* CH a CN, 
HCHO, etc. The overall acuvation energy for 
decomposition is in the region of 50*53 
kcal/mole. Most.investigators favor-bond fission 
as the initial step in the decomposition 

CH 3 N0 2 ■+ CH 3 - + N0 2 

Numerous other st epr, have been proposed to 
account for the products of decomposition, and 
some of these are/ given to indicate the type of 
reactions envisaged 
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CH a * + CH 3 N0 2 -► CH< + 'CHjNOj 
•CH 2 N0 2 + N 0 2 -> ch 2 o + NO + no 2 
CH 2 0 + N0 2 -*• CO + NO -5 H a O 

2 CH 3 c 2 H 8 

Reaction! ofthe type 

CH S ' + NO CH 3 NO -> CH 2 »NOH -* HCN 
+ H 2 0 

ue also probable reactions. 

On the other hind at high pressures, in the 
region 12-40 atm, Makovsky 10 and Guenwald 
consider the reactions 

CH 2 NO a -+ GHjNO + O 

O + CH a N0 2 -> CH 2 6 + HN0 2 , etc. 

may also take place, the photolysis of 
nitromethane has been studied recently by 
Nicholson 13 who postulates bond fission as the 
initial step in the decomposition. 

The decomposition of the higher nitro 
alkaiies-e.g., nitroethane, 1 and 2 
nitropropane—has also been studied though in 
less detail. For nitroethane, values of the 
activation energy ranging between 41 and 46 
kcal/mole.seem to be the most reliable. There is 
considerable debate concerning the first step in 
the decomposition. The ON bond strength is 
estimated at 56 kcal and the activation energy 
measured is some 10 kcal smaller than this for 
nitroethane. Possible schemes starting with 

C 2 H 6 N0 2 -* C 2 H* + N0 2 

as the first step have been evolved but the 
alternative reaction 

c 2 h 5 no 2 -> C 2 H 4 + hno 2 

is a strong candidate. For this reason the 
detailed schemes for the two rival mechanisms 
will not be given; the details may be found in 
the literature. 

For 2 -nitropropane, a careful study by .Smith 
and Calvert 11 gives the following expression for 
the decomposition rate constant: 

k * 1.11 X 10 u exp [-39,3/(7(77], sec' r (4-6) 


This is based on propylene formation in a static 
system. Many of the arguments put forward for 
nitroethane also apply to the nitropropane 
system. Again, there is disagreement as to the 
first step of the decomposition but the weight, is 
perhaps in favor of a step of the kind 

CH*CBNO a CH 3 CH 2 *CKCH 3 + hno 2 

Here, intramolecular elimination of propylene 
and nitrous acid takes place via a cyclic activated 
complex. This is followed by a series of radical 
reactions. Some of t> ose proposed are 

HN0 2 -+ OH + NO 

OH + CH 3 CHN0 2 CH 3 -*H 2 0 

+ ch 3 6 no 2 ch 3 
-* h 2 o 

+ CH 3 CHN0 2 CH 2 ‘ 
CH 3 CNOjCH 3 -► CH 3 COCH 3 + NO 

ch 3 chno 2 ch 2 ch 3 chno + ch 2 o 

CH 3 CH«CH 2 + NO a 

ch 3 chno ch 3 cnoh 
ch 3 cnoh + no*> ch 3 cn + hno 2 

The hi^ier aliphatic nitrocompounds have not 
been studied in sufficient detail for likely 
mechanisms to be proposed. This is also true for 
some of the aromatic compounds such as picric 
acid. 

4-3.2 IONIC SOLIDS (AZIDES) 

From the practical point of view, lead azide is 
the most interesting of the azides. On the 
qualitative side considerable information exists 
on rates of decomposition, explosion 
temperatures and the like. It has only been 
realized in recent years, however, that one needs 
to go further into this problem of th^ 
decomposition of the azides, Figures were 
available but no real understanding of the 
mechanism of decomposition; this is still.true to 
some extent, 

A start has been nude on the simpler azides in 
the solid state which are represented as M N 3 , 
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and on the related compounds—the fulminates 
CH O and cyanamides CN*‘ —since these form 
an isoelectronic series. Consider a solid like 
KN a . It is .known that it is composed of ions K + 
and N a * and that it is a relatively stable 
compound. The azide ion is a linear symmetrical 
group fli.iaAfl i.isA fl- with sixteen valence 
electrons, and the orbital system can be 
represented simply as in Fig. 4*3 where the o 
-bonds, lone pairs, and the tt- bonds are 
indicated; The orbitals which are of interest 
from the point of view of electronic transitions 
are the delocalized it and it nonbonding 
a y 2 

orbitals since electrons will be excited from 
these orbitals to higher orbitals. 

The azide ion is also isoelectronic with the 
CQ Z molecule and all the values for the 
vibration frequencies-symmetrical stretching, 
asymmetrical stretching, and bending—are 
known from infrared and Raman spectra. From 
thr.se, force constants may be calculated. 

If one considers a simple series of the 
monovalent azides—KN 3 tTINa, AgN 3 , 
CuN 3 ,Hg 2 (N 3 ) 2 —and organic azides (solid), it 
is found that the stability varies in the order 
KN 3 > TlN a > AgN 3 > CuN 3 < Hg a (N 3 ) 2 < soiid 
azides. The stability decreases along the series K 
to Cu as the ionization potential / increases, or 


more accurately as (I - E) increases. Here B is the 
electron affinity of the azide (N 3 ) radical and is 
in the order cf 2.8 ev, although. higher values 
than this have been quoted. The problem is to 
explain why the stability varies in this way; a 
reasonable explanation can be given if we use 
the band theory of solids. 

In the case of KN 3 , J=4.32 ev, £*2.8 ev; 
therefore (I- E) is small. For greatest stability, 
the solid should be composed of ions It* and 
N a . The structure is tetragonal and all 
metal-nitrogen distances are the same. It has 
properties typical of ionic solids such as KBr, 
the refractive index is low (of the order 1.5), 
and. the optical absorption edge occurs in -the 
vacuum, ultraviolet part of the spectrum. The 
silver salts AgN 3 and AgBr, however, are 
unstable solids and readily decompose on 
heating, or during irradiation with light of 
suitable wave length or ionizing radiation. 

kT 

2A2Ag + 3N 2 + Q 

similar to 

2AgBr -+ 2Ag + Br 2 

where Q represents the heat of decomposition. 


-— --—|-—►TTy non bonding orbital 

-bonding orbital 

Iom pair |\| (\J—j-* Ion* pair 



Figure 4-3. Representation of the Orbital System of the Azide Ion 
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The bromides are mentioned since there is in 
fact a close resemblance between the behavior of 
the azides and the corresponding bromides. The 
ionic radii of Ag + and of K + are 1.26A and 
1.33A, respectively, which are not too different. 
On the other hand, the structure of AgN 3 is 
orthorhombic, and there arc directed bonds. In 
the solid, there are four long silver-nitrogen 
bonds of 2.79A and four short bonds of 2.56A. 
The solid has a partial layer-type structure. The 
physical properties depend markedly on crystal 
direction. The refractive index is. high and is 
approximately 2;0 for-liglit oMong wave length; 
and the optical absorption edge is now much 
further into the visible part of the spectrum. AH 
these properties indicate a departure from an 
ionic type of lattice in the silver salt. 

The decomposition of silver azide by heat is 
exothermic to the extent Q*7.48 kcal/mole. 
From the given chemical equation it is clear that 
while the lattice is composed mainly Of ions, the 
products are neutral, so that an electron transfer 


mechanism must operate at some stage of the 
decomposition. Before the mechanism of the 
decomposition can be established, it is necessary 
to determine the electron energy levels in the 
solid—in other words the energy £ required to 
excite an electron from the vaience band to the 
conduction band where, as in Fig. 4-4, we 
assume the valence band is formed by the 
overlap of orbitals of the azide Ni ions while the 
conduction band is formed by the overlap of 
orbitals of the metal M + ions. 

On the experimental side the overall activation 
energy for the decomposition of silver azide has 
been determined from pressure-time curves, and 
below 190° C the virtue is 44 kcal/mole or 1:9 ev 
molecule. Some information is also available on 
the collapse of the lattice in passing from silver 
azide to metallic silver. This is obtained from 
electron diffraction studies of a crystal as it 
decomposes under the action of an electron 
beam in the diffraction camera. Oriented silver is 
formed with lattice parameters slightly greater 



Conduction bond 

(overlap of orbital* from M*ton*} 


Valence band 

(ovorlop at orbital* from N'ion*) 



Figure 4-4. Schematic Showing Energy E to Excite an Electro^ from Vaience Band to 
Conduction Band in Silver Azide 




4*8 


AMCP 706-160 


than for normal silver, and it is concluded that a 
diffusion of silver takes place to lattice sites 
made vacant by the removal of azide ions 
during decomposition. This will give orientea 
silver nuclei with large silver-silver .^pacings. 
Finally, there is a collapse to normal silver. The 
silver that is formed during decomposition is 
very mobile and appears on the surface mainly 
as discrete nuclei which grow in size until they 
cover the whole of the surface. The nuclei may 
be less than 10A in diameter (the limit of 
resolution of the electron microscope used to 
determine their size) to greater than 2000A. 
These nuclei play an important part in the 
decomposition, and for this reason a knowledge 
of their size and distribution is needed. The 
technique used is simple. Crystals of silver azide 
are heated or irradiated with light giving a 
surface film of silver, which consists of the large 
and small nuclei as illustrated In Fig. 4*5(A). A 
carbon film is evaporated on to the nuclei (Fig. 
4-5(B), and undecomposed silver azide dissolved 
away in dilute ammonia solution. The carbon 
film floats oh the liquid surface and is picked 
up on an electron microscope grid which is then 
studied in the normal way. It is possible 
that silver forms internally along dislocations in 
the crystal in the manner found by Mitchell and 
illustrated in Fig. 4-5(C). No evidence for this 
type of behavior has as yet been found for the 
azides. Even with crystals of silver cyanamide 
which resembles silver azide but which are more 
stable, the silver is mainly at the surface. This 
has been verified frequently in electron 
microscope studies. The situation, as far as 
dislocations and their influence on the 
decomposition of the azides is concerned, is that 
a possibility exists that they do play a part in 
the decomposition but direct proof is not at 
present available. An etching technique might 
perhaps give better results. The main 
decomposition seem to take place at the surface. 

Reference was made earlier to use of the band 
theory of solids in connection with the 
explanation of the stability of azides, and it was 
stated that it is necessary to determine electron 
energy levels in the solid. The simplest way to 
determine energy gaps is from the optical and 
electrical properties of the solid. The optical 
absorption spectra are determined in the normal 
way, and one can represent the light path as in 
Fig. 4-6. If I a is the incident intensity of light 
and I the transmitted intensity, then in the ideal 


case the absorption coefficient oc in cm * 1 is given 
by the expression I~I o c' at , where t is the 
thickness of the crystal in cm. Absorption 
coefficients a are determined as functions of the 
wavelength of light 7 and for values of a in the 
region of high absorption corresponding to 10 B 
to 10 6 cm* 1 , it is assumed that photon energies 
hv correspond to the band gap E as shown in 
Fig. 4-7. Here one is concerned with direct 
transitions from the valence band, to the 
conduction band for values of the wave vector;/? 
= 0. On a simple ideal this would correspond to 
the energy required for the following process 
but this concept should not be pushed too far: 

n; n 3 + 

azide ion azide radical electron in 

in lattice (positive hole) conduction band 

Measurements of the absorption spectra at low 
temperatures, particularly at liquid helium 
temperatures, reveal the presence of excjted 
states. These are exciton levels and lie below the 
conduction band (Fig. 4-8). They form a 
hydrogen-like series and their frequency is given 
by an expression of the form 

v n = v^-R/n 1 (4-7) 

where v n is the frequency corresponding to the 
exciton of quantum number n, is the 
frequency of the series limit, and R is an 
exciton Rydberg constant. In the case of the 
alkali metal azides, Deb has resolved the n = 1, 2 
and 3 lines and has found that at liquid helium 
temperatures the band gap for KN 3 is 8.6 cv 
corresponding to light of wavelength 1450A in 
the vacuum ultraviolet, and the n - X exciton 
line occurs at 1895A or 6.6 ev. These gaps are 
quite large. 

Exciton levels have also been identified in 
T1N 3 and AgN g . However, one now finds tha^ 
the absorption edge is in the vicinity of 3500 A 
or 3.5 ev for silver azide. The values for the gaps 
are: 2? = 3.5 ev optical; E 2 = 0.6 ev optical 
(see Fig. 4-9). These are much smaller than for 
potassium azide. 

can also be estimated from electrical 
conductivity measurements at high temperatures 
but the interpretation of the results is not 
always easy since both ionic and electronic 
conductivity have to be considered. can also 


4-9 



















AMCC 709-1 BO 




hv X 


Figure 4-7. Absorption Coefficients a. as Function of Wavelength X. At High Absorption, Photon 
Energy hv Assumed to Correspond to Band Gap Energy E 





X 


Figure 4-8. Showing Exciton Levels 
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be estimated from photoconductivity 
experiments. Here it is assumed that one 
measures the thermal energy required to 
dissociate optically formed excitons in the 
manner 

- - * heat 

N 3 + hu * N 3 —~ N 3 + (e) 

exciton 

Both TlN a and AgN ? are good photoconrfuctors 
when they are irradiated with light near to the 
optical absorption edge. The experiment is quite 
a simple one, and a schematic diagram is shown 
in Fig. 4-10. Light of known wavelength is 
allowed to fall on to a crystal held at a DC 
potential of a few volts. A photocurrent will 
result and the magnitude of this photocurrent 
depends on the wavelength of the light and the 
temperature of the crystal. Since the resistance 
of the crystal is usually high, of the order of 
10 10 ft cm., the photocurrents are very small 
and can be in the region of 10 ’ 12 A. For this 
reason electrometers are in general used to 
record the currents. From the variation in 
photocurrent with temperature it is possible to 
determine an activation energy for the 
photoconduction process; for silver azide this is 
in the region 0.38 ev. This is a thermal energy 
which can be shown to be in good agreement 
with the value E 2 obtained optically. 

Energy gaps obtained from spectroscopic 
measurements give optical energies. One also 
needs to know thermal energy gaps. These ore 
not the same, ana argil merits based on the 
Franck-Condon principle led Mott and Gurney 
to give the approximate relation 



where is a thermal energy, E 0 the 
corresponding optical energy, K 0 the high 
frequency dielectric constant, and K the static 
or low frequency dielectric constant. K 0 is 
estimated from values for the refractive index n 
and for values of r. corresponding to wavelengths 
well away from the absorption edge K a = n 2 . 
Substituting the appropriate values for silver 
azide, one obtains for E t a value of 1.88 ev. This 
is the thermal energy required to excite an 
electron from the valence band to the 
conduction band. This agrees remarkably well 
with the activation energy for thermal 
decomposition of 1.9 ev (below 190°C) 


determined from pressure-time curves. It is 
suggested in fact that E 1 in Fig. 4-9 for silver 
azide is connected with thermal decomposition 
and E 2 with the activation energy for 
photochemical decomposition. It is, therefore, 
possible to propose a generalized scheme for the 
thermal and photochemical decomposition of 
the heavy metal azides. This is shown in Table 
4-2. 

It must be emphasized that this scheme is very 
general. The detailed mechanism is much more 
complex since the presence of point defects, 
dislocations, impurities, metal particles and. the 
like have been ignored. In a general sense, 
however, it is probably correct.and resembles in 
outline the mechanism of decomposition of 
silver bromide in the photographicprocess. 

An attempt can also be made to explain how 
the stability decreases along the azide series K, 
Tl, Ag, Cu. Along this series E x is found to 
decrease quite appreciably; this can mean that 
the rate of decomposition at a given temperature 
can be higher. The situation with KN 3 is a little 
more complicated. The band gaps are very large 
and the exciton level n = 1 is well below the 
conduction band. With KN 3 Jacobs and 
Vompkins assume that during decomposition, for 
example by light, excitons are formed. These 
may be trapped at vacant lattice sites, for 
example where K + ions are missing. The electron 
from the exciton is then lost to form an F 
center. The positive holes (N 3 ) finally can give 
nitrogen gas. Such a mechanism is plausible 
because just as in the case of the alkali halides, 
color centers of the F center type readily form 
in the alkali azides and could play a part in the 
decomposition. 

As soon as the ionization potential becomes 
too large—e.g., I > 8.0 ev—the solid is no longer 
composed of ions but a covalent type of solid is 
formed. Examples are mercurous azide 
Hg 2 (N 3 ) 2 , hydrazoic acid HN 3 , and the organic 
azides. There are now directed bonds to one end 
of the azide group 


M 



In this diagram M represents the metal, 
hydrogen or organic groups, and the bonds are 
shown. The distance Nj N„ is now much larger 
than N 2 N 3 . For example in methyl azide, 
CH 3 N 3 , the bond lengths and bond angles are: 
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TABLE 4-2 THERMAL AND PHOTOCHEMICAL DECOMPOSITION OF SOME 
IONIC AZIDES 


thermal Decomposition 


Photochemical Decomposition 


Exciton formation Direct transition 

NJ - N a , + e 

(i) 

NJ + hv = Ni* (1) NJ* + hv - N, 

formation of positive hole and 


formation of 

electron in the conduction band. 


an exciton 

2N a -> 3N 2 

(2) 

TNi* 5 N 3 + e 

reaction of two positive holes at 


t h e r rii a 1 

the surface to give nitrogen. 


dissociation of 
optically 

Ag„ + Ag + + e-*Ag nt , 
absorption of silver ion. at a 


formed 


exciton: (rate 

£\etal nucleus and electron 


determining 

capture. 


step) followed 


by steps 2,3 



column 1. 


Light 


o 



u 
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If we consider hydrazoic acid as the simplest of 
these covalent azides, the orbital system may be 
written as shown in Fig. 4-11. 

There now exist differences in physical 
properties to the ionic azides in vibration 
frequencies, since all are now infrared active, 
and in the decomposition behavior to heat and 
light The Initial step in the decomposition is 
probably bond fission, e.g., of the longest N-N 
bond, 


MN 3 


heat 

light 


MN + N 2 


HN 3 -► HN + N 2 

The subsequent steps in the decomposition 
depend on the stability of MN if M is a metal 
atom, or on the reactivity of the free radical if it 
is of the type HN. For example, ammonium 
azide can be formed from hydrazoic acid. The 
detailed mechanism is, however, the subject of 
rather violent argument and controversy at the 
present time, so that all the steps will not be 
given here. In the case of the organic azides the 
radical RN* can undergo rearrangement 
particularly if it is of the complex variety and is 
derived, for example, from triphenyl methyl and 
similar groups R. Usually the covalent azides are 
more stable than the ionic azides, although the 
statement must be qualified to some extent 
since some of the covalent azides are 
exceedingly unstable, e.g., BrN s> 1N 3 , NON a 
and the like. Solid HN a is also said to be very 
unstable but there is no reliable information on 
this point. 

A number of other systems are being studied 
in the same way as the azides. The list would 
include the acetylides, fulminates, styphnates, 
and picrates. At the present time it is impossible 
to predict accurately the properties of these 
solids. Potassium fulminate, for example, is one 
of the most unstable materials in this list and the 
reason for this is not clear. It should in fact be a 
reasonably stable solid from what one knows of 
the structure and other properties. 

The solids previously discussed are all of the 
simple type. In the case of azides and acetylides 


formed from transition metals such as nickel and 
cobalt, the situation is a little more complicated. 
Here one deals with coordination complexes; 
ligand-field theory* the study of the effects of 
environment of anions on the energies of the 
d-orbitals of the cation, has proved valuable in 
discussing the optical and magnetic properties 
and the stability of these solids. 

4*3.3 AMMONIUM SALTS 

The decomposition of both ammonium nitrate 
and ammonium perchlorate has been studied 
extensively. These are widely used as explosive 
materials. The decomposition can, however, be 
quite complex since the physical state of the 
solid mn.y change and it is possible to have 
sublimation and melting. Ammonium nitrate in 
the solid state can undergo a large number of 
phase changes over a relatively small 
temperature range. This has led to useful 
information on rotation of the nitrate ion and 
diffu' * 0 * f f the ammonium ions in the solid. 

Bev. . ii 210°-260°C ammonium nitrate gives 
off nitrous oxide and water, but above 300° C 
explosion can take place. Some nitrogen is 
produced and impurities, for example Cl", can 
have a profound effect on the decomposition. 
The overall decomposition can be represented 
by 

NH 4 N0 3 -+ N 2 0 + 2 H 2 0 

Biicumshaw has discussed the decomposition 
of ammonium perchlorate. The solid exists in 
two modifications, orthorhombic below 240° C 
and cubic above 240° C. The products of 
decomposition are oxygen, nitrogen, chlorine, 
chlorine dioxide, nitrous oxide, nitrogen 
tetroxide, hydrochloric and perchloric acids* and 
water. An unusual phenomenon is observed 
during thermal decomposition of single crystals 
below 300° C. An amorphous solid is left as a 
residue and, strangely enough, this is also 
ammonium perchlorate. A similar observation 
has also been made for sodium azide by Secco. 

The decomposition of ammonium perchlorate, 
like ammonium nitrate, depends very markedly 
on the surface area of the solid. In the case of 
ammonium nitrate, considerable effort has gone 
into the preparation of a solid of low density 
(ca. 0.5) and higjh surface area. This material is 
said to oe very sensitive to shock but there is 
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some disagreement on this. The effect of metal 
oxide catalysts on the decomposition of 
ammonium perchlorate can be quite marked. 
Manganese dioxide, nickel oxide, chromic oxide, 
cupric oxide, and zinc oxide have all been tried; 
for example, the addition of zinc oxide can have 
a profound effect. In this case, the rate and 
extent of decomposition can be increased, and 
the explosion temperature can be lowered by 
some 200° C. Many of these effects have been 
interpreted in terms of electronic processes 
which occur during decomposition; accordingly, 
detailed knowledge of the catalyst, particularly 
by its semiconductor properties, is needed. 
Carbon has also been added to ammonium per¬ 
chlorate and can influence the kinetics of the 
decomposition. 

The ammonium salts are ionic solids and just 
at for the azides, electron transfer can occur 
during decomposition. ^On a molecular scale one 
may visualize the NH 4 and CIO4 ions in the 
solid, and the formation of NH 4 arid C10 4 
radicals (under the action of suitable stimuli) 
and their subsequent reactions. Another 
possibility, however, is the dissociation of 
NH 4 C10 4 according to the equation 

NH 4 C10 4 -*■ NH 3 + HC10 4 

This is referred to as proton tnmtfer and the 
reaction will be dominated by the subsequent 
decomposition and reactions of IICIO4. Which 
of these two mechanisms wd operate will 
depend on temperature, and Galwey and 
Jacobs 11 have suggested that below 280° C the 
electron transfer mechansim is the important 
cxie. Here only 30 percent of the solid 
decomposes and, as mentioned, the residue is 
still ^H 4 C10 4 in an amorphous form. The 
activation energy for decomposition is 32 
kcal/mole At higher temperatures, 350° - 
400° C, the proton transfer mechanism will be 
the more important and the activation energy 
for decomposition is 39.5 kcal/mole. The proton 
transfer takes place on the surface of the solid 
followed by the oxidation of the ammonia gas. 

Som* of the steps in the decomposition of 
perchloric acid which have been proposed are 

2HCIO4 H a O + Cl 2 0, 

2C1 2 0 7 -+ 202 + 70 2 (probably a chain 
reaction) 

4NH 3 + 50 2 -► 6^0 + 4-NO 


The overall decomposition may be represented 
36 2NH 4 CIO* 4HjO + 2NO + 0 2 + Cl 2 

Similar schemes have also been proposed for 
ammonium nitrate. One favored by Russian 
workers is 

NH 4 N0 3 - NH 3 v HNO a 

4 

N0 2 + HjO + o 2 

NH 3 + NO s NHj- + HN0 2 

NH,- + NO* ■+ NHjN0 2 

4 

n 2 o + h 2 o 

NO + Nl-Ij- NII^NO -> HjO 
etc. 

As in many schemes of this kind, there is no 
problem in writing down ;:™Me free radical 
reactions. The main, difficulty is to determine 
whether these in fact do take place and the 
energies involved in the processes. 

4-4 RADIATION DAMAGE IN EXPLOSION 

SOLIDS 

Explosive solids have been subjected to a 
variety of ionizing radix tJp.na and nuclear 
particles. There are electron beams, x-and 
ry-rayi, a particles, H 3 tj '.clei, neutrons, proton 
fission fragments and doubtless others not listed 
here. These would include mesons and those 
particles discovered in recent yean. 
Decomposition can be induced in solids by these 
particles and, by taking non ox plosive solids as 
models, some insight into the radiation damage 
that is produced can be obtained. For the lighter 
particles the damage caused is studied by a 
variety of techniques. Opdcal and electrical 
properties, spin resonance techniques, chemical 
methods to identify hew species, radioactive 
techniques — all are studied to determine 
changes within the crystal such as interstitials, 
vacancies, free radicals, color centers, and 
impurity formation. When the damage is 
1 ^nsive a s with fission fragments, high 
resolution electron microscopy coupled with 
Moire' fringe techniques can show tracks and 
dislocation loops in the crystal 






For ionic solids the main damage is caused by 
ionization, and electron processes, similar to 
those discussed earlier, operate. In addition, 
thermal, effects, recoil, and decomposition of the 
anion may occur depending on the nature of the 
radiation, Covalent solids are in general more 
stable. Point defects can be created; and strain 
and dislocations introduced into the lattice. 
Localized decomposition has also been found, 
fission fragments can cause an appreciable 
increase in surface area of the solid. All of these 
factors can influence the rate of th« subsequent 


decomposition. Although the rates of 
decomposition may be enhanced, the effects 
observed up to the present have not been very 
spectacular. In no case has an explosion resulted 
with the possible exception of electron 
bombardment and here heating has been shown 
to be responsible for the explosion. This is 
perhaps a fortunate result since explosive solids 
are already sufficiently dangerous to handle, 
without the added concern of exceaive 
sensitization by ionizing radiation. 
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CHAPTER 5 MEASUREMENT OF DETONATION PROPERTIES 


5-1 INTRODUCTION 

In Chapters 2 and 6, relationships among the 
detonation parameters are derived and discussed. 
Some of these parameters—namely, velocity and 
conductivity—are readily measurable quantities. 
Others, such as pressure and temperature are 
difficult if not impossible to measure at the 
present time. In this chapter the current 2nd 
most commonly used techniques for the 
measurement of detonation parameters are 
presented. The techniques are grouped according 
to the parameter being measured. Where a 
technique is applicable to the measurement of 
several parameters, it is discussed in detail only 
when first encountered. Date representative of 
some of the techniques are included. More 
extensive data may be found in the references. 

5-2 DETONATION VELOCITY 

Detonation velocity D is the most readily 
measured property of the detonation wave. 
Consequently, much of detonation theory 
centers on this quantity. A large body of theory 
concerns the state of the explosive products, a 
state which was perhaps the most unusual 
condition of matter prior to the advent of 
nuclear explosions. The explosive products in 
the detonation wave consist mainly of gases, 
sometimes mixed with solid particles of carbon 
or metal oxides, at a very high temperature at a 
density greater than that of the original solid or 
liquid explosive. The pressure is enormous; and 
the behavior, therefore, is far from the near 
ideal-gas behavior evidenced under more normal 
conditions. The non ideality of the product gases 
makes the detonation velocity in condensed 
explosives depend strongly on the initial bulk 
density of the explosive p Q . The detonation 
velocity in gas mixture does not change very 
much with initial density. Empirically, the 
dependence of D on p o can be expressed quite 
accurately by a linear formula: D-D x + Mf p p , 
where D is the detonation velocity at unit 
density. Data on the dependence of detonation 
vel wity on initial density have been the major 
source of information about the equation of 
state of the product gases; and, although the 
exact equation of state cannot be determined on 


the basis of these data alone, a considerable 
body of knowledge on this subject has been 
obtained. This topic is taken up in Chapter 7. 

5-2.1 HIGH-SPEED PHOTOGRAPHY 

The extremely high and -emarkably constant 
wave velocity was the phenomenon that first 
attracted scientific attention to the study of 
detonation. The major experimental tool for 
observing this pheonomenon has been and still 
remains high-speed photography 1 ; to describe all 
the ingenious cameras that have beer, developed 
for this specific purpose would demand a book 
in itself. The- discussion which follows is, 
therefore, limited to the most commonly used 
cameras. 

The classical work was done with a 
rotating-drum or a rotating-mirror camera. This 
type of device, sometimes called a “streak” 
camera, is useful primarily for measuring the 
velocity of a wave front or the motion of a 
surface. (The drum camera principle is 
illustrated in Fig 5-1.) The field of view of the 
camera lens is masked except for a narrow slit 
parallel to the rotational axis of the camera. The 
camera is aligned so the slit is parallel to the 
direction in which velocity Is to be recorded; for 
example, to measure detonation velocity, the 
camera is set up so that the slit is parallel to the 
axis of the explosive stick. The rotating-drum 
camera has the film mounted on a rotating 
cylinder, preferably on the inside so that it does 
not fly off. The image of the luminous wave 
front leaves a diagonal trace on the film, the 
slope of which is a measure of the velocity. A 
rotating-mirror camera is similar, except that 
the film is stationary and the image is swept over 
it by means of a rotating plane mirror. This 
makes possible much higher effective speeds. 

The precision of a velocity measurement with 
a streak camera depends among other things on 
the “writing speed”, i.e., the velocity of the 
image on the film. Present-day cameras of this 
type have a speed of up to 10 mm per psec. With 
such devices, velocity can be measured with an 
accuracy of about 0.1 percent. 

Although streak cameras have provided many 
of the important data concerning detonation, 
they do not furnish an image that allows one to 
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directly “see” a phenomenon. Great advances 
cariie about during World War II, therefore, 
wh,en very high-speed motion picture cameras 
(or “framing” cameras as they are usually called) 
were developed. (The principal elements in the 
scheme are depicted in Fig. 5-2.) With these 
devices, rates up to 15 X 10 6 frames per second 
have been obtained. Such cameras are now 
available commercially. A rotating mirror is 
used to sweep the image over a ba.»K of 
individual “relay” lenses that serve to “stop” the 
motion in discrete intervals and project on the 
film a sequence of stationary images, one for 
each lens. Thus, the number of frames is limited 
by the number of lenses. A common camera of 
this type has some 24 lenses and supplies a 
corresponding number of sequential 
photographs. 

So-called “image dissection” has been applied 
to obtain much higher effective framing rates, 
up to 10 8 or even 10? frames per second. This 
technique involves dividing the image into 
elements that are “scrambled” on the film, 
thereby redu°ing the length of film that has to 
be scanned in each frame by the rotating mirror. 
To reassemble the image, the separate parts are 
“unscrambled” by reversing the process. Image 
dissection results in a loss of detail in those 
techniques where portions between elements are 
actually not recorded on the film, or loss of 
resolution when optical distortion of the 
separate parts is involved in displacing or 
compressing the images on the film. 

In photographing many high-explosive 
phenomena the self-light produced by the 
detonation is all that is needed to form the 
desired image on the photographic plate. But in 
some cases external illumination is needed. A 


common light source for this purpose is the 
argon flash charge. Essentially this is just an 
explosive charge such as Composition B in ah 
atmosphere of argon. Because argon is 
monatomic and has a high electronic excitation 
energy, the shock wave near the surface of an 
explosive charge produces a very high 
temperature and thus an intense source of light. 
By tailoring the geometry of the charge and the 
size and shape of the argon envelope, the 
intensity and duration of the light can be 
modified to suit the experiment. Timing of the 
light flash can be synchronized by use of a 
suitable circuit to fire the charge. The peak 
luminosity of the argon flash charge is said to be 
5 to 7 million candlepower per square 
centimeter. Duration may be varied from as 
little as\ 10* a sec to several hundred 
microseconds. 

Another light source for high-speed 
photography u the exploding wire. Electrical 
energy stored at high voltage in a condenser is 
discharged into a fine wire of silver or copper. A 
bright flash is obtained, kiting for 50 to 60 
jisec. Alternatively, a 9park. discharge is often 
used to obtain a very brief exposure. 

Single-exposure photographs of exploding 
charges can be made in a variety of ways. If the 
self-luminosity is not too great, an argon flash, 
charge or a spark of brief duration cun be used. 
Or, if the luminosity of the charge itself is too 
high, the motion can be stopped by means of a 
high-speed shutter 2 . One type of shutter 
exploits the Kerr effect (see Fig. 5-3), which is 
the polarization of light passing through certain 
liquids when they are subjected to a high electric 
field. The Kerr shutter uses nitrobenzene in a 
glass ceil containing two electrodes. The cell is 



Figut'e 5-2. Optical System in AEC-Bowen Framing Camera 
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situated betw^n crossed Nicol prisms, and the 
assembly is placed in front of the camera lens. 
When an electrical pulse of short duration is 
applied to the electrodes, light is allowed to 
pass. The open time of the Kerr cell can be as 
small a* a few nanoseconds (10' 9 sec-.); Another 
type of shutter which is more convenient but 
not as' fast exploits the Faraday, or 
magneto-optic, effect. Here polarization is 
produced in a dense flint glass plate by inducing 
a strong magnetic field. 

5-£2 PHtiT<*Of>TICAL SYSTEMS 

While mechanical and optical iechniques-have 
been highly developed in the photography of 
detonation phenomena, the possibilities that 
exist in the field of electronics involving, for 
example, the photoelectric, effect and the 
cathode ray tube have only recently been 
exploited. Ingenious work in this area is the 
work of J. S. Cpurtney-Pratt® which has been 
directed especially toward the study of fast- 
events on amicro scnle, such a? the initiation of 
detonation in a single crystal of lead azide. One 
application is the image-converter tube in. which 
a photosensitive screen acts as the source of 
electrons (cathode) in a cathode ray tube. With 
this device the intensity of the image can be 


amplified many fold. Also, by means of 
electrostatic or magnetic deflection of the 
electrons, the image can be scanned at very high 
speed. A combination of these techniques makes 
it possible to achieve effective writing speeds 
some 100 times greater than those in a rotating 
mirror camera; Also, a very effective shutter for 
single-frame or multiframe photographs can be 
obtained by “gating” the passage of electrons in 
the image converter tube. Several -image 
converter cameras are presently available 
commercially. 

5-2.3 ELECTRICAL SYSTEMS 

Although the streak camera is an important 
and in some cases indispensable tool for 
measuring detonatbn velocity,, a more 
convenient technique 4 commonly employed in 
routine work is the use of “ionization probes”. 
These detect the-passage of the detonation wave 
as a result of the electrical conductivity in the 
reaction zone. A series of two or more such 
probes are imbedded in the charge* spaced at 
intervals along the surface. By means of suitable 
electrical circuits, the passage of the detonation 
wave front is signaled to a cathode ray tube and : 
displayed on a time base. The average 
detonation velocity between two probes may 
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then be calculated from the separation distance 
and the time interval between signals. 

The ionization probe itself may consist of two 
wires held a small distance apart with a voltage 
source—such as a charged condenser-applied 
across the gap and a series resistance to indicate 
the passage of current. A convenient type of 
probe for many purposes consists of a pair of 
enamel-covered wires that are twisted together. 
The enamel is quickly burned off in the heat of 
the detonation front 

For the time base, a combination of a 
triangle-wave generator applied to the horizontal 
deflection plates of an oscilloscope and a single 
linear sweep applied to the vertical plates gives a 
zigrzag raster of long duration and high 
resolution. Time markings may be applied by 
means of either beam intensity modulation or 
beam deflection. The circuit elements are shown 
schematically in Fig. 5-4, and the type of record 
obtained is shown in Fig.. 5-5. 

The common ionization probe method is 
useful only for obtaining average velocities in a 
series of intervals. When one wants to measure 
accurately a rapidly changing velocity (for 
example, in ionization experiments), a variation 
of this technique can be used which yields a 
continuous distance-time trace.like 4 hat given by 
a streak camera. In this arrangement two long 
parallel lengths of resistance wire are inserted on 
the axis of the explosive charge and attached to 
a voltage source. As the detonation wave 
advances it effectively shorts out the two wires 
at ihe wave front and thus reduces the series 
resistance in the electrical circuit by the 
fractional extent to which the wave has 
progressed along the length of the wires from 
the open end. By suitable circuitry a resistance 
vs time trace can be displayed on an oscilloscope 
screen, which is essentially equivalent to 
distance vs time for the detonation wave. 

Still another method of measuring detonation 
velocity has been studied by Cook 1 ; this 
involves using the explosive charge as a wave 
guide for microwaves. 


5-2.4 D'AUTRICHE METHOD 

Besides these relatively sophisticated 
techniques, there is a simple velocity test known 
as the D’Autriche method. This is still used to 


some extent in routine testing of dynamites. It 
employs a detonating cord as a standard and 
gives a measure of the velocity in the test stick 
compared to that in the cord. The test 
aiTangement is shown in Fig. 5-6. The ends of a 
loop of detonating cord are inserted in the test 
stick and the middle is taped to a metal “teller” 
rod (lead or steel are often used). The exact 
mid-point of the detonating cord is marked on 
the teller rod. When the stick detonates it 
induces detonation in the two ends of the 
detonating cord, not simultaneously, but at an 
interval between equal io the test base line 2 ( 
divided by the detonation velocity D t in the test 
stick. The two detonation fronts traveling from 
opposite ends of the cord with a speed D f 
converge at some point a distance 2 g beyond the 
mid-point toward the rear end of the loop; At 
the point of meeting head-on, the detonation 
waves produce a sharp dent in the teller rod 
which is readily identified: The ratio D t /D of 
the velocities is equal to one-half the ratio ( ( /2 g 
of the lengths and if D t is known, A can be 
determined. The accuracy, of course, depends 
on the reliability of the value for D g and on the 
care with which the test is carried out. 

5-3 DETONATION PRESSURE 

The problem of measuring the extremely high 
and short-lived pressure in the detonation wave 
initially seems insurmountable. Theory predicts 
the magnitude to be some hundreds of kilebars, 
a level that may be compared, for example, to a 
head of water thousands of miles deep. These 
pressures equal of exceed the highest levels that 
can be produced-in any other way at the present 
time. Indeed, the generation of shock waves in 
materials placed in contact with high explosives 
or impacted by explosively accelerated plates 
affords an important unique means for studying 
certain phenomena at the limit of man-made 
pressures. 

No direct standards or scales are available 
against which pressures of this magnitude can be 
compared. However, a sound basis for the 
determination of pressure is provided in the laws 
of motion. In fact, we now posess very accurate 
measurements of pressure in the detonation of 
various explosives, plus a wealth of precise data 
on the behavior of many inert materials at these 
high pressures 6 . 
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Figure 5-4. Block Diagram of Equipment for Measuring Detonation 
Velocity With Ionization Probes 
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The mechanical ‘ conservation equation 
expressing conservation of momentum across a 
shock front (Eq. 2-133 of Chapter 2) relates 
pressure across the front - p o to three 
measurable quantities—initial density p o of the 
unshocked material,' shock velocity U t aid 
particle velocity u 1 of the shocked 
material—according to 

% - p„ - p„ u i u 

In a steady state wave, U is readily measured. 
Determination ofp t hingu, then, on finding u x . 
In general; two ways are possible to determine 
u x , the most common being to measure the 
velocity u ft at a free surface. For a shock wave 
in a condensed nonporous medium, u ft may be 
equated without much error to exactly twice u x , 
i.e., 


u ft = 2u x (5-2) 

Eq. 5-2 is rigorous only in the infinitesimal 
acoustic approximation. It amounts to 
neglecting the entropy increase at the shock 
front and the energy dissipated in plastic 
deformation. For many condensed, nonporous 
materials, Eq. 5-2 is a reasonable approximation 
at high pressure. 

Another method of obtaining is to measure 
the density p 1 behind the shobk front by flash 
X-ray densitometry. This value may then be 
used to determine u through the equation for 
conservation of mass (Eq. 2-129) 

P.V-pJU- «,.) (5-3) 

A close estimate of the particle velocity 
associated with the C-J pressure (equilibrium 
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pressure at the end of the reaction zone) in a 
detonating explosive can be obtained from a 
theoretical equation due to H. Jones 0 , which is 
discussed in par. 7-3. This equation (Eq. 7-30) 
relates u to detonation velocity and other 
properties of the explosive. 

\ = D/[g 0 { 2 + a)} (5*4) 

where g o - 1 + d9.nD/d9.h p o , and a is a 
dimensionless number that depends oh 
certain thermodynamic properties. The value of a 
is close to 0.25. For many explosives g o is 
approximately equal to 1.7; hence, one may 
estimate u 1 from D by the approximate relation 

ti, - 0.26 D (5-5) 

Combining Eq. 5-6 and Eq. 5-1, one obtains 
(neglecting p o ) 

p l = 0.26 p o D 2 (S' 6 ) 


Eq. 5-6 gives values usually within a few percent 
of those determined experimentally. 

Pressure measurements obtained at the Los 
Alamos Laboratory 7,8 are given in Table 5-1. 
The number of significant figures reported is 
indicative of the accuracy of this work. The last 
line of the table gives the pressure calculated by 
substitution of the values for p o and D in the 
approximate relation Eq. 5-6. The agreement 
shows that this is indeed quite a useful formula. 

5-3.1 pressure in adjacent plates 

Pressures in the detonation wave have been 
very accurately determined by the measurement 
of pressure in a metal plate in contact with an 
explosive. The method was proposed by 
Goranson 9 at Los Alamos in 1945, but such 
were the rigors of the technique that results 
were not forthcoming until some ten years later 
5 ‘ 9 . Both the theory and the methods in this 
type of experiment are somewhat involved? and 
cannot be discussed fully here. The reader is 
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TABLE 5-1 CHAPMAN-JOUGUET PHESSURES IN VARIOUS EXPLOSIVES 


Parameter 

RDX* 

TNT® 

63/37 
Comp. B 7 

64/36 
Comp. B 1 

77/23 

Cyclotol* 

Density p 0f g/cm 3 

1.767 

1.637 

1.67 

1.713 

1.743 

Detonation Velocity D, m/sec 

8635 

6942 

7868 

8018 

8252 

C-J Pressure, kbar: meas. 

337,9 

3.89.1 

272 

292.2 

312.5 

Eq. 5-6 

345 

207 

272 

290 

312 


referred for details to the given references. 
However* the basic ideas are simple. The 
pressure p m behind the shock wave in the metal 
plate is determined through Eqs. 5-1 and 5-2 by 
a simultaneous measurement cf shock wave 
velocity U and free-surface velocity u fg . This 
determination is made for several thicknesses of 
metal and extrapolated to zero or near-zero 
thickness* depending on whether the initial 
pressure in the precursor shock (the so-called 
“vor Neumann spike”) or the Chapman-Jouguet 
pressure is desired (see Fig. 5-7). The reason an 
extrapolation must be made is that thie shock 
front in the metal is continually attenuated as it 
passes through the metal because of the 
“overtaking” effect of the rarefaction traveling 
behind it Thus* if one wishes to determine the 
pressure at the interface between metal and 
explosive at the instant the detonation front 
fint reaches that point, 1* is necessary to know 
the shock and free-surface velocity that would 
be produced in an infinitely thin plate. When the 
initial pressure p m in the metal at the interface 
is known, pressure p x in the incident detonation 
wave can be calculated from the 
“impedance-match” formula that governs the 
interaction which the wase experiences at the 
interface. An approximate but quite accurate 
version of this formula was deduced by Duff and 
Houston 7 ; it is 

Pm^K " 2 Pm U m /i -Px U , * (5-7} 

where p is the initial density, U the shock wave 
velocity, and the subscripts m and x refer to 
metal and explosive, respectively. 

The pifr'w in the adjacent plate is usually 
duteriubj®' fc y.measuring particle velocity, free 
surface verity, or stress transmitted to a 
second material. Techniques for generation of 


pressure pulses and measurement of pressure in 
the second material are discussed in the next, 
three subparagraphs, 

5-3.1.1 Pl«w Wave Expiot«fl. Systems 

A prerequisite for measurements of pressure in 
plates is aumeans to obtain a nrSrjry flat (planer) 
detonation wave front Since the wave is 
initiated in a small area by a donator cap, it 
starts out as a spreading spherical front The 
problem is, therefore, to mike an explosive 
"lets” that will convert the diverging wave front 
to a plane. This development cs •' about at the 
Los Aiamos Scientific Laboratc./ shortly after 
World War II. The “plane wave lens” has beconie 
indispensable for stirdying strong shock waves, 
The Los AJIamos experiments customarily 
employ an 8-in,-diimeter lens to initiate 
detonation in a precisely machined block of 
explosive. Experimental observations are 
confined to the central portion of the charge to 
avoid edge effects (rarefactions due to lateral 
expansion). Fig. 5-7(A) shows the charge 
geometry. 

Fig. 5-7(B) shows the contour (pressure vs 
distance) of the detonation wave in the 
explosive charge before it reaches the 
explosive-metal interface. The wi 2 front is a 
shock, and this is followed by a very rapid 
pressure decay in the narrow region where 
chemical reaction takes place. This portion is 
called the “von Neumann spike”. Following the 
steep decay, a much more gradual pressure drop 
occurs in the rarefaction that proceeds from the 
detonating end of the charge. This portion is 
called tUe “Taylor wave”. Tho Chapman-Jouguet 
point (C-J point) is at the juncture of these two 
portions, i.e., at the termination of the “von 
Neumann spike”. At this point chemical 
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reaction is virtually complete. The C-J 
conditions determine the detonation velocity as 
well as other important parameters of the 
explosive. This subject is discussed in Chapter 6. 
The von Neumann region and the Taylor wave 
are described in Chapter 8 which deals with the 
structure in the detonation. 

Fig. 5-7(C) shows the shape of the shock wave 
.at a later time, after it has crossed the 
t'xplosive/metei interface. Since most metals 
have a nigher acoustic impedance than 
explosives (id., pU higher for the metal than Xor 
tiie explosive), a shock wave rather than a 
rarefaction, is reflected back from the metal 
surface in £o the detonation product gases in the 
explosive. This reflection occurs at the instant 
the> shock wave meets the interface and, since 
pressure must always be equal on both sides of 
the interface, the transmitted shock advancing 
into the metal has at that moment the same 
pressure as the reflected shock in the explosive.. 
However, as the two shock fronts advance 
traveling in opposite directions away from the 
interface, the pressures change. The reflected 
shock changes because the wave is traveling back 
into a more rarefied region behind the 
detonation front The transmitted shock changes 
because the front is constantly attenuated by 
the rarefaction behind it. The steep von 
Neumann spike region rapidly disappears in the 
metal since there is now no reaction process to 
feed energy to the shock front. Duff and 
Houston found that the spike vanished at a 
point about 1 mm from the interface of an 
aluminum plate in contact with Composition B. 
Fig. 5-7(0) shows the. configuration, after the 
spike has disappeared in the transmitter wave. 

The wealth of information harvested from 
experiments involving measurements in acfyacont 
plates is illustrated by data for water, Plexiglas, 
and aluminum shown in Fig. 5-8. These data 
were taken from Ref, 10. Such curves are known 
as Hugoniot curves (see par. 2-8) and reflect the 
compressibility of the material under dynamic 
conditions in a shock wave. The data of 
Professor Bridgman for Plexiglas 11 are also 
plotted in Fig. 5-8; these are isothermal points 
obtained in static experiments. They lie 
somewhat below the Hugoniot curve, as would 
be expected, but their position is consistent with 
the dynamic measurements. Comparison o l the 
pressure range covered by dynamic 


measurements with that explored by Briogman 
demonstrates the power of these new 
techniques. 

At the present time the equation of state in 
the hundreds * kilobar range is known for 
about thirty as well as for many other 

materials. Recent measurements have yielded 
data in the megabar region for a: number of 
materials 30 . With this information now 
available, and with certain simplifying 
assumptions, only the free-surface velocity is 
needed to determine pressure in a given 
experiment since the shock wave velocity can be. 
calculated from the particle velocity by use of 
the equation of state. 

5-3,1.2 Prttiurt Traniductn 

Recent work at several laboratories has 
resulted in the development of several devices 
for the measurement of pressure. These are the 
piezoelectric “quartz gage” 12 * 15 and a 
piezorcsistiye “manganin gage” 1 ** 18 both of 
which are now being extensively applied to 
study the response of solids to shock waves. The 
manganin gage has also been employed in 
underground nuclear test programs as an 
“jn-riurterial” gage, measuring the stress history 
of earth media dose to a nuclear event. 

The quartz gage is well suited to tine 
measurement of interface strew pulses up to 
several tens of kbors and with durations less than 
the transit time through the gage. The high time 
resolution of the gpge is a consequence of the 
fact that the output signal from the gige is 
proportional to the instantaneous pressure 
difference across its faces. Hence, the jpge need 
not come into mechanical equilibrium, with its 
surroundings before a valid measurement of 
interface stress can be made. Fig. 5-9 shows a 
quartz gage in place on a block of metal, the rear 
face of which has been subjected to an impulse 
from an explosive plane wave generator. This 
impulse creates a shock wave propagating from 
left to right in the specimen. As the stress wave 
enters the *-cut quartz disk comprising the gage, 
a polarization vector P is produced by the 
relative displacement of the &** ions and the 
O 2 * ions in the quartz structure. Henje, the 
electric displacement vector 2? = F+ in the 
crystal lilt*... £ ~ lw *th time, and for external short 
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Figure 5*7. Plane-wave Generator (A), and Shock Wave Before. (B) and 
After (C) It Impinges on the Metal Plate 
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circuit conditions it is shown in Ref. 14 that one 
has 

'(0 * « —■ K - t 5 - 8 ) 

where i(t) denotes the 3hort circuit current, A 
►he area of the crystal, f a piezoelectric constant, 
U the shock velocity in the quartz, £ the leng th 
of the crystal, and d o and a s represent the 
Xtcompcnerits of stress at the stressed electr xle 
and the rear face of the quartz crystal, 
respectively. Eq. >8 is derived with the aid of 
several assumptions, the details of which ore 
given in Ref. 14. Tins equation provides a means 
of mea*uring A tne trine dependence of ajt) by 
monitoring iff;. Experimentally, it is found that 
Eq. 5-8 can be used for peak stress amplitudes of 
a few tens.of kbars. The short-circuit current i(t) 
is monitored by photographing, with the aid of 
an oscilloscope,, the incremental time-dependent 

ltage V(t) * Ri(t) developed across a small 
Assistance R. We shall not describe here the 
procedures necessary to ensure that the observed 
voltage transient V(t) is accurately proportional 
to the stress difference across the crystal, 
referring the reader instead to Refs. 13 through 
15 for details of experimental technique and 
gage construction. 

The jpiezorestetive mangpnin gage utilizes the 
change in resistance resulting from a change in 
resistivity and volume under compression as a 
measure of the applied stress. A common form 


of the gage consists of a fine wire embedded a 
small distance into a block of nonconducting 
material, usually a plastic. The block is,placed in 
contact with the specimen such that the wire is 
near the interface. The response or the wire is a 
measure of the x-component of interface stress. 
The manganin gage has been used to much? 
higher pressure than the quartz gage (severe! 
hundred rather than. a. few tens of kilobars). 
Also, recording trines available with the 
manganin gage can be quite long: of the order of 
10 psec. In addition, the manga.:ln gape can be 
embedded in a thin wafer within solids v«at <ire 
to be shock loaded, providing an in-'.L->erial 
measurement of the x-ccmponerit rather than a 
rear-surface measurement as do?s the quartz 
gige. Measurement uncertcintio'i arising from 
impedance mismatch are thereby minimized. 

The principle of operation of thj piezoresiative 
transducer is simple. The application of pressure 
changes the resistivity and volume of a gage 
wire, the resistance of which is mdpitored by 
measuring the voltage developed across the gage 
when a steady current flows in it. Tn pn..Hice, 
use is made of a pulsed gage current to obtain 
substantial output voltage. Pulsed current* 
minimize heating of the gage wire undiily. Fig 
5-10 shows the configuration.of a particular gage 
used in laboratory pressure measurements 11 . 
The current leads of the four-terminal resistor 
are niaried I while the voltage leads are marked 
V. A fiat-tapped constant current pulse of about 
pesk amplitude is turned on approximately 2 
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Figure 5-9. Configuration for the Mvasureutent of Interface Stress Using a Quartz Pressure 
Transducer 
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psec before the shock wave arrives at the gage 
wire. By Ohm’3 law, the change in gage wire 
resistance is directly proportional to the 
amplitude of the incremental voltage developed 
across it, and since the resistance change is in 
turn proportional to the pressure, the manganin 
gage provides a simple way of measuring 
dynamic pressures. The gage factor, i.e., the 
constant k in the equation R(P) * kP where R 
denotes resistance and ‘ stands for pressure, is 
determined by calculating pressure from a 
measurement of free-surface velocity U ft and 
the shock velocity U of a shocked material in 
which the gage is embedded and then by 
applying the Hugoniot jump conditions 
discussed in par. 6-3 to determine the pressure 
.associated with the shock wave. Simultaneously, 
the voltage transient V(t) is measured across the 
gage. By repeating this experiment several times, 
one can obtain a set of poir f va calibration 
curve relating P and R(P)i T> ltion appears 
to be accurately linear to abvy kbar. The 
value of h is on the oi. ,6( 0.0029 
ohm/ohm/kbar and varies \r..*j the alloy 
composition 1 *. 


A pressure transducer utilizing a rotational 
polarization effect caused by the passage of a 
shock wave through dielectric materials 
consisting of polar molecules has also been 
developed 19 * 21 , although it appears to have 
been less frequently applied in shock physics 
experiments than either the manganin gage or 
the quartz gage. The principle of operation of 
this polarization gage is qualitatively similar to 
that o~ the quartz gage. The advancing shock 
wave aligns permanent dipoles present in polar 
dielectrics so-as to cause a polarization vector to 
appear in these materials. This .iffect causes the 
plane parallel capacitor consisting of the 
dielectric and two metallic electrodes to become 
charged. The current from this capacitor is. 
monitored by measuring the voltage drop across 
a small resistor in an external circuit Such a 
transducer has a fast response and is, therefore, 
well suited to the study of details of shock wave 
structure. The available recording time is 
typically 2 to 3 psec. Fig. 5-11 illustrates the 
kind of record obtained. The polarization 
transducer appears to be less convenient to use 
than either the manganin gage or the quartz;gage 
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Figure 5-10. Configuration of Manganin-epoxy Pressure TraMducer 
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since a threshold pressure of about 30 kbars 
exists, below which no output signal is obtained, 
and since the pressure versus output current 
relations are nonlinear in ways specific to the 
particular dielectric materials used. 

One other pressure transducer will be 
mentioned here, i.e.,.the “sulfur gage” described 
in Ref. 21. Sulfur exhibits a large decrease of 
electrical resistance when it is subjected to 
pressures in the detonation range, changing from 
an excellent insulator a 1 bar to a good 
conductor at 200 kbar. This property has been 
exploited in a transducer to measure pressures in 
shock waves 21 * 22 , The response of the sulf**** 
gage is nonlinear; also unlike mangmin, the plot 
of resistivity versus pressure for sulfur exhibits 
marked curvature. In addition, above 200 kbar 
the rp : stivity of sulfur is so low that its 
measui client is inconvenient. For these reasons, 
comparatively little work has been published in 
which the sulfur gage has been used to monitor 
pressure wave profiles. 

5-3.1.3 Particls Velocity Meeiurtment 

Various means have been employed to 
measure shock and free-surface velocities in the 
metal plate 23 . The earliest work employed a 
pin technique. Pointed metal pins were spaced at 
graded distances from the free surface. When the 
surface was impelled forward by the impacting 
shock front, it made contact with each of the 
pins in turn. The pins were wired to separate 
pulse-forming circuits, and the pulses produced 



A Shock front tnMft dititetric 
B Shock front arrlvti at Hccnd alactrode 


Figure 5-11. Form of Polarization Signal from 
Polarization Gage 


on contact were displayed on a high-speed 
oscilliscope sweep. In this way the free surface 
velocity w*s measured. To determine shock 
velocity, small wells were drilled at various 
depths in the surface of the plate and in each 
well a pin was placed almost in contact with the 
bottom surface. Thus, as the shook wave arrived 
at each of these points (before reaching the main 
free surface) it caused a contact to be made 
almost instantly. In this way the shock ws :e 
velocity was measured inside the rnetel "piate 
within a short distance of the free surface. What 
is desired is an instantaneous reading of shock 
velocity at the surface. Since the shock is 
constantly attenuating (a typical rate of 
attenuation 0 5 in. from the explosive/motal 
interface is 10 percent per in.), it is necessary to 
have velocity measurements within sfewterjths 
of a millimeter of the surface. The technique, 
therefore, requires the utmost precision in 
machining the test specimens. Nonplanarity in 
the detonation front can also lead to serious 
errors. Work in this field, therefore, represents 
the culmination of patient effort in a ^.ost 
demanding endeavor. 

Another means to measure shock and 
free-surface velocities is the “Incite wedge” 
technique 6 illustrated in Fig. 542(A). A 
flat-bottom groove is milled in the form of a 
ramp, making an angle of 10° with the metal 
surface. One end of a Lucite rod of rectangular 
cross section is placed in the;ramp and tnepiher 
end extending about an equal distance beyond, 
forming a wedge-shaped space between the rod 
and the ir.etal surface. The Lucite rod does not 
rest directly on the metal surface in the ramp 
but is shimmed up so that there is a narrow gap 
between. Likewise, a thin metal sheet is placed 
over the under surface of the overhanging 
portion of Lucite and separated by shims so as 
to form a narrow gap at the surface of this 
portion of the rod. The gap under the Lucite rod 
is filled with argon. When the argon is suddenly 
compressed because of the movement of metal 
beneath, it flashes brightly. A streak camera is 
set up with the slit parallel to the long axis of 
the Lucite rod; a photograph like that shown in 
Fig 5-12(B) is obtained. This yields the shock 
velocity and the free surface velocity on the 
same photograph. In later work it was found 
that a coating of paint filled with 
“microballoons” (very tiny, hollow plastic 
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Figure 5-12. "Wedge" Technique for Measuring 
Free-surface Velocity and Shock 
Velocity 


the laser interferometer, techniques 25 . With the 
interferometer, the movement a reflecting 
surface can be monitored as a . action of time. 
The surface can be a free surface or in 
transparent materials a reflecting plane within or 
between two specimens. The Faraday foil 
technique provides a measurement of particle 
velocity in nonconductors. These two 
techniques are described here briefly, Jore 
detailed information can be found in the 
references. 

The laser interferometer is shown 
schematically in Fig. 5*13.. The parameter 
measured is the free surface velocity of the 
specimen material. The principle of operation is 
as follows. Light from ts z single £requer.cy gas 
laser is focused on Lie surface of the target by 
means of a lens Jl. The reflected light is 
recollimated: by L2;, and then split by a beam 
splitter Bl. Half the light traverses the delay leg 
and is recombined with :the .undelayed half at 
beam splitter B2. The photomultiplier then 
records a signal whose brightness depends on the 
relative phases of the two beams. Since the delay 
leg is fixed and the Wavelength of the input light 
is. a function of free surface velocity (Doppler 
shift), the number of fringes recorded at the 
photomultiplier is related to the free surface 
velocity. The relation ship can be derived as 
follows 25 . The Doppler shift is given by 


m) = 



(5-9) 


where X is the wavelength, c the speed of light, 
and u(t) is the speed of the reflecting surface at 
ime t The delay leg length NX is 


NX ® ct ( 5 ' 10 ) 


spheres) could be substituted for the argcn-filled 
gap with equal effect. 

A third method for measuring velocities 
employs Lucite and argon gpps in a similar way 
blit does not use the wedge. Instead, the 
free-surface velocity measured across a fixed 
gap between a Lucite block and the metal 
surface. Shock velocities are measured by 
attaching small metal blocks of various 
thicknesses to the surface of the main plate and 
recording the transit time of the shock wave in 
each by the argon-gap method. 

The most recent advances in the measurement 
of particle velocity me the Faraday foil 24 and 


where r is the time fur light to traverse the delay 
leg. Differentiating Eq. 5-10 gives 

m) - -(f) am (5 . n) 

and substituting for AX in Eq. 5-9 from Eq. 5-11 
gives A\ 

u[t) - f—J AN(t) (5-12) 

The number of fringes AN as a function of 
time are thus related to the reflecting surfaces 
velocity by a constant X/(2r). 
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The major, advantages of the laser 
interferometer over previous free surface 
systems are the high time resplution and the 
high surface velpcity capability. The limitations 
in rise time am limited by the capability of the 
photomultiplier or oscilloscope recording 
system. The bandwidth of each system is 
typically 600 MHz or a response time of « 1 
nsec. 

The Faraday foil technique utilizes the voltage 
generated between ends of a conductor moving 
in a stationary magnetic field as a measure of 
foil velocity. Experimentally,, a .metal, foil, small 
in the direction of shock propagation is placed 


in or between sections of a sample. The sample 
is placed in a uniform magnetic field and, as the 
sample is accelerated by the passage of a stress 
wave, the foil moves with the sample. The 
voltage induced across the foil is monitored as a 
function of time on an oscilloscope. 

The relation between the voltage induced and 
particle velocity is 

(5-13) 

where J is the length of conductor in 
millimeters, u is ^article velocity in millimeters 
per microsecond, His the field.strength in gauit; 


SPECIMEN 



REFLECTING 

PRISM 


Figure 5-13. Later Interferomeier System (The velocity of the reflecting surface Is 
related to the number of fringes observed by the photomultlpUtr.) 


8*17 











AMCP 706-180 


and V is the voltage in volts. The accuracy of 
measurement is limited by the ability to measure 
S and the effective length $ of the conductor, 
and by a knowledge of the magnetic 
susceptibility change of the sample during shock 
loading. 

Advantages of the Faraday foil t£u. ftique are 
(1) high time resolution, (?,) simplicity, and (3) 
most important, the capability of measurement 
within, a test sped . en. Disadvantages are the 
difficulty in calibration of the system and the 
restriction to measurement in a nonconductor. 

cki.2 X-RAY Ft ASK PHOTOGRAPHY 

The use of X-ray holds great promise for the 
study of explosives but until quite recently 
X-ray sources have been inadequate to exploit 
the technique fully. 

X^ray absorption furnishes an absolute 
measure of the density of matter. However, in 
many applications the important observations to 
be made with X-rays concern the geometrical 
relationships of shock fronts and contact 
surfaces; it is in this area where X-rays, because 
they make it possible to ''see inside** the 
detonating explosive, provide a uniquely 
appropriate tool. Until now the difficulty has 
been the inability of available sources to 
penetrate charges more than a few inches in 
diameter. This has been a serious limitation. The 
advent of PHERMEX 28 will greatly reduce this 
problem. 

The msu’er published work with flash X-rays 
has been done by Schall 27 at Weil am Rhine 
(Institute de. Saint Louis in Fiance). In Ref. 27 
Schall lists three determinations of detonation 
pressure based on flash X-ray photographs. One 
method involves the acceleration f a brass plate 
in contact with explosive. By measuring the 
curvature of the plate in the vicinity of the wave 
front, Schall estimated the pressure in 
Composition B to be 1.6 X IQ 5 atm. This figure 
must underestimate the pressure at the front 
because it is obtained from an average value of 
the acceleration during the expansion of the 
explosive gas against the plate. Accordingly, the 
figure is not the instataneous initial "alue that 
relates to p Jt 

Another pressure estimate reported ’/y Schall 
was derived from an X-ray photograph showing 
the boundary of the expanding gas from an 
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unconfined charge. Schall used the following 
approximate theoretical expression, ascribed to 
W. Ddcring and G. Burkhardt 28 , which relates 
the angle a that this boundr makes with the 
charge axis and the otf' ctWc adiabatic exponent 
of the product gases k: 



From the observed jpigie of 40 a , K was 
calculated using Eq. 5-14. The value found was 
2.8. The theory of detonation (Chapter 6) shows 
that the particle velocity is equal to D/(k + 
X); hence, from Eq. 5-1 

p r = p o D 2 /(x + 1) (5-15) 

Substituting the yalue for K in Eq. 5-11, Schall 
obtained a value of 2.5 X 10 6 atm for the 
detcr.ation pressure in Composition B. 

It may be noted that the value of k obtained 
by Schall from this simple measurement agrees 
very well with the value of 2 77 obtained from 
the isentrope as determined by Deni. A|so, the 
factor 1 /(k + 1), which on the bi^ia or Schali’s 
work has a value of 0.26, agrees with the 
number obtained independently from the 
theoretical expression of Jones in Eq. 5-5. Wd 
have previously pointed to the agreement 
between pressures obtained frohi Jones’ 
expression and the measured data (Table 5-1). 
Taken all together, these observations form a 
highly consistent picture. 

By comparing the optical density in the X-ray 
photograph Immediately behind the wave with 
that in front, Schall was able to estimate the 
ratio PilPo, and hence to calculate the pressure, 
using Eq. 5-4 to find Uj in terms of D. In this 
way he obtained u value of 1.9 X 10 ft atm for 
the detonation pressure in Composition B. This 
value is about 30 percent too low. The error is 
probably indicative of the limitatiohs of the 
equipment In precise quantitative measurement* 
of iliis kind. 

An additional method of measuring 
detonation pressures involves flash X-rays to 
measure wave velocities in adjacent plates. 
Perpendicular incidence of a detonation at an 
interface can have one of several effects, 
depending on the impedance match between the 
explosive and the particular inert medium in 
contact. For dense metals, such as steel or lead, 
perpendicular incidence always results in a 
reflected shock. However, if the direction of 
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waye propagation is parallel to the surface of the 
metal or at a small angle, a rarefaction is 
produced in the explosive by the interaction. As 
the angle of incidence is increased, a point is 
reached where neither a rarefaction nor a shock 
is reflected, i.e., a “match” is obtained. This 
condition can be detected in flash X-ray 
photographs, Dr. Jane Dewey 30 of Ballistic 
Research Laboratories showed that when this 
condition of no reflection occurs, the 
detonation pressure can be calculated from a 
relationship involving the angle of incidence a 
and the angle 5 by which the surface of the 
metal is depressed at the edge of the advancing 
detonation front The relation is 

l 0 P 2 sin 6 (546) 

Pl cos d sin (a + 6) 

Observation of the precise angle for zero 
reflection proved to be difficult buv 'he pressure 
values obtained independently in this manner 
confirm the validity of figures derived by other 
methods. 

Work done with X-rays up to the present time 
thus corroborates very well the data obtained 
from other more precise but less direct types of 
measurements of the properties in the 
detonation wave. With the hew commercially 
available high energy machines, much greater 
precision in data of this sort should be possible. 
More importantly, we should be able to learn a 
great de«i more about three-dimensional effects 
in the detonation wave (e.g., the effect of the 
charge boundary) than is known at present. 

5-4 BLAST WAVE PRESSURE 

Precise measurements of shock wave pressures 
in air or under water are usually made by means 
of piezoelectric transducers. The favorite 
piezoelectric material is tourmaline but quartz 
has also been used. A good description of 
piezoelectric blast gages and how they are used 
is given in Ref. 31. 

Measurement of pressure in air blast waves 
poses a special problem because of the large 
particle velocity or “wind” associated with the 
shock. The presence of the gage itself disturbs 
the flow in the medium and this can lead to 
serious errors unless special precautions are 
taken in the construction and mounting of the 
transducer. There aie two well-defined ways to 


measure the pressure in the blast wave, usually 
referred to as “side-on” and “face-on.” The first 
term applies to a measurement of the pressure 
sensed on the face of a transducer when it is 
oriented along the direction of travel of the 
shock wave, i.e., in a direction perpendicular to 
the shock front. Ideally, the gage should be 
mounted in an infinite baffle, or wall, which is 
aligned along a radiusirom the explosive charge. 
If the charge were fired on the ground, a side^on 
measurement could be made by mounting the 
gage flush with the ground surface. For side-on 
measurements in free air, the piezoelectric 
element must be mounted in a baffle of 
sufficient size and suitably shaped at the leading 
edge to minimize the distortion of xhe pressure 
field produced by the blast wave around the 
gage. Construction of a gage designed for this 
purpose at the Ballistic Research Laboratories.is 
shown in Fig. 5-1,4. 

Face-on measurement refers Jo the recording 
of pressure behind the reflected shock produced 
when the air blast wave strikes a massive wall at 
normal incidence. Since the air is brought to rest 
by the reflection, no problem of aerodynamic 
distortion arises here. A serious source of 
spurious signals in this case, however, is 
mechanical vibration of the wall or components 
of the mounting fixture. Special precautions 
must be taken to eliminate these undesirable 
effects. The peak overpressure of a face-on 
measurement is twice that of a side-on 
measurement at very lew pressure levels 
(acoustic approximation) and increases to 
several times the side-on pressure, at higher 
pressures, 

For the shock waves produced in\air by high 
explosives, the most important parameters are 
the peak pressure and positive impulse fpdt. 
Under water, the energy quantity obtained by 
evaluating the integral fp 2 dt under the 
pressure-time curve is also important for some 
considerations. A pressure and flow 
phenomenon known as the “bubble pulse”, 
which follows at some distance behind the shock 
front, is also important in underwater effects. 
Some characteristics of shock waves in air and 
water are discussed in Chapter IS. 

Various mechanical devices have been used to 
record shock wave effects both in air and 
underwater. The best known of these is the 
diaphragm or “Bikini” gage, the latter name 
deriving from the use of this device at the first 

5-19 





















AMCP 706*1RO 


nuclear bomb teste at Bikini Island after World 
War II. This gage consists of a sheet of aluminum 
foil clamped between two steel plates which 
have circular openings of various diameters. 
Several of these gages are placed face-on to the 
blast at various distances from the change. After 
the charge is fired, the gages are inspected to 
determine the smallest-diameter hole in which 
the aluminum foil is broken in each case. This is 
a measure of the peak blast overpressure. These 
gages can be calibrated with known charges by 
nteans of the peak-pressure vs distance curves 
that have been compiled from piezoelectric data. 
If a sufficient number of diaphragm gages is used 
on a test so that significant statistical averages 
can be taken, these devices produce quite 
reliable information. 

A mechanical gpge for measuring blast impulse 
close to explosive charges is described in Ref. 
32. This gage consists simply of a projectile in a 
cylindrical barrel which is mounted in the wall 
of a heavy concrete enclosure strong enough to 
withstand the blast. The projectile is placed on 
the mouth of the tube where it is exposed to the 
incident blast wave. It acquires a velocity 
proportional to the positive impulse in the, wave. 
This gage appears to give quite accurate absolute 
measurements *n a #on where delicate 
piezoelectric instrui .on is not entirely 
practical. 

Dewey 33 , at the Shuffield Experimental 
Station in Alberta, Canada, has developed a 
technique to measure the air velocity associated 
with the blast wave. The method involves 
measuring the displace men c of smoke trails in 
motion picture photographs. It is applicable 
especially to large changes of chemical explosives 
and to nuclear explosions. Good agreement with 
theoretical predictions has been obtained, 
except for oxygen-poor explosives like TNT. In 
the case of the latter, the detonation products 
continue to bum in the oxygen of the air. The 
relatively slow release of energy from this source 
causes an outward flow of air which contributes 
to the pressure and particle velocity in the “tail” 
of the blast wave, However, even for TNT, the 
particle velocity data at short distances behind 
the shock front are in good agreement with 
theory. 

5-5 DETONATION TEMPERATURE 

The agreement of various values of detonation 
pressure reviewed in this chapter may convey 


the impression that our knowledge of the 
detonation state is quite secure. Actually this is 
far from true. Except for Eq. 5-5, which is based 
on a theoretical deduction of Jones, the 
consistency of various estimates of pressure is 
merely testimony to the accuracy of 
experimental obs=r.ationb. The concepts from 
which these various means to measure pressure 
are derived are the continuity equation 
(conservation of matter) and the equation of 
motion (Newton’s second law). The energy 
relation is not involved. Hence, experimental 
observations of pressure tell nothing about the 
therm'J properties of the explosion products. 
This is obviously a matter of considerable 
interest, yet, strange to say, it has received 
relatively little attention from workers in this 
field. The reasons are not apparent because 
measurement of temperature would not seem to 
be fraught with unusual difficulties compared 
with other experimental determinations on 
explosives. 

A method to measure detonation temperature 
and some experimental results are described by 
Gibson and hi; coworkers in Ref. 34. The 
temperature determination depends on 
measurement of the relative intensity of light at 
two different wavelengths and is based on the 
Wien displacement- law (or Planck’s distribution 
law). There are several assumptions implicit in 
this method: (1) that the emi«sivity of the 
medium at the two wavelengths is the same; this 
assumption is not likely to lead to serious errors, 
and (2) that the contribution to the measured 
light levels by the cooled expansion products is 
small. Therapparatus was calibrated by standard 
methods, using a source of known temperature. 
Narrow bands of radiation at various 
wavelengths were obtained with a grating 
spectrograph. Several cross-checks were made in 
the determinations. 

A summary of the temperature results for 
various explosives is given in Table 5-2. The 
authors varied the density of the explosives 
through a considerable range with the hope of 
answering the rather crucial question: whether 
the temperature increases or decreases when 
density is raised. They interpreted their results 
to show one trend in some cases and the other in 
other cases. However, the scatter is rather large 
and, if the few data for explosives v/ith initial 
density below about 1.20 g/ern 3 are left out 
one is forced to conclude that these 
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measurements demonstrate no statistically 
significant trend one way or another. Therefore, 
in Table 5-2 the values in the density range 1.20 
to 1.60 g/cm 3 for each explosive have been 
averaged. The figures in the table have probably 
have an experimental standard error of about 
100° to 200° K. 

The results in Table 5-2 are not consistent 
with theoretical values corresponding^ any one 
of the several equations of state that have been 
suggested to describe the behavior of detonation 
products. The equation of state is an important 
part of the theoretical treatment of high 
explosives; and Chapter 7 is largely devoted to 
this subject. Hone divides the equations of.state 
that have been proposed into those w*iich (1) 
postulate that little .or none of the internal 
energy in the detonation products is due to 
intermolecular repulsive forces and (2) those 
which postulate that a relatively large fraction of 
the energy is in this form, these results generally 
favor the former. Indeed the measured 
temperature* in Table 6-2 for PETN, RDX, and 
EDNA are comparable with the highest values to 
result from any of the state equations that has 
been proposed. 

A serious problem in experimental 
measurement of detonation temperature is due 
to the very high temperature produced jn gases 
either on the inside or on the outside and in the 
vicinity of the explosive charge. Unless great 
precautions are taken, it is quite possible that 
radiation from shock-heated gases will be 
mistaken for radiation from the detonation 
products themselves. Since the luminosity 
depends on the fourth power of temperature, a 
relatively small quantity of gas at a very high 
temperature can contribute a very large amount 
of radiation. This effect was discovered by 


Gibson 34 who found that replacing the air 
occluded in the explosive charge with 
propane—propane having a much lower ratio of 
specific heats—led to much lower apparent 
temperatures, especially in charges of low bulk 
density. The authors reported, however, that 
these gas effects were essentially eliminated 
when the charges were “impregnated” with 
propane. 

It may be significant that the temperature 
reported for nitroglycerin in Table 5-2 is 
considerably lower than would be expected in 
comparison with that for the other highly 
energetic explosives PETN. and RDX..No matter 
which equation of state is chosen* the calculated 
detonation temperature of nitroglycerin is 
among the highest for any explosive, and yet it 
is far down on the scale in Table 5-2. This may 
be indicative that occluded gas effects, which are 
certainly hot serious in liquid explosives like 
nitroglycerin, were not entirely eliminated in 
spite of the pains taken by the authors of Ref. 
34 in this regard. 

In concluding this review of detonation 
temperature, one is compelled to say that no 
completely satisfactory solution has been 
forthcoming up to tnis time. Workers in the field 
of detonation physics have in this area a 
challenging problem for the future. 

5-6 ELECTRICAL CONDUCTIVITY IN THE 
DETONAf ION ZONE 

Considerable interest in recent yean has 
centered on the study of electrical conductivity 
in the detonation zone of high explosives. In 
some explosives the conductivity is relatively 
large, and there has been considerable 
speculation about the source of this 


TABLE 5-2 EXPERIMENTAL DETONATION TEMPERATURES 34 


:ploiive 

T,°K 

Explosive 

T/’K 

PETN 

5720 

Nitroglycerin 

4020 (high order) 
32Q0 (low order) 

RDX 

5550 

Nitromethane 

3800 

EDNA 

5430 

Dynamite 


Tetryl 

5180 

(p 0 *1.05 g/cm 3 ) 

2670 
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phenomenon. Here we shall only attempt to 
describe briefly the experimental methods and 
indicate the nature of some of the results. The 
reader may refer to the original works listed in 
the references cited in this paragraph for 
detailed interpretations. 

In principle, various methods that have been 
used to measure conductivity are similar, 
although they differ in experimental detail and 
rigor of treatment. By measurement of the 
current i conducted between two electrodes in 
contact with a detonating charge when a voltage 
V is impressed, the resistance R is determined 
according to Ohm’s law, i.e., R = V/i. At any 
given instant the electrodes make contact with a 
conducting zone of some given shape which may 
either be conjectured or experimentally mapped 
out in some way. If the conducting zone is 
considered to have uniform conductivity a 
throughout, the value of this quantity may be 
obtained from i? through the use of a factor K, 
which may be called the effective “cell 
constant”; thus, a = K/R. The term “cell 
constant” derives from the more familiar 
problem of measuring the conductivity of an 
electrolyte solution in c “cell” or container into 
which the electrodes dip. The cell constant in 
this case is determined by tue size, shape, and 
separation of the electrodes; the size and shape 
of the cell; and the placement of the electrodes 
in the cell or, in a word, by the “geometry” of 
the measuring device. 

In Ref. 35 Jameson describes a method of 
placing electrical probes within the charge and 
by this means determining the shape of the zone 
having a high electrical conductivity. He finds 
that this is of a conical shape, the base of the 
cone being coincident with the detonation shock 
front and comprising the full cross section of the 
charge at this point. The conical surface 
presumably represents the front of the 
advancing rarefaction or “release” wave that 
spreads into the detonation zone from the free 
surface. Jameson made a “mock-up” of the 
conical conducting zone from graphite sheets of 
known electrical conductivity and in this way 
determined the cell constant K for the particular 
electrode arrangement used in the explosive 
experiment. The implicit assumption here is that 
a is constant throughout the highly conducting 
zone mapped out by the probes. The value 
determined in this way for the resistivity of 


Composition B was 0.29 ohm-cm. Within an 
order of magnitude this agrees with values 
reported by other workers 36 . 

The method reported by Hayes 37 is 
considerably more elaborate. In the first place, 
Hayes extended the time resolution of his 
measurements about 1000-fold over other 
workers, employing nanosecond circuitry where 
others had used microsecond circuitry. And, 
instead of assuming that the conductivity 
throughout the detonation zone is constant* he 
has assumed that it varies as a function of time 
(or distance) behind the shock front, and has 
determined this function by an elaborate scheme 
using a high-speed digital computer to analyze 
the observed electrical wave form from the 
conductivity probe. Hayes discovered that the 
onset of conductivity begins immediately at the 
precursor shock front (see Chapter 8) and in some 
cases passes a peak within a few nanoseconds 
(which means, in terms of distance, only some 
several microns) behind the front. As between 
various explosives, the peak conductivity varies 
by orders of magnitude; also the variation of 
conductivity with time is decidedly different in 
various cases. Undoubtedly, this reflects wide 
differences in the reaction kinetics and in the 
physical and chemical nature of the reaction 
products. 

Fig. 5-15, reproduced from Ref. 37, shows the 
conductivity profile in the detonation zone for 
three explosives: nitromethane, Composition B, 
and liquid TNT. Here, conductivity is shown as 
a function of time. For purposes of orientation, 
time may be derived frpm distance at the rate o t 
about 6 microns/nsec. Thus, the full scale on the 
abscissa of Fig. 5-15 corresponds to little more 
than 1 mm. The units on the ordinate scale in 
Fig. 5-15 may be divided into 100 to obtain the 
resistivity in ohm-cm. Thus the lowest resistivity 
recorded for nitromethane is about 1 ohm-cm, 
for Comp. B about 0.1 ohm-cm, and for liquid 
TNT about 0.01 ohm-cm. The close agreement 
in the case of Coinp. B with the value given by 
Jameson may be noted. 

The highest value of conductivity in 
detonating explosives that has been recorded 
thus far (liquid TNT, Ref. 37) compares with 
that for an intrinsic semiconductor like 
germanium. It is less by a factor of 10 than the 
conductivity of graphite. If considered as a 
gaseous plasma, the detonation zone in liquid 
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TNT has a rather high conductivity; but, if it is 
considered, as a condensed phase comparable 
with carbon black, for example, its conductivity 
is not surprising. Hayes’ finding in Ref. 37 that 
the peak conductivity of various explosives 
shows a close correlation with the amount of 
solid carbon in the detonation products may, 
therefore, have a significant bearing on the 
nature of this phenomenon. 

5-7 EMPIRICAL TESTS 

In the early development of explosives, a 
number of empirical tests evolved to measure 


various “qualities” and “quantitiec” associated 
with the explosives. Among the qualities that 
different explosives possessed in varying degree 
was what came to be known by the French term 
“brisance” which was meant to reflect the 
shattering ability of an expipt_,e, as 
distinguished from the “power” or ability to do 
work in moving rock, etc. Thus, it was 
recognized that the work capability was an 
extensive property that depended on the 
quantity of explosive; and the terni “power”, 
7 /hich in this connection is quite confusing to 
physicists, meant a “specific” property related 



Figure 5-15. Electrical Conductivity as a Function of Time in the Detonation Reaction 
Zone of Various Explosives 
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phenomenon. Here we shall only attempt to 
describe briefly the experimental methods and 
indicate the nature of some of the results. The 
reader may refer to the original works listed in 
the references cited in this paragraph for 
detailed interpretations. 

In principle, various methods that have been 
used to measure conductivity, are similar, 
although they differ in experimental detail and 
rigor of treatment. By measurement of the 
current i conducted between two electrodes in 
contact with a detonating charge when a voltage 
V is impressed, the resistance ft is determined 
according to Ohm’s law, i.e., R - V/i. At any 
given instant the electrodes make contact with a 
conducting zone of some given shape which may 
either be conjectured or experimentally mapped 
out in some way. If the conducting zone is 
considered to have uniform conductivity a 
throughout, the value of this quantity may be 
obtained from R through the use of a factor JC, 
which may be called the effective “cell 
constant’’; thus, a = K/R. The term “cell 
constant’’ derives from the more familiar 
problem of measuring the conductivity of an 
electrolyte solution in a “cell’’ or container into 
which the electrodes dip. The cell constant in 
this case is determined by the size, shape, and 
separation of the electrodes; the size and shape 
of the cell; and the placement of the electrodes 
in the cell or, in a word, by the “geometry” of 
the measuring device. 

In Ref. 35 Jameson describes a method of 
placing electrical probes within the charge and 
by this meanB determining the shape of the zone 
having a high electrical conductivity. He finds 
that this is of a conical shape, the base of the 
cone being coincident with the detonation shock 
front and comprising the full cross section of the 
charge at this point. The conical surface 
presumably represents the front of the 
advancing rarefaction or “release” wave that 
spreads into the detonati* <n zone from, the free 
surface. Jameson made a “mock-up” of the 
conical conducting zone from graphite sheets of 
known electrical conductivity .and in this way 
determined the cell constants for the particular 
electrode arrangement used in the explosive 
experiment The implicit assumption here is that 
o is constant throughout the highly conducting 
zone mapped out by the probes. The value 
determined in this way for the resistivity of 


Composition B was 0.29 ohm-cm. Within an 
order of magnitude this agrees with values 
reported by other workers 8 8 . 

The method reported by Hayec 37 is 
considerably more elaborate. In the first place, 
Hayes extended the time resolution of his 
measurements about 1000-fold over other 
workers, employing nanosecond circuitry where 
others had used microsecond circuitry. And, 
instead of assuming that the conductivity 
throughout the detonation zone is constant, he 
has assumed that it varies as * function of time 
(or distance) behind the shock front, and has 
determined this function by an elaborate scheme 
using a high-speed digital computer to analyze 
the observed electrical wave form from the 
conductivity probe. Hayes discovered that the 
onset of conductivity begins immediately at the 
precursor shock front (see Chapter 8) and in some 
cases passes a peak within a few nanoseconds 
(which means, in terms of distance, only some 
several microns) behind the front. As between 
various explosives, the peak conductivity varies 
by orders of magnitude; also the variation of 
conductivity with time i3 decidedly different in 
various cases. Undoubtedly, this reflects wide 
differences in the reaction kinetics and in the 
physical and chemical nature of the reaction 
products. 

Fig. 5-15, reproduced-from.Ref. 37, shows the 
conductivity profile in the detonation zone for 
three explosives: nitromethane, Composition B, 
and liquid TNT. Here, conductivity is shown cs 
a function of time. For purposes of orientation, 
time may be derived from distance at the rate of 
about 6 microns/nsec. Thus, the full scale oh the 
abscissa of Fig. 5-15 corresponds to little more 
than 1 mm. The units on the ordinate scale in 
Fig. 5-15 may be divided into 100 to obtain the 
resistivity in ohm-cm. Thus the lowest resistivity 
recorded for nitromethane is about 1 ohm-cm, 
for Comp. B about 0.1 obm-cm, and for liquid 
TNT about 0.01 ohm-cm. The close agreement 
in the case of Comp. B with the value given by 
Jameson may be noted. 

The highest value of conductivity in 
detonating explosives that has been recorded 
thus far (liquid TNT, Ref. 37) compares with 
that for an intrinsic semiconductor like 
germanium. It is less by a factor of 10 than the 
conductivity of graphite. If considered as a 
gaseous plasma, the detonation zone in liquid 
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TNT has a rather high conductivity; but, if it.is 
considered as a condensed phase comparable 
with carbon black, for example, its conductivity 
is not surprising. Hayes' finding in Ref. 37 that 
the peak conductivity of various explosives 
shows a close correlation with the amount of 
solid carbon in. the detonation products may, 
therefore, have a significant bearing on the 
nature.of this phenomenon. 

5-7 EMPIRICAL TESTS 

In the early development of explosives, a 
number of empirical tests evolved to measure 


various “qualities” and “quantities” associated 
with the explosives. Among the qualities that 
different explosives possessed in varying degree 
was what came to be known by the French term 
“briiiance” which, was meant to reflect the 
shattering ability of an explosive, as 
distinguished from the “power.” or ability to .do 
work in moving rock, etc. Thus, it was 
recognized that the work capability was an 
extensive, property that depended on the 
quantity of explosive; and the term “power”, 
which in this connection is quite confusing to 
physicists, meant a “specific” property related 
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Figure 5-15. Electrical Conductivity as a Function of Time in the Detonation Reaction 
Zone of Various Explosives 
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to the available work per unit weight. Brisance, 
on the other hand* is what one would call an 
intensive property, which does not depend on 
the quantity of explosive involved, provided, of 
course* it is properly detonated. 

Various tests were used that were supposed to 
measure either one or the other of the 
properties, brisance and power. A typical 
hrisance test, for example, was the plate-dent 
test. An explosive cartridge of a certain diameter 
was placed on end A in contact with, a steel plate 
of given dimensions and then detonated from 
the opposite end. The depth of the dent was 
taken to be a measure of brisance. it was noted 
that the depth was sensibly independent of the 
length of the cartridge, provided it was not so 
short that initiation effects interfered. One 
recognizes that the test indication in this case, 
i.e., the depth of the dent, is probably closely 
related tc the detonation pressure which is 
independent of charge length when the 
detonation wave is fully developed. Other 
intrinsic properties like density may also be 
related to this phenomenon. 

Among the tests for,power were the lead block 
test and the Ballistic Mortar test. These are 
described in Chapter 3. In this case the test 
indication^e.g., the volume of the cavity in the 
block, or the swing of the mortar 
pendulum—were found to be approximately 
proportional to the quantity of explosive used in 
the test. 

Although empirical tests such as these have 
been largely superseded, except, in some cases, 
for the routine testing of commercial explosives, 
they raise an interesting question: In arriving at 
a relative figure of merit for the explosive, how 
is the test indication to be used? It was common 
practice to use the test indication itself—for 
example, the volume of the cavity in cubic 
centimeters for the lead block test, or the 
pendulum arc in degrees for the ballistic mortar 
test. Obviously , the procedure is arbitrary in any 
case. Nevertheless, one is inclined to say, on the 
basis of a given test, that a certain explosive is so 
many percentage points better than another; 
however, such a statement may be quite 
misleading, especially if the test indication is a 
highly nonlinear function of the weight of the 
test charge. Under these circumstances, it is 
preferable to compare the explosive on the basis 
of “equivalent weights”, i.e., on the basis that it 


requires a certain percentage more of one 
explosive to give the same test indication as that 
given by another explosive. Indeed, if two 
different empirical tests (such as the lead block 
and the ballistic ■mortar/ relate to the same basic 
extensive property in the explosive, then the 
relative equivalent weights for various explosives 
as registered in the two tests will be the same. If 
such is the case : there is obviously some 
justification for using these test numbers to 
compare explosives. 

The following analysis of this problem is 
quoted/from Ref. 38. 

“Consider a test that yields some measurable 
indication /, such as a length, a volume, etc. The 
quantity / may be a function of several 
properties of the explosive charge—such as heat 
of explosion, available work, detonation 
velocity, or detonation pressure. (In addition,.of 
course, I is functionally dependent on various 
parameters of the test device; but, because the 
test is standardized, these parameters appear as 
constant factors in the functional expression.) 
Heat and work are examples of what have been 
termed extensive properties; the quantity G 
representing such a property is proportional to 
the mass m of the explosive (i.e., G = gm . 
Detonation velocity and pressure, on the other 
hand, are examples of intensive properties, 
which are independent of the amount of 
explosive (aside from certain nonideal effects 
that are important for small amounts). 
Representing the intensive properties by the 
symbol g\ we may write, in general, 


/ = F(gm, g) 

(5-17) 

“In the case where / is a function of only a 
single extensive property or linear combination 
of such properties, we can write for two 

different explosives 1 and 2 
/, = A*, m 1 ) 

1 (5*18) 


1 

If /] is made equal to / 2 , then 


*i m i =«2 m 2 

(5-19) 

and _ *2 


m 2 ~ *1 

(5-20) 
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CHAPTER 6 ELEMENTARY THEORY OF THE PLANE DETONATION WAVE 


6-1 INTRODUCTION 

The first theoretical description of detonation 
waves was given by Chapman in 1899 and 
independently by Jouguet more than a decade 
later. When considered in detail, reaction waves 
in substances capable of exothermic reaction are 
of very considerable complexity. The 
elementary theory,, as. formulated by Chapman 
and Jouguet, is based on a highly ide: 'ized 
model. In spite of this fact, this simple theory 
reproduces the main features of the 
phenomenon with remarkable fidelity. The 
success of the simple theory has two important 
consequences: (1) it remains the principal 
computational tool for the evaluation of 
detonation wave properties, and (2) it provides 
the basis from which more detailed theoretical 
descriptions of particular phenomena are 
obtained by elaboration of the model. 

The classical theory of Chapman and Jouguet 
is concerned with the propagation of a 
detonation wave at a constant velocity in one 
dimension as, for example, in the direction of 
the axis of a cylindrical stick of explosive. The 
initiation process requires a separate discussion. 
Because of the continuing relevance of this 
theory to the description of detonation 
phenomena, this chapter is devoted to a detailed 
development of its consequences. 

6-2 THE RANKINE-HUGONIOT EQUATION 

In formulating a simple model to serve as the 
basis of the elementary thermo¬ 
dynamic-hydrodynamic theory of the 
detonation wave, it is assumed that the chemical 
reaction by means of which the explosive is 
transformed into its products takes place 
instantaneously so that there is a sharply defined 
reaction front-treated as a mathematical 
discontinuity—advancing into the unreactcd 
explosive. The transition across such a front is 
then similar in many respects to the transition 
across a shock front. In particular, it must be 
subject to the general conservation laws that 
apply across any discontinuity. 


We consider a wave of chemical reaction 
propagating in one dimension in the direction of 
increasing values of the coordinate x, and we 
denote its velocity with respect to the unreacted 
material by D Employing the Potation 
exemplified by Fig. 6-1, we fix the origin of the 
x-coordinate in the moving reaction/ wave arid 
denote the velocity of unreacted material and 
reaction products with respect to this origin.and 
in the direction of increasing x by w q arid w, 
respectively. If u o and u 1 are the corresponding 
velocities relative to a fixed coordinate system, 

w o = -D; = u % - u o - D (6-1) 

The explosive is at pressure p 6 and density q, ? 
and the reaction products ate at pressure p 3 and 
density p^. The variables characterizing the flow 
and those descriptive of the thermodynamic 
state are supposed to be uniform over any plane 
perpendicular to the x-axis. 

The conservation of mass and momentum 
across the discontinuity, comprising the reaction 
front, are expressed by the mechanical 
conservation conditions which in the present 
riomenclature can be written 

P„ W o = Pl W i = -Po D = m 

(6-2) 

Pi - Po “ P„ W o - Pl W l = m i W o - W l> 

where m is the mass flux through the reaction 
wave. When the condition for the conservation 
of energy is combined with these mechanical 
conditions, we obtain, as in the treatment of a 
simple shock wave (par. 2-8), the 
Rankine-Hugoniot equation 

Cl - e o = 'MPi * P 0 )(v o - Cj) (6-3) 

which, for brevity, we shall refer to as the 
Hugoniot equation. Here, v - 1/p is the specific 
volume; e Q and e x are the specific energy 
functions for unreacted material and reaction 
products, respectively. If the products are 
assumed to be in thermodynamic equilibrium or 
if their concentrations are arbitrarily specified, 
then their thermodynamic state is specified and 
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e. = e(P„ vj (6-4) 

where e(p,v) is a known function of the state 
variables. The Hugoniot equation is thus a 
relation between thermodynamic quantities that 
determines the pressure p l as a function of the 
specific volume v 1 for specified initial pressure 
p c , initial volume v Q , and for specified explosive 
for which q, at these initial conditions is fixed. 
It describes ali of the states (p 1 ,v 1 ) for given 
initial state (r> , 4 , l and given explosive that are 
compatible with the conservation conditions. 
These states will be said to ;be centered on (p ot 
u 0 ). In terms of the specific enthalpy function 

h = e + pv (6-5) 

tlie Hugoniot equation can be written in the 
alternative form 

h, - \ - VHP, - p a )(v t + u o ) (6-6) 

The conservation conditions, Eqs. 6-2 and either 
Eq. 6-3 or Eq. 6-6 have the same form as for 
shock waves. However, ah essential difference 
arises from the fact that the specific energy and 
specific enthalpy functions of the reaction 
products are different from the specific energy 
or specific enthalpy of the unreacted material, 
respectively. In fact, the exothermal nature of 
the reaction process is expressed by the 
assumption that the energy and enthalpy of the 
products are less than the energy and enthalpy, 
respectively, of the unreacted material when the 
two quantities are compared at the same 
pressure and specific volume. This assumption is 
sufficient to assure the existence of reaction 
waves of finite propagation velocity in the 


one-dimensional, instantaneous reaction 
approximation that is employed in this chapter 
as a model. In particular, it requires that 

e(P 0 ,« 6 )<e o and h(p o ,oj<h o 
which are equivalent. 

The heat evolved during the decomposition of 
unit weight of explosive at constant temperature 
and pressure can be evaluated from standard 
thermochemical data. Denote this quantity by q 
and the initial temperature by To , then 

9 - h o - h(p oi T o ) ( 6 - 8 ) 

It is conventional to define an exothermal 
reaction as one for which q, the 
thermochemical heat of reaction, is positive; 
explosives of practical importance are indeed 
characterized by q > 0. However, Eq. 6-7 
implies the requirement that 

q>h(p o ,v o ) - hiP'.T') (6,9) 

the right-hand side of which is negative for real 
materials. Consequently, Eq. 6-tcaix be.Gatisfied 
and, in the present approximation,, reaction 
waves can exist for materials whose heat of 
decomposition q is negative so long as Eq. 6-9 is 
satisfied. Eq. 6-7 is evidently satisfied by all 
explosives characterized, by the stronger 
condition, q > 0. 

Now, consider the point on the Hugoniot 
curve for whicn v x * v 0 . This point corresponds 
to an hypothetical conversion of the explosive 
to its products at constant volume. Eq. 6-3 
reduces to 

e <J>rV = e o ( 6 ‘ 10 ) 


PRODUCTS 


EXPLOSIVE 



X Increasing 
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Figure 6-1. One-dimensional .Reaction Wave 
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an implicit relation that can be solved for the 
pressure if the specific energy . motion is 
known. This pressure, which we denote by p e 
and call the pressure for con-rant volume 
explosion, is determined by the specific energy 
of the explosive and its initial density, a fact 
made explicit by the notation 

Pe= p{e 0 ,v 0 ) (6-11) 

since we can regard the pressure as a function 
p(e t u) of the specific,energy and specific volume. 
Eq. 6-7, together with the basic assumption that 

(3e/3p) y >0 

for real systems, shows that p e >p Q . Similarly, 
consider the point for which p x =p Q . This point 
corresponds to a hypothetical reaction at 
constant pressure. Eq. 6*6 reduces to 

h(P 0 ,v } ) = (6-12) 

an implicit relation that can be solved for the 
specific volume k the specific enthalpy function 
is known. This quantity, which we denote by v c 
and call the specific volume for constant 
pressure combustion, is determined by the 
specific enthalpy of the intact material and by 
the initial pressure, a fact made explicit by the 
notation 

v c " 4\.p 0 ) (6-13) 

since we can regard the specific volume as a 
function v(h } p) of the specific enthalpy and 
pressure. Eq. 6*7 together with the basic 
assumption th^t 

(3fr/3u) p > 0 

for real systems, leads to the conclusion that 
v e >v Q . Thus, we have shown that the Hugoniot 
curve passes through the points (p et v 0 ) with p e 
> p 0 and (p Q ,v e ) with v e > u ot instead of 
through the point (p Q ,v 0 ) as in the case of the 
nonreactive shock wave. This characteristic of 
the Hugoniot curve for a reaction wave is a 
consequence of ''die exothermal nature of the 
reaction. In par. 6:3, it is shown that the 
pressure p x satisfying the Hugoniot equation 
centered on given initial conditions increases 


with decreasing specific volume u, and thci the 
Hugoniot curve is concave upward in the 
(p,v)-pfone. 

The mechanical conservation conditions can 
be combined to yield the relation 

= (P,~ P 0 )/K - » 0 ) (6-14) 

Eq. 6-14 describes a straight line in the 
(p li v 1 )-plane that is called the Rayleigh line. It 
is the chord connecting the pointto-the/ 
point (P 0 ,v Q )- The propagation velocity D is 
evidently proportional to the square root.qf the 
negative slope of the Rayleigh lfc i. Sifice the 
left-hand member of this expression cannot be 
positive, the pressure and specific volume must 
increase or decrease in an opposite sense in, 
passing through the reaction wave. More 
explicitly, it is evident that 'v x <y- if Pi 
> p a and Pi <p 0 if v x > v c >v b . Futhermore,, 
points for which p e >p x >p Q and v 0 <Vj 
do not represent states with a real propagation 
velocity and are excluded because they have iio 
physical meaning. Thus, the Hugoniot curve 
consists of two branches, as shown in Eig; C=2L 
The branch for which v x < v 0 is called the 
detonation branch; that for which jp. < is 
called the deflagration-branch; FromEq. 6-14. it 
is seen that the propagation velocity is infinite 
for constant volume explosion, v x * y 0 mdtp x « 
p f , implying instantaneous conversion of .the 
explosive to its products. This state is to be 
regarded a limiting one for reaction waves 
propagating at very high velocity; When Px *?'P 0 
and v x - i/ c , the propagation velocity is zero. 
The constant pressure combustion state is thus a 
limiting one for reaction waves propogating-with 
a small velocity. 

Transitions on the deflagration branch of the 
Hugoniot curve are. seen to possess thqqusjjtftiye 
properties ascribed to ordinary combustipn: 
waves. In fact the flame temperature is usually 
calculated on the assumption that it differs 
negligibly from the temperature of the consent 
pressure combustion state and it is customary, in 
the theory of flame propagation, to assume that 
the pressure drop through the combustion wave 
is negligible. The deflagration branch of the 
Hugoniot curve does not, however, prpyido & 
useful description of combustion we* 
propagating with email velocity because 
idealization of the wave as a discontinuous 
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Figure 6-2. Hugoniot Curve for Detonations and Deflagrations 


transition is too extreme to provide a useful 
model. The waves described by the detonation 
branch of the 'Hugoniot curve are compressive. 
Therefore* we expect that the detonation wave 
observed in an actual explosive will be described, 
in terms of the simple model employed here, by 
some point on the detonation branch of the 
Hugoniot curve. After an examination of the 
properties of the flows associated with each of 
these branches, it is possible to understand why 
the model Affords a gcod description of 
detonation waves but not of combustion waves. 

The properties of the Hugoniot curve and of 
the flows associated with the final states 
determined by it are deduced in detail in 
par, 6-3. Here, we summarize the results of 
that analysis. For one final state represented by 
a point on the detonation branch and for one 
final state represented by a point on the 
deflagration branch, the Rayleigh line is tangent 

64 


to the Hugoniot curve. These two states are 
called Chapman-Jouguet states. Points on the 
detonation branch of the Hugoniot curve for 
which the pressure is greater than that at the 
Chapman-Jouguet point are called strong 
detonations, and those for which the pressure is 
less than the Chapman-Jouguet pressure are 
called weak detonations. Points on the 
deflagration branch are called weak or strong 
deflagrations, according to whether the pressure 
is greater than or less than, respectively, the 
pressure of the Chapman-Jouguet deflagration. 
A Rayleigh line with a slope somewhat less than 
that through *the Chapman-Jouguet 
detonation—i.e., corresponding to a greater value 
of ^—intersects the detonation hranch at two 
points, one a weak detonation and the other a 
strong detonation. Similarly, a Rayleigh line 
with a slope somewhat greater than that through 
the Chapman-Jouguet deflagration—i.e., 
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corresponding to a smaller value of D— intersects 
the deflagration branch at two points, one a 
weak deflagration and the other a strong 
deflagration. These definitions are shown on Fig. 
6-3. We note that, except for the 
Chapman-Jouguet state, there are two 
detonations, one weak and one strong, satisfying 
the conservation conditions and having the same 
propagation velocity. A similar stateme^* applies 
to the deflagration branch of the Jugoniot 
curve. There are no more than the two 
intersections of a given Rayleigh line with either 
branch of-the curve. 

The Chapman-Jouguet states on the Hugoniot 
curve have certain unique properties which are 
stated here and which are deduced the next 
paragraph. Among the various processes starting 


from the specified initial state, a 
Chapman-Jouguet detonation leads to a 
minimum value for the propagation velocity D, 
relative to the unreacted material, and a 
Chapman-Jouguet deflagration leads to a 
maximum value of this quantity. The entropy of 
the reaction products varies along the Hiigoniot 
curve. The entropy, also attains a stationary 
value at a Chapman-Jouguet point, a minimum 
for a detonation and a maximum for a 
deflagration. The Hugoriiot curve is tangent at a 
Chapman-Jouguet point to the isen trope passing 
through that point. Since the. Itaylcigh line 
through a Chapman-Jouguet point is tangent to 
the Hugoniot curve, it is also tangent, to the. 
isen trope through the Chapman-Jouguet point at 
that point. Chapman in 1899 recognized that 



Figure 6-3. Nomenclature oh the Hugoniot Curve for Detonations and Deflagrations 
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the detonation velocity corresponding to a 
tangent Rayleigh line is a minimum. 

In the regions of strong detonations and weak 
deflagrations, the iseiitropes rise with increasing 
pressure more steeply than the Rayleigh line and 
less steeply than the Hugonoit curve. 
Conversely, in regions of weak detonations and 
strong deflagrations, the isentropes rise with 
increasing pressure less steeply than the Rayleigh 
line and more steeply than the Hugoniot curve. 
These relationships are indicated in Fig; 6-4. It is 
seen that the isentrope through the intersection 
of a Rayleigh line 'rith, the Hugoniot curve 
always lies between the Rayleigh line and the 
Hugoniot curve. 

As a direct consequence of the nature of the 
variation of entropy along the Hugoniot curve, 
certain qualitative statements can be made as to 
ti.i nature of the flows associated with states 
represented by points on the various sections of 
the curve. These conclusions result from the 
mechanical conservation conditions and are 
derived in the next paragraph. As summarized, 
they have been called Jouguet’s rule. It is shown 
that the flow of the reaction products relative to 
the reaction front is subsonic behind a strong 


detonation or weak deflagration, sonic behind 
a Chapman-Jouguet detonation or deflagration, 
and supersonic behind a weak detonation or 
strong deflagration, if we refer to Fig. 6-3, these 
statements are expressed by the relations 

jwj < Cj on AB and DE 

|u>j| = Cj at B and E ( 6 ' 15 > 

(loj > c v on BO and JEF 

where c x is the velocity of sound at the point 
(p ,u x ). It is also shown that the flow of the 
intact material relative to the reaction front is 
supersonic ahead of a detonation wave and 
subsonic ahead of a deflagration wave. Again 
referring to Fig. 6-3, these statements are 
expressed by the relations, 


D > c on ABC 
0 


(6-16) 


D <c o on DEF ] 

where c q is the speed of sound in the unreacted 
material at pressure p Q and specific volume u o . 



Figure 6-4. Hugoniot Curve (H), Rayleigh Line (R) t and Isentropes (dashed curves) for (A) 
Strong Detonations and Weak Deflagrations , (B) Chapman-Jouguet Detonation 
and Deflagration , and (C) Weak Detonations and Strong Deflagrations 
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Consideration of the mechanical conservation 
conditions reveals a further distinction between 
detonations; and deflagrations. Eqs. 6-1 and 6-2 
can be combined to yield 


the right-hand member of which is negative. This 
relation shows that the material velocity 
decreases in passing through a stationary 
detonation front, for which v x < 0 o ; and 
increases in passing through a stationary 
deflagration front, for which v t > v a . If the 
urireacted material is at rest relative to fixed 
coordinates (1) u Q = 0 and < 0 if the reaction 
wave is a deflagration, and (2) u 1 > 0 if the 
reaction wave is. a detonation. The change of 
material velocity in passing through the reaction 
front is compiled in Fig. 6-5 for a detonation 
and a deflagration with the unreacted material at 
rest. For a detonation wave, the motion of the 
reaction,products is directed toward the reaction 
front, arid for a deflagration wave the motion of 
the reaction products is away fr*ra the reaction 
front. For the Chapmari-Jouguet detonation in 
an explosive at rest, the expression of Eq. 6-15 
.can be written 

D * u x + c t (6-18) 

Jouguet in 1905 5 recognized that the 
propagation of the detonation wave for which 


the Rayleigh line is tangent to the Hugoniot 
curve is sonic with respect to the reaction 
products. 

The conservation laws, when applied across 
the reaction front, simply enumerate all of the 
states and describe the associated flows,on either 
side of the front that are accessible for a given 
material at specified initial conditions. Physical 
reality does not present all of the states that are 
possible for the simplified model that has te^en 
employed. When the modei is refined by 
removing the assumption of an infinitely fast 
reaction and by consideringoa reaction zone of 
finite thickness it will be Concluded that weak 
detonations do not usually exist and strong 
deflagrations can never exist. Anticipating the 
result of that analysis, we shall give no further 
consideration to these sections of the Hugoniot 
curve, restricting the discussion to those sections 
representing physically realizable states that are 
shown on Fig. 6-6. 

Jouguet’s rule indicates the reason why a 
theoretical description of a reaction wave based 
on the laws of conservation across; the reaction 
front can be useful for a detonation wave and at 
the same time not useful for a 
combustion wave. Since the flow ahead, of a 
deflagration wave is subsonic with respect to the 
wave, the flow ahead of the wave is influenced 
by the deflagration wave itself. This is not the 
case for a detonation wave where the flow of the 
unreacted explosive is supersonic with respect to 




Figure 6*5. Wave Path W and Particle path P for (A) a Detonation and (B) a Deflagration 
With u o =0 
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the detonation front. It is, in. fact, a 
consequence of this distinction that flows 
associated with deflagration waves have one 
more degree of indeterminacy than flows 
associated with detonation waves, and this 
additional degree of indeterminacy requires 
consideration of the conduction of heat and 
diffusion of molecular species on each side of 
the wave. We shall continue the analysis of weak 
deflagration wavesin the next paragraph because 
the results obtained will find an application 
subsequently: 


it will be deduced. We assume the existence of 
an equation of state, both for the unreacted 
material and for the reaction products. The 
equation of state for either medium is of the 
form p * p(v,s) if the entropy and specific 
volume are taken as independent state variables. 
We assume again that 

= . p v< o 

bv 

(6-19) 


a p 

bu 2 


bp 

> Q, / > o 
Os 


6-3 PROPERTIES OF THE HUGONIOT 
CURVE 

In this paragraph, the properties of the 
Hugoniot curve and of the flows associated with 


These assumptions have the effect of specifying 
curves of constant entropy, a(p f v) = constant, 
which form a noniritersecting family in the 
(p t t;J-plane, decreasing and concave toward 
positive v and with the entropy increasing on 



Figure 6-6, Physically Realizable Detonation and Deflagration States 
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any radius from the origin. We assume that the 
composition of the unreacted material is fixed 
and given by the initial specifications of the 
system, and that the reaction products are in 
thermodynamic equilibrium. Then for either 
medium, tho second law of thermodynamics is 
expressed by 


de = Tds - pdv (6*20*) 

and the derivatives of Eqs. 6*19, in the case of 
the reaction products, are taken at equilibrium 
composition*. The exothermic character of the 
reaction is expressed by the requirement that for 
the same pressure and specific volume the 
specific energy of the unreactcd material is 
greater than the specific energy of the reaction 
products. 

The discussion of the properties of the 
Hugoniot curve is facilitated by the definition of 
the Hugoniot function 

H(p,v) = e(p,v) - e(p o ,v o ) ( 

+ V4(p + P„)(v ~ » 0 ) 

In terms or this function, the Hugoniot equation 
Eq. 6-3; can be written 

= e o~ e (P6’ u o1 = J (Po- v o) ( 6 - 22 ) 

The exothermal character of the reaction is 
expressed by the requirement that J(p o ,v o )>Q. 

First, we want to prove that the entropy has at 
most a single extremum on a straight line in the 
fP,u>plane and that such an extremum is a 
maximum. A ray 72 through the point (P 0 P o ) 
can be represented in terms of the parameter r 
and two constants a and b by 

p = p + ar , u - v + hr 

0 ° (6-23) 

a =p t - p o , b = v, - v o 
Then, on R , dp = odr, dv ~ bdr , and 

*©]<«« 


At an extremum, ds/dr- 0, so that an extremum 
/£?\ - . a(^p\ (6-25) 

3* [dry \a „V 

By Eqs. 6-19, dp/ds > 0 and d 2 p/iv 2 > 0. 
Therefore, at an extremum d 2 s/dr 2 < 0. We 
have proved that the extremum,.if it exists, must 
be a maximum. Therefore, the entropy can 
attain at most one such stationary value on a 
straight line or ray through (p 0 >v 0 ) in the 
(p,u)-plane. 

Now, consider the value of the Hugoniot 
function II(p,v) along the ray R represented by 
Eqs. 6-23. Differentiating Eq. 6*21 at constant 
p and u , we obtain 

r o o’ 

dH = de + V*(p + p o )du + 'A(v - v o )dp (6-26) 

and with Eq. 6-20, this becomes 

dH * Tds - V6(p - p 0 )du 

+ '/ 2 (i) - vjdp ( 6 ‘ 27 ) 

Therefore, on the ray 72 

dH ~ Tds (6-28) 


If both the entropy and the Hugoniot function 
are considered functions of the parameter r oh 
the ray 72, we have proved that they are 
simultaneously stationary if either one is 
stationary. Furthermore, since a stationary value 
of the entropy is a maximum, a stationary value 
of the Hugoniot function is a maximum on 72. 
Since the entropy can attain at most one 
maximum on a ray i2, it follows that the 
Hugoniot function can attain at most, one 
maximum on 72. 

Hcying shown that the entropy and the 
Hugoniot function simultaneously attain 
maxima at not more than one point on any ray 
in the fp.uj-plane, we want to prove that there is 
one such point on any Rayleigh line 
corresponding to finite propagation velocity; In 
view of Eq. 6-24, the entropy is c maximum on 
72 if 


dp 

dv 


= - p*c 2 = alb 


(6-29) 


*3ince Eq. 6*20 applies either to changes at equilibrium 
or to change* at an arbitrarily specified competition, the 
anAlyaia of,' this paragraph is also applicable if it is 
aaatimed that the explosion products are constrained to 
such an arbitrarily specified constant composition. 


Along any Rayleigh line, defined by Eq. 6-14 

a/b = ~p 2 D 2 < 0 ( 6 ' 3 °f 
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Therefore, the entropy—and simultaneously, the 
Hugoniot function—attains a maximum at a 
point (p,v) determined by 1 

pc = p o D 


(6-31) 


p = p(u,s), c = c(u,8) 


together with Eqs. 6-22, where the sound speed 
c is a . >sitive quantity and a function of the 
state of the gas. Eq. 6-31 is the condition that a 
line of slope a/b oe tangent to an isentrope. By 
Eqs. 6-19, the slope of any isentrope is always 
negative, increasing monotonically with 
increasing v. Foi a gas, the slope tends 
asymptotically > zero as v increases 
indefinitely. Th^clkre, any isentrope has a 
point of tangericy *>4 line of specified slope a/b 
if a/b < 0, and sul .. e line is parallel to the 
Rayleigh line of th^saine slope through a fixed 
initial point Since, v -y Eqs. 6-19, the entropy 
increases mono tonally along any radius 
through the origin in the (p,i>j-plane, there exists 
an isentrope whose tangent of specified slope 
a/b passes through the fixed initial point and is 
thus identical with the Rayleigh line. Therefore, 
Eqs. 6-22 and 6-31 always possess a solution. We 
have proved that the eotropy and the Hugoniot 
function simultaneously attain maxima at one 
and only one point on every Rayleigh line 
corresponding to finite propagation velocity. 

Each point (p x ,i>.) on the Hugoniot curve 
described by Eq ; 6-21 is on a Rayleigh line 
defined by Eq. 6-14, when, the propagation 
velocity D is fixed by the point (p l ,v 1 ). Since 
the Hugoniot function is constant on the 
Hugoniot curve and since it attains a maximum 
on a Rayleigh line, the Rayleigh line througn 
YPj ^ ) must have a second-intersection with the 
Hugoniot curve-4.e., YpJ unless (p x y v x ) is a 
point on the Rayleigh line at which the 
Hugoniot function is a maximum. Since the 
Hugoniot function attains only a single 
maximum on a Rayleigh line, a Rayleigh line 
cannot intersect the Hugoniot curve at more 
than two points. We now consider: the case of 
two intersections and, for definiteness, we let 
v[ < Uj. Then the requirement that the slope of 
the Rayleigh line be negative implies that p[ > 
Pi, We call the point (p[,v [) an upper point 
and the point (p 1 t v x ) a lower point. An upper 
point on the detonation branch of the Hugoniot 
curve is a strong detonation; on the deflagration 


branch, an upper point is a weak deflagration. A 
lower point on the detonation branch is a weak 
detonation, and a lower point on the 
deflagration branch is a strong deflagration. 

Since the Hugoniot function has the same 
virtue at the two points (p lt v 1 ) and (p^v^j ot 
the intersection of a Rayleigh line with the 
Hugoniot curve, it attains a maximum at some 
intermediate point. The entropy attains a 
maximum at the same intermediate point. 


Therefore 


p- > 0 at (p ,«,) 
dr 


ds 

dr 


< 0 at (p'X) 


(6-32) 


on the detonation branch (where v x < u q ) arid 

J <0 


cfe 


(6-33) 


dr >° at (p>;> 
on the deflagration branch (where > u 0 ). 
Since bp/bs > 0 by Eq. 6-19, we can write, for. 
either branch 


(ffl fe) <0at (p >^ ) 


~ i r — 



-I |-| >0 at (p>;> 


(6-34) 


By use of Eqs. 6-23, .6-24, and 6-30, these 
inequalities become 

p’c , 1 - P 0 2 jf < o at (Pj.u) 

(6-35) 

p\c\ - p 2 D 2 > 0 at Cp^) j 

Because of the conservation of mass across the 
discontinuity, Eq. 6-2, these statements can be 
transformed to % 

\U X \ > c. at (pn) 

11 11 (6-36) 

W < at (p'X) 

We have proved that the gas flow relative to the 
reaction front is subsonic behind an upper point, 
i.e., a strong detonation or weak deflagration; 
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and supersonic behind a lower point, i.e„ a weak 
detonation or strong deflagration. These 
conclusions form a part of Jouguet’s rule. 

If a Rayleigh line intersects the Hugoniot 
curve at a single point, then the Hugoniot 
function attains a maximum on the Rayleigh 
line at the point of intersection. Consequently, 
the entropy is a maximum on the Rayleigh line 
at the point of intersection and 

ds 

7- = 0 (6-37) 

dr 

Using Eqs. 6-23, 6-24 and 6^30, we have, at such 
an intersection, 


PS “ P 2 0 D* (6-38). 

and this relation implies that 

1^1 = <\ (6-39) 

If the Rayleigh line intersects the Hugoniot 

curve at a single point, the state described by 
such an intersection is a Chapman-Jouguet state. 
We have proved that the gas flow relative to the 
reaction front is sonic behind a 

Chapman-Jouguet state. This is the property 
formulated by Jouguet in 1905, and this 
conclusion forms another part of Jouguet’s rule. 

We have noted that the Hugoniot function 
attains a stationary (maximum) value on the 
Rayleigi line through a Chapman-Jouguet point 
at the Chapman-Jouguet point. Along the 
Hugoniot curve, dH(p l ,v J ) = 0. Therefore, the 
Rayleigh line through the Chapman-Jouguet 
point is tangent at that point to the Hugoniot 
curve, i.e., 

... (6 .40) 

d Vl Ul -i > 0 

at a Chapman-Jouguet point. Since this Rayleigh 
line is also tangent to the isentrope passing 
through the Chapman-Jouguet point, the 
Hugoniot curve is tangent at a Chapman-Jouguet 
point to the isentrope through the point. It 
follows that the entropy attains a stationary 
value on the Hugoniot curve at a 
Chapman-Jouguet point. Thus, we have shown 
that 


*£i = . P V (6-41) 

du, 1 


at a Chapman-Jouguet point, an expression that 
can be obtained by combining Eqs. 6-38 and 
6-40, and we have also shown iiiat 

*1 = 0 (6-42) 

on the Hugoniot curve, an expression that can 
be obtained from Eq. 6-27 with dH(p y ,v t ) - 0 
and Eq. 6-40. If the equatipn of the Rayleigh 
line, Eq. 6-14 is differentiated, 

DdD = (77) ' p ° )du ’ (6 ' 43) 

- %(y, - ^Jdpjj 

Using Eq. 6-40, we see that 

dD = 0 (6-44) 

at a Chapman-Jouguet point. We have proved 

that among the various reactive flows described 

by the Hugoniot curve, che flo>y (at a 
Chapman-Jouguet point leads to a stationary 
value for the velocity of ti e section front 
relative to the unreacted material * Kir is the 
property identified by Chapman in 
1899. 

Along the Hugoniot curve, where dH(p l v l ) * 
0. Eq. 6-27 is 

Tjds, = W(p, - p^JdUj - V4(i/, - vJiPil 6-4^) 

The pressure is given by the equation of estateas 
a function of specific volume and eh&opy. Using 
Eqs. 6-19, we can write 


dp 1 = -p\(*dv t + (3p/ds^tfsj (6-46) 

and transform Eq. 6-45 to 

AtJP)- W(p, - u o )(p 2 t c\ - pIp 2 ) 




A-1 + Vi(»,-■*.).[■ 



1 (6-47) 


where we have employed Eq. 6-14 to eliminate 
the pressure difference p x -p o . 

Before discussing the implication of Eq. 6-47, 
it is necessary to consider the behavior of the 
function A. Since 3p/3s > 0 by Eqs. 6-19, this 
quantity is clearly positive everywhere on the 


w 
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deflagration branch of the Hugoniot curve, 
where u t > v Q , and av the point on the 
detonation branch for constant volume 
explosion, = v 0 . Consequently, on the 
deflagration branch, in view of Eqs. 6-35, 


^ >0 if p 2 c 2 > P 2 D 2 (6-48) 
dv x 1 1 

i.e., for a weak deflagration; and 

^ <0 if p\c 2 < p 2 jD 2 (6-49) 

du x iio 

i.e., for a strong deflagration. From Eqs. 6-42 
and 6-45 we obtain the relation 

DdD = (—~ 


:) 


T t da 


(6-50) 


from which we infer that 
dv. ^ dv , 

dD dD 


<0 


(6-51) 


that p[ > p v Each of these points satisfies the 
Hugoniot equation, Eq. 6-22. If e Q is eliminated 
between the two relations obtained when Eq. 
6-22 is specialized in turn to the two pointe and 
if account is taken of ,the fact that both points 
are on . the same Rayleigh line, it is easy to show 
that 

*(P>1) " e(p v i{) = + p 1 )(i» 1 - i>') (6-52) 

This relation will be recognized to be the 
Hugoniot equation centered on (p^) for a 
shock wave in the reaction products, and it is a 
condition that a shocked state (p',v'j ih_st 
satisfy for given initial state (p v v x ). (Eq. 6-52 
coincides with Eq. 6-20 only at the two points 
of intersection of the Rayleigh line with the 
reaction Hugoniot curve.) Npw, we consider p[ 
and v[ to be variables satisfying Eq. 6-52 and 
obtain, by differentiation at constant p 1 and v x 
and the use of Eq. 6-19, the relation 


for a weak or for a strong deflagration, 
respectively. If the slope of the Rayleigh line is 
increased, so that the velocity D is decreased, we 
see that the specific volume of the upper (weak 
deflagration) intersection with the Hugoniot 
curve decreases arid the specific volume of the 
lower (strong deflagration) intersection 
increases. In the limit of zero slope and zero 
velocity,, the upper intersection must coincide 
with the specific volume for constant pressure 
combustion since p * pj > p r The specific 
volume of the lower intersection tends toward 
infinity as the slope of the Rayleigh line tends 
toward zero because of Eq. 6-14. Conversely, if 
the slope of the Rayleigh line is decreased, so 
that the velocity D is increased, the specific 
volume of the upper intersection increases and 
the specific volume of the lower intersection 
decreases. Since v x < v v these intersections 
eventually coalesce as the slope of the Rayleigh 
line continues to decrease. It has been shown 
that such a single point of intersection is a 
Chapman- Jouguet point. 

Before applying Eq. 6-47 to the detonation 
branch of the Hugoniot curve, we want to show 
that the coefficient A is positive everywhere on 
this branch. To do this, we can adapt an analysis 
due to Becker. Consider any Rayleigh line 
intersecting the Hugoniot curve at two 
points—i.e., (pj.u'j and (p r v } )—where u'< so 


^ = %(p; - ?,)<*«; - ^ - ?,)*>,' (6-53) 


where the prime indicates that the quantity so 
designated is evaluated at (p'V). We again regard 
the pressure a function of entropy and specific 
volume so the relation equivalent to Eq. 6-46 
applies, and Eq. 6-53 becomes 


=«- <-,) {(/tt ) 2 - j 


(6-54) 


where we have again employed the fact that the 
two points are on the same Rayleigh line. By Eq. 
6-35, the rightnand member of Eq. 6-52 is 
negative. It has been shown, as for example by 
Courant and Friedrichs, that ds' /du'CO for a 
shock wave described by Eq. 6-52 in a medium 
whose equation of state conforms to Eqs. 6-19. 
Therefore . . . % 


1 + V*(u' - 




> 0 


(6-55) 


The specific volume v x of the lower intersection 
can be allowed to approach as closely as is 
desired the initial volume so IhatPi -+ p e as 
Vj -+ v Q . Then, it is necessary that p t -+ « as u * 
-> u D . From Eq. 6-55, we conclude that A > 0 as 
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the pressure increases indefinitely. We have 
noted that A > 0 when = v 0 . Since the 
pressure and temperature, and their derivatives 
are continuous functions of the entropy and 
specific volume; the coefficients, the derivative 
da 1 /dv l , and the right-hand member of the first 
of Eq. 6-47 must be continuous on the Hugoniot 
curve. Therefore, the coefficient A which has 
been shown to be positive for the maximum and 
minimum values of on the detonation branch 
of the Hugoniot curve, is positive everywhere on 
the detonation branch of the Hugoniot curve. 

From Eq. 6-47, we now conclude that on the 
detonation branch of the Hugoniot curve 


0 if p\c\ > pV 

(6-56) 

i.e., for a strong detonation; and 


£>0i f tetoy 

(6-57) 


i.e., for a weak detonation. Using Eq. 6-50, we 
infer that 


dvt du , 

< 0 or > 0 


dD 


dD 


(6-58) 


for a strong or for a weak detonation, 
respectively. If the slope of the Rayleigh line is 
decreased, so that the velocity D is increased, we 
see that the specific volume of the upper (strong 
detonation) intersection with the Hugoniot 
curve decreases and the specific volume of the 
lower (weak detonation) intersection increases. 
In the limit of negatively infinite slope and 
infinite velocity, the lower intersection must 
coincide with that for constant volume 
explosion since ui <u x = v 0 . The pressure of the 
upper intersection tends toward infinity as the 
riope of the Rayleigh line becomes negatively 
infinite, because of Eq. 6-14. Conversely, if the 
slope of the Rayleigh line is increased so that the 
velocity D is decreased, the specific volume of 
the upper intersection increases and the specific 
volume of the lower intersection decreases. 
Since u\ < v x , these intersections eventually 
coalesce as the slope of the Rayleigh line 
continues to increase. Such a single point of 
intersection has been shown to be a 
Chapman- Jouguet point. 

The character of the stationary values of 
entropy and propagation velocity at 
Chapman-Jouguet points can be described 


specifically. Differentiating Eq. 6-47 and using 
Eqs. 6-38 and 6-42, we obtain 



= " ~ y 0 ) 



(6-59) 


at a Chapman-Jouguet point. Since d 2 p/dv 2 > 0 
by Eqs. 6-19 and since A > 0, we conclude that 

d 2 Sj Aj 

— < 0 or — > 0 (6-60) 

dv i dv l 

for a Chapman-Jouguet deflagration or 
detonation, respectively. From Eq. 6-60 we have 



at a Chapman-Jouguet point. Therefore, 


<?D 2 

dv\ 


0 or - 


£rr 

dv* 


> o 


(6-62) 


for a Chapman-Jouguet deflagration or 
detonation, respectively. It follows that the 
entropy and propagation velocity are relative 
maxima at a Chapman-Jouguet deflagration and 
relative minima at a Chapman-Jouguet 
detonation. Since the entropy is a maximum at a 
Chapman-Jouguet. deflagration, there is at most 
one Chapman-Jouguet point on the deflagration 
branch of the Hugoniot curve. We have 
demonstrated the existence of one such point 
separating a region of strong deflagrations from 
one of weak deflagrations. Therefore, the 
deflagraion branch, consists of two sections, the 
one consisting of a strong deflagration and the 
other of weak deflagrations, separated by a 
Chapman-Jouguet point. Similarly, we conclude 
that the detonation branch of the Hugoniot 
curve is divided by a Chapman-Jouguet point 
into an upper section consisting of strong 
detonations and a lower section consisting of 
weak detonations. The properties now 
attributed to the Hugoniot curve require that 

dp, d s p 

— < 0 • —T > 0 (6-63) 

du, du, 

and these properties are a direct consequence of 
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the assumptions reading the equation of state 
that are expressed by Eqs. 6*19. 

In order to establish Jouguet’s rule for the 
state ahead of the reaction front, we define a 
Hugoniot function H 0 for the unreacted 
material by 

= e„(p,v) - %&>,,»,) (664) 

+ U{p + PjKw - V-l) 

where we regard the final state (p 1 > v 1 ) as fixed 
and where e Q (p t v) is the specific energy function 
for the unreacted material. The Hugoniot 
equation, Eq. 6-24, can now be written 


H 0 (P 0 .» 0 ) = (6-65) 

= 

• where the exothermal nature of the reaction is 
expressed by the requirement that J(pi ,u 1 ) > 0. 
The curve defined by Eq. 6r65 is sketched in 
Fig. 6-3. It consist of two branches, one of 
which is the locus of initial states from which 
the specified final state can be reached when the 
final state is a detonation, the other being the 
locus of initial states when the same final state is 
a deflagration; An analysis identical to that 
previously employed demonstrates that the 
Hugoniot junction and entropy of the unreacted 
material attain one and only one stationary 
value along the Rayleigi line and that this 
stationary value is, for each function, a 
maximum. In the present case, a Rayleigh line 
can have only a. single intersection with either 
branch of the Hugoniot curve defined by Eq. 
6-65. If a second intersection with one of the 
branches were to exist, the function H 0 , which 
vanishes at (p v vj t would have the same negative 
value at each intersection and hence a 
minimum on the Rayleigh line betweenthe two 
intersections; this is impossible. Therefore, a 
second intersection with the same branch of this 
curve is impossible. For the present choice of 
variables, the Rayleigh line can be represented in 
terms of a parameter r 0 by 


P = + ar 0 

-o 

+ 

sT 

u 

a 

a S P 0 ~ Pi - 



where a/6 m -plD 2 by Eq. 6-14. The expression 
analogous to Eq. 6-24 for the unreacted material 
is 



Since the entropy attains a maximum on the 
Rayleigh line at a noint between (p 1 , 1 ^) and 
(Po, v o), it follows that ds 0 /dr 0 < 0 at (p 0 ,v 0 ) 
for an intersection with either branch. If we 
recall that 3s/3 p > 0 by Eqs. 6-19,. Eqs. 6-66 and 
6-67 lead to the result 

O'. - »,-)(«* - D 2 ) < 0 (6-68) 

Therefore D > c 0 if > u Q and the final state is 
a deflagration, and D < c a if < v Q and the 
final state is a detonation. We have shown that 
the flow relative to the reaction front is subsonic 
ahead of a deflagration wave and supersonic 
ahead of a detonation wave. These statements 
form part of Jouguet’s rule. 

6-4 EXISTENCE AND UNIQUENESS OF 
FLOWS INVOLVING REACTION WAVES 

The Hugoniot equation does not suffice to 
determine uniquely a reaction st-re and 
propagation velocity that can be identified with 
the unique detonation wave that is usually 
observed experimentally. Therefore, it is 
necessary to supplement the conservation 
conditions with additional, information. The 
source of this information is the nature of the 
entire flow field on each side of the reaction 
discontinuity. These flow fields are determined 
by the partial differential equations of 
hydrodynamics. The equations must be satisfied 
in any region that is free of discontinuities and 
they are to be solved, in the present case of flow 
in one dimension, subject to initial' conditions 
specified on the x-axis and to boundary 
conditions specified on the rear boundary. If the 
problem is formulated in this manner, the 
mechanical conditions across the reaction front 
and the Hugoniot equation are supplementary 
conditions that must be satisfied on each side of 
the discontinuity by the solutions of the 
hydrodynamic equations in the continuous 
regions. They can be thought of as connecting 
the solution in one region, that of the unreacted 
material, to the solution in the adjacent region, 
that of the reaction products. In serving this 
purpose, they implicitly prescribe the path, e.g., 
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*(0, of the reaction wave in the fo^-plane. The 
existence and uniqueness of solutions of the 
hydrodynamic equations in flows involving a 
reaction front has been discussed in an elegant 
manner by Courant and Friedrichs, whose 
treatment is followed in this paragraph. 

In par. 2*7, it is remarked that a curve in the 
fotj-plane on which are specified data to which 
the hydrodynamic equations are subject is 
timelike if the flow relative to the curve is 
subsonic, and that such a curve is spacelike if the 
flow relative to the curve is supersonic. It is 
shown that the solution of a flow problem in a 
region between two curves is unique in two 
cases: if both curves are timelike, one quantity is 
specified on each curve and two quantities are 
specified at their intersection; or if one cun/e is 
spacelike with two quantities specified.on it, the 
other curve is timelike with one quantity 
specified on it. With the aid of Jouguet’s rule, 
these .principles can be employed to consider the 
determinacy of flows involving a detonation 
wave. 

For definiteness, we consider a.semi-infinite 
mass of explosive, initially at rest with Uq = 0 , 
extending from x - 0 to x * and we assume 
that a reaction propagating in the direction of 
positive x begins on the plane x * 0 at the time t 
= 0. Although one is usually concerned with the 
case where the end x - 0 is completely open or 
consists of a rigid wall, it is illuminating to 
consider the more general problem in which the 
end is conceived to be a piston which starts to 
move from the end x * 0 at the time t = 0 with 
specified constant velocity u p . 

The path P of the piston in the fotj-plane is 
timelike since it is identical with that of the 
particles adjacent to it. The particle velocity of 
the adjacent particles is equal to the piston 
velocity u p so that uls specified on the path P. 
The initial values u * u a =0 and p * p 0 
are specified on the s-axis which is to be 
regarded as spacelike. However, these regions are 
separated by the unknown path W of the 
reaction wave, and it is necessary to consider 
separately the flow in the two regions into 
which the fr, fj-plane is divided by W. We may 
suppose that the propagation velocity of the 
wave, i.e., the slope of W , is arbitrarily fixed and 
constant. 

If the wave is a detonation, W is, by Jouguet’s 
rule, supersonic when observed from the 


unreacted material. Then, between W and the 
*-axis, the flow is uniquely determined by the 
quantities prescribed on the x-axis at t ~ 0 so 
that u and p are constant everywhere in that 
region and equal to u n andft,, respectively. The 
conservation conditions across the wave front, 
Eqs. 6-2 and 6*3, then prescribe tij and p x for 
the specified value D of the slope of W. We may 
now regard W as an initial curve for the region 
between P and W on which the quantities u = u 1 
andp =Pi are prescribed. 

Mow suppose that W represents a strong 
detonation. By Jouguet’s rule, V- is. timelike 
when observed from the reaction products. 
Since P and W are both timelike, their slopes u p 
and D cannot both be arbitrarily specified. This 
is because the value of u on W, which is fixed by 
the initial conditions and the velocity D, is also 
fixed in accordance with the existence rule by 
the specification of u on P, of p on W, and of u 
and p at the intersection ot P and W. Therefore, 
for a strong detonation wave of specified 
propagation velocity, it is necessary, to adjust the 
piston path P so that u p = It follows that die 
flow between the piston arid the strong 
detonation wave is uniform with \ 



and that the flow for a strong detonation is 
completely determined by -the piston velocity 
arid initial conditions. If the first of Eqs. 6-2 is 
combined with Eq. 6-1, then when u 0 - 0 we 
have 

Uj = I)(l - UjPj ( 6 . 70 ) 

Differentiating with respect to at constant 
p o , we obtain 



for a strong detonation, dD/du! < 0. Therefore 
du l /dv 1 <0. If we denote by u* the particle 
velocity of the reaction products for a 
Chapman-Jouguet detonation, we conclude that 
the velocity of the piston, supporting a strong 
detonation, is subject to the restriction 

I‘ p > U* ( 6 - 72 ) 
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We have shown that just one flow invoking* 
strong detonation is possible and that Cie piston 
velocity must satisfy Eq. 0-72. in' the limit given 
by the equality sign, the detonation is a 
Chapman-Jouguet detonation. The flow in a 
strong detontation is illustrated by Fig. 6-7 in 
which are shown the piston path P, the wave 
path. W, and a typical particle path. 

We must now consider flows involving a 
detonation wave for which u p <u* It is to’be 
noted that flows involving weak detonation 
cannot be excluded on dynamical grounds when 
the reaction zone is represented by a 
mathematical discontinuity. By Jouguet’s rule, 
the wave path of * a weak detonation is 
supersonic or spacelike when viewed from the 
reaction products, and a flow associated with a 
weak detonation consequently possesses a higher 
degree of indeterminacy than is the case for 
strong detonations. For this reason, it is possible 
to construct flows involving a weak detonation 
and compatible with a prescribed piston velocity 
in a number of ways. Thus, the uniqueness of a 
particular flow cannot be demonstrated, as was 
possible for a strong detonation. In fact, if shock 
waves in the reaction products are admitted as 
part of the solution, the flow behind a weak 
detonation can be accommodated to a piston 
velocity satisfying Eq. 6-72. These solutions are 
not discussed further since it has been noted 
that weak detonations are eliminated by 
consideration of the structure of the reaction 
zone. 


For the case u p <u*, a flow involving a 
Chapman-Jouguet detonation can be 
constructed and is therefore possible. In this 
case, the particle velocity, equal to u+ behind 
the detonation wave, is adjusted to the piston 
velocity u by a centered rarefaction wave. 
Since a Chapman-Jouguet detonation wave 
front, (Eq. 6-18), and the head of the 
rarefaction wave moves with the same velocity, 
the rarefaction wave follows the detonation 
front immediately. The wave path W and the 
characteristic C + issuing from the point x * 0, t 
* 0 coincide. This flow is illustrated by Fig. 6-8 
which shows the piston path P, the wave path W, 
a typical particle path and characteristics C + 
through the centered rarefaction wave, In 
particular, if the end x * 0 is fixed-so that u p m 
0 or open, corresponding to < 0—a 
Chapman-Jouguet detonation is possible. The 
Chapman-Jouguet hypothesis consists of the 
assumption that it is this flow that actually 
exists in the case of an unsupported:detonation 
wave in the absence of a piston. Weak 
detonation waves having been eliminated from 
consideration, it is likely that no other solution 
exists. 

In Fig. 6-9, the particle velocities at a given 
instant of time between the wave front and the 
piston are compared for four different values of 
the piston velocity. For two pf these values, 
strong detonations result and for the other two, 
one of them representing zero piston velocity, 
the detonation is a Chapman-Jouguet 



Figure 6-7. Flow in a Strong Detonation 
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detonation. A graph of the pressure would be 
qualitatively similar to this figure. 

In a deflagration process, *he wave path W is 
timelike with respect to the unreacted material 
! n accordance with Jouguet’s rule, 
Consequently, the flow in the unreacted 
material if not determined by the prescribed 
Values of pressure and particle velocity, p 0 and 
u 0 , on the x-axis, and one quantity can be 


arbitrarily prescribed on W. By Jouguet's rule, 
the wave path IF is also timelike with respect to 
the reaction products if the wave is a weak 
deflagration. It follows that the fKw is uniquely 
determined when one quantity,/the path W ora 
quantity ahead of W> is prescribed. For a 
deflagration process with Uj> v at we have u x <0 
by Eq. 6-17. It is possible for the wave to move 
into the unreacted material at rest only if the 




Figure 6-8. Flow in Chapman-Jouguet Dttonation 



Figure 6-9. Particle Velocity Behind Detonation Waves: Strong Detonation (a) and (b); 
Chapman-Jouguet Detonations (b) } (c), and (d) 
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the piston is withdrawn with a speed at least 
equal to that of the reaction products behind 
the front, u p < u y . 1 iu p > u lt and in particular if u p 
* 0, the pattern of the flow must involve a new 
feature. In this case, the adjustment of the 
particle velocity to that at the rear boundary is 
possible only if a .precompression shock wave is 
generated by the deflagration wave in the 
unreacted material of a suitable strength so that 
after the particles are accelerated in the forward 
direction by the shock wave they are retarded 
by the deflagration wave and so attain the 
velocity obtaining at the rear boundary. This 
flow is illustrated in Fig. 6-10 for a closed end, 
u p m 0, whore the shock path S, the wave path 
W , and a particle path are shown. The 
occurrence of a precompression shock wave is,in 
conformity with Jouguet’s rule. Since the flow 
ahead of the deflagration wave is subsonic 
relative to the wave front, the wave influences 
the state of the material ahead of it. For any 
arbitrarily prescribed wave path W and piston 
path with u >u x , there is a uniquely determined 
precomptession shock S and flow bet ween 5 and 
P. It is to be noted that flows exist for a 
specified shock wave involving arbitrarily chosen 
strong deflagration waves followed by 
rarefaction or shock waves. Strong deflagration 
waves having been eliminated from 
consideration, it is likely that the solution 
described involving a weak deflagration is the 


only solution that exists. One degree of 
indeterminacy remains: either shock path S or 
the wave path V/ can be chosen arbitrarily with a 
prescribed piston velocity. Additional 
information, to be found by an examination of 
reaction and transport processes in the interior 
of the wave, must be employed uniquely to 
determine the flow. 

We conclude this discussion of the flows 
associated with reaction waves by showing that a 
deflagration, wave with its precompression shock 
wave is formally equivalent to a detonation 
wave. Through a shock wave of velocity t/, the 
pressure of the unreacted material is raised from 
p o to p and the specific volume decreased 
from u q to v . The mass flux m through, the 
shock, wave is, by the continuity equation, 

m * p o w a « pV .(6-73) 

where p' * l(v' and w' is the flow velocity of the 
shocked unreacted material; relative to the 
shock front Through the deflagration wave of 
velocity D , the pressure is reduced from p' to 
p x and the specific volume increased from V to 
Uj. If the mass flux is the same through both 
waves, 




Figure 6-10. Flow in Weak Deflagration With Closed Snd 
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and therefore 


- P^x (6-75) 


The conservation of momentum through the 
shock and deflagration waves requires that 

P' ~ Po. * Po^o - P'(w') 2 ) 


(6-76) 


- J>' * p'(u>') 2 - Po^ J 
so. that, by the elimination of p[ 

P 1 - Po " P.«£ - 9A (G-™) 


These conservation conditions can be combined 
to yield 

P' ~ Po Pi - p' Pi ‘ Po 


V - v a 


The Hugoniot equations for the shock and 
deflagration waves are 


.^(pV) - c 0 (Po> u o) m V6(p # + P 0 )(u 0 - *') 
- c 0 (p',i/') = ^(Pj + p')(u' - uj 


(6-79) 


respectively, where e 0 {p,v) is the specific energy 
function of the unreacted material. Eliminating 
e o(pV) from these expressions and using Eq. 
6-78, we obtain 


e(P,.V - c 0 (p ol u 0 ) 

“ '^(P, + P„)K - «,) 


(6-80) 


Eqs. 6-75, 6-77 and 6-80, are identical with Eqs. 
6-2 and 6-3 for a single reaction process from 
the state ( p o , v q ) to the state (p l% v ± ).The shock 
and deflagration waves have the same 
propagation velocity D m U when the mass flux 
is the same through each wave and, by Eq. 6-78, 
the points (p\v') and ('p v v v ) lie on the same 
Rayleigh line. Fig. 6*11, illustrating the 
Hugoniot curve for the (weak) deflagration and 
the shock wave, shows that the equivalent single 
process is a detonation. The curve A' AO is the 
Hugoniot curve of the shock wave, centered on 
(p 0t v o ), in the unreacted material, given by the 
firet of Eqs. 6-79. The curve 13'13 is the 
deflagration branch of the reaction Hugoniot 
curve centered on (pV), given by the second 


of Eqs. 6-79, and also the detonation branch of 
the reaction Hugoniot curve centered on 
(p 0 ,v 0 ) y given by Eq; 6-80. The Raylei^i line 
ABO is drawn tangent to the reaction Hugoniot 
curve and thus corresponds to a 
Chapman-Jouguet detonation centered on 
(p 0 >v<> ) or to a Chapman-Jouguet deflagration 
centered on (p[ v' ). The Rayleigh line A ' B! 0 
corresponds to a strong detonation or a weak 
deflagration. It is evident that a strong 
detonation is formally equivalent to a weak 
deflagration preceded, by a shock and a 
Chapman-Jouguet detonation to a 
Chapman-Jouguet deflagration preceded by a 
shock, the mass flux through shock and 
deflagration waves being identical. 

6-5 THE CHAPMAN-JOUGUET HYPOTHESIS 

The Chapman-Jouguet hypothesis states that 
the detonation wave for which 

«"x * c i (6-81) 

is the one that actually occurs when the reaction 
wave is unsupported. The assumption that the 
flow satisfying Eq. 6-81 is to be identified with 
the experimentally observed unsupported 
detonation wave was advanced independently by 
Chapman and by Jouguet. This hypothesis 
selects one state from the continuum of states 
described by the Hugoniot equation and 
compatible with the conservation conditions. 
Consequently, Eq. 6-81-together with the 
conservation conditions', Eqs. 6-2 and 6-3, and 
an equation of state for the reaction 
products-suffices to determine the detonation 
velocity, the state of the reaction products, and 
their velocity with respect to the detonation 
front These relations thus constitute a theory of 
the detonation wave. It can be used to calculate 
the detonation properties for particular 
explosives, and the calculated values can be 
tested by comparison with experiment. 

Support was given to the Chapman Jouguet 
hypothesis by the agreement obtained between 
calculated and observed properties of the 
detonation wave for explosives expected to 
conform to the model of one-dimensional flow 
and for which an equation of state is known. 
The detonation wave propagating along a pipe 
filled with an explosive gas mixture appears to 
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fulfill this conditions. For such a system, the 
ideal gas equation of state is sufficiently 
accurate. Of particular interest, because of the 
frequency of citation in the literature, is the 
work of Lewis and Friauf 6 , who carried but the 
first critical experimental test of theory . They 
treated mixtures of hydrogen and oxygen, 
diluted by various gases, and in their calculations 
they considered the effect of dissociation 
equilibria on the final composition of the gases. 
Good agreement was obtained between 
calculated, arid observed values of detonation 
velocity. The mixtures presented a considerable 
variation in the energy released and in the initial 
density. For this mixture, elementary theory 
adequately predicts the principal properties of 
the detonation wave. 

In theoretical justification of the 
Chapman-Jouguet hypothesis,, strong 
detonations can at once be eliminated, rs states 
to be identified with an unsupported wave. It 
was shown in the last paragraph that strong 


detonations exist only for a supported wave 
where the piston velocity is greater than the 
particle velocity behind a Chapman-Jouguet 
wave, If the piston velocity is less than this 
limiting value, and in particular if the rear 
boundary is either fixed or free, rarefaction 
waves from the rear boundary can eventually 
overtake and attenuate a strong detonation 
because of the subsonic nature of the ilow 
behind it. The process of attenuation wili cease 
when the wave has decayed to a 
Chapman-Jouguet wave because the flow behfn i 
the wave then becomes sonic. Therefore, we 
conclude that a strong detonation is 
hydrodynamically unstable if the wave is 
unsupported 

To illustrate this point further, consider the 
hypothetical situation represented by Fig. 6-12, 
in which the piston P, initially supporting a 
strong detonation wave, is suddenly stopped, 
creating at that instant a rarefaction wave that 
overtakes and weakens the detonation wave. The 



Figure 6-11. A Detonation as a Deflagration With a Precompression Shock 
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initial straight portion of u’ represents the strong 
detonation wave, the later straight portion the 
Chapman-Jouguet wave, and the curved portion 
a transition region. Two particle paths are 
shown, one through the strong detonation and 
the other through the Chapman-Jouguet 
detonation. 

Prior to about 1940, when the analysis was 
refined by consideration of the finite extent of 
the reaction zone, weak detonations were 
eliminated by unconvincing plausibility 
arguments. Becker 7 showed that the entropy of 
a strong detonation state is greater than that of 
the weak detonation state with the same 
propeption velocity and inferred that the 
former state is therefore the more probable. 
Weak detonations being thermodynamically 
unstable relative to the corresponding strong 
detonations and strong detonations being 
dynamically unstable, he concluded that the 
Chapman-Jouguet detonation wave is the stable 
one. Scorah 1 showed the Helmholtz free energy 
to be a minimum for the Chapman-Jouguet 
state. He interpreted this result to mean that the 
Chapman-Jouguet state corresponds to a 


maximum degradation of energy and is therefore 
the most probable one. Commenting on the 
generally unsatisfactory nature of 
thermodynamic arguments of this sort, 
Zeldovich 9 remarked that an increase in entropy 
does not guarantee the existence of a shock; a 
piston to compress tile jps is also necessary. 

Brinkley and Kirkwood 10 have treated .the 
dynamic stability of the detonation wave by 
considering the energy available in the explosive 
products Co support the propagation of the 
detonation front and the hydrpdynamic 
conditions, operating in the flow behind the 
front Their analysis is developed in the 
paragraphs which follow. 

The propagation of a detonation front, like 
the propagation of an unreactive shock wave, 
requires a continuous supply of energy from the 
rear. The work done by the medium to the rear 
of the front on the intact medium ahead of the 
front in the time element dt is P^dt, the 
subscript 1 being used to desigiate conditions 
immediately to die rear of the front at an 
instant of time t x . If we row fix attention on 
the total mass of explosion products initially 



Figure 6-12. Attenuation of a Strong Detonation Wave by a Rarefaction Wave 
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contained in the region from the rear boundary 
x q * 0 to the plane x o - x, for times subsequent 
to the instant when the wave front reaches 
x 1 , we- note that the total work done by this 
portion of the medium on the medium ahead of 
it, designated W(x x ), is 

#(*,) = / pudt (6-82) 

*i 

where the integral is along the particle path of 
the particles initially at the pointy . 

The secular behavior of the integrand pu (for a 
given element of the medium) has an important 
bearing on. the behavior of the detonation wave 
when it is in an unsteady state. The proof which 
follows shows that the sign of [b(pu)/bt] Xl > 
determines the sign of the acceleration of the 
wave front 

Defining for the Lagrangian rate of change of 
the quantity pu a time constant p to be 
evaluated at the shock front, i.e., 



we make the arbitrsuy assumption thatp>0after 
external or self-generated initiation effects have 
died out and the wave has become 
self-sustaining. 

Although this assumption is made a priori, 
there is strong reason to accept its validity. It 
can readily be shown, for example, that this 
condition follows if there is a rarefaction 
immediately behind the detonation front, a 
xarefaction being defined for this purpose by the 
two conditions 



(6-84) 


Since—in the absence of shocks in the flow-a 
given element of matter remains in an isentropic 
condition, the pressure will decrease when the 
density decreases. Also, the flow velocity will 
decrease when the pressure gradient is positive 
according to the equation of motion. Therefore 
the presence of a rarefaction as so defined is a 
sufficient condition for p to be positive. 

We now proceed to establish a connection 
between this condition on p and the secular 
behavior of an unsteady detonation. 


For inviscid flow without heat conduction, the 
hydrodynamic equations of continuity and 
momentum can be written in terms of a 
Lagrangian space coordinate (see par. 2-6) for 
flow in one dimension in the form 


P /3«\ + J_ / V \ 
p« (3*./ p° 2 v7 



r- “ 0 


( 6 - 86 ) 


The Lagrangian coordinate x q is the position 
of the element of fluid at t * 0 whose position at 
time t is x. The time and Lagrahgian.coordinate 
are taken to be independent variables and- the 
Eulerian coordinate x is regarded a function 
x(x o ,t) with 



Eqs. 6-85 are supplemented by the entropy, 
transport equation, which is not explicitly 
employed; by initial and boundary conditions; 
and by the conservation conditions across the 
reaction discontinuity which implicitly prescribe 
the path of the discontinuity in.the.(x 0 -plane. 
As has previously been pointed out, the 
discontinuity conditions prescribe a 
one-parameter continuum of possible detonation 
states and can be used, when supplemented by 
an equation of state, to express all of the 
detonation properties as functions of any one of 
the properties selected as argument. For 
convenience, the unreacted explosive is assumed 
to be at rest. The second of Eqs. 6-2 can then be 
written 


Pi - Po = PoV> (&B7) 


An operator in which the detonation wave is 
stationary is defined by 


A - JL + d jL 

dt bt bx 0 


( 6 - 88 ) 


If Eqs. 6-85 are specialized to the high pressure 
side of the detonation wave and the partial time 
derivatives eliminated with the aid of Eq. 6-88, 
we obtain 
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where the subscript unity indicates that the 
quantity so designated is to be evaluated 
immediately behind the detonation wave. Since 
the detonation front is assumed to be a 
mathematical discontinuity, the conservation 
conditions across the discontinuity must be 
satisfied whether or not the state behind the 
wave is steady. Eq. 6J37 can therefore be 
differentiated, with the result 



Also from Eq. 6-88 and the definition of p, we 
can write 

i M + i d 

Pi V' r u i W pi 

+ r /M i (6 ‘ 91) 

+ «, W/j p 



or, in view of the first of Eqs. 6-2 


G = 1 - [(D- u^/cj 2 (6-94) 

To determine the sign of the denominator of 
the term in braces of Eq. 6-92, the equation of 
the Rayleigh line Eq. 6-14, can be rearranged 

Pi - Po ‘ A.£ 2 (l - Po v i) (6-95) 


and differentiated with respect to ^ at constant 
p a and p 0 , The resulting expression connects the 
derivative dD/dp l with the slope dp x /dv^ of the 
Hugoniot curve. When it is simplified with the 
aid of Eq. 6-70 and the definition^ of g 
introduced, the expression 

- 4 --*■&)] (6 ' 96> 

is obtained. Since dp* /du L < 0, g > 1/2. 
Therefore, (1 + g) a nu (1 + g - G)“the latter 
being equal to g + [p 0 D/(pj ; c 1 )] 2 —aie positive 
and the denominator of the term in braces of 
Eq. 6-92 is positive everywhere on the Hugoniot 
curve. 

In view of the assumption that p is positive, 
the sign of dp x /dt is seen to be opposite to that 
of G. Therefore, it follows that 


dt 


< 0 when p x > p* and D <*u 1 + c x 


d A 

dt 


0 when p x - p* and D = u. L + c x 


Eqs. 6-89, 6-90, and 6-91 can be solved for 
dp x /dt in terms of p and the properties of the 
reaction products behind the detonation front. 
The result can be written, 



where 

G = 1 - [p^/fp,^)) 2 (6-93) 


~~ > 0 when p x < p* and D > u t * c x 

where p* is the pressure behind a 
Chapman-Jouguet detonation wave. 

This analysis indicates that both strong and 
weak detonations are dynamically unstable and 
tend with time to the Chapman-Jouguet state. It 
also indicates that the Chapman-Jouguet state is 
stable since its properties do not change with 
time. In particular, it is demonstrated that the 
propagation velocity of the Chapman-Jouguet 
detonation is constant, a result that is in accord 
with experimental observations. The analysis 
must, however, be regarded a plausibility 
argument since it is subject to the basic 


o 


6-23 





AMCP 706-180 


assumption that was made with respect to the 
nature of the flow behind the detonation wave. 
We defer to a later chapter further consideration 
of the Chapman-Jouguet hypothesis and now 
examine the results that can be obtained with 
the theory that has been formulated. 

6-6 THEORY OF THE DETONATION 
VELOCITY AND OF THE 
THERMODYNAMIC STATE OF THE 
EXPLOSION GAS 

When supplemented by an equation of state of 
the reaction products and the Chapman-Jouguet 
hypothesis,, the conservation conditions across 
the detonation wave suffice to determine a 
unique final state, flow velocity, and 
propagation velocity when the state of the 
unreacted explosive is specified. In this 
paragraph, we assemble these relations and 
effect a partial reduction of the equations. By 
using thermodynamic relations of general 
validity* we formulate the general 
one-dimensional theory of the detonation 
velocity and detonation properties. We assume, 
without loss of generality, that the unreacted 
explosive is at rest with reference to a stationary 
origin of coordinates. 

The conservation conditions across the 
detonation wave have been expressed by Eqs. 
6-2 and 6-3. For the explosive at rest with u<, = 
0, these relations can be written 


PoD = P,(X» - u,) 

- Po * P„D J ( 1 - PoV 


D = u t + c, W 

Eliminating the particle velocity u 1 with the 
aid of Eq. 6-97, we obtain an alternative 

expression 

D P^JPo (6-101) 

It is convenient to eliminate the speed of sound 
by the introduction of the adiabatic exponent * 
defined by 

K = (3 in pH in p\ (6 . 102) 

in tena&of which the speed of sound is given by 

c»v^r < 6 - io3 > 

The adiabatic exponent is a function of the 
thermodynamic state of the gas. For an ideal 
gas, it is equal to the ratio of the heat capacity 
at constant pressure to the heat capacity at 
constant volume. With the aid of Eq. 6-103, Eq. 
6-101 can be transformed to 

D 1 - K 1 p l p 1 lpl 

(6-104) 

K i “ 

Eq. 6-104 can be employed to eliminate the 
detonation velocity from Eq. 6-98. We then 
obtain the result 


■i-H 


H(Pj u P 0 )( v o - v x ) (6-99) 

The first of these expressions is the equation for 
the conservation of mass and is identical with 
the first of Eqs. 6-2. The second, which is the 
same as Eq. 6-95, can be obtained by rearranging 
the equation of the Rayleigh line, Eq. 6-14, and 
is the result of combining the equations for the 
conservation of mass and momentum. The third 
is the Hugoniot equation, Eq. 6-3, which is the 
result of combining the equation for the 
conservation of energy with the mechanical 
conservation conditions. 

The Chapman-Jouguet hypothesis results in a 
supplementary condition, Eq. 6-18, 


We have obtained from Eqs. 6-97 to 6-100 a pair 
of expressions, Eqs. 6-97 and 6-104, from which 
the detonation velocity and particle velocity of 
the reaction products can be calculated after the 
pressure p x and specific volume v x of the 
reaction products have been determined, i.e., 

D - "on/W 1 ? 

(6-106) 

u, = D( 1 - p 0 u,) 

and a pair of expressions, Eqs. 6-99 and 6-105, 
involving thermodynamic quantities only 
V e„ = «(Pj + p o )(u 0 - o,) I 

(6-107) 

1 - P 0 /P, = K^P^o - 1) 
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that suffice to determine and v x . We must 
now consider the solution of the latter pair of 
equations. 

Eqs. 6-107 contain two functions of the state 
of the reaction products, the specific energy 
and the adiabatic exponent whose 

dependence on the state variables p x and v 1 is 
made explicit, by the introduction of an 
equation of state. As a:practical matter, it is not 
convenient to express either of these quantities, 
either analytically or by means of tables, 
directly in terms of these two state variables. 
Consequently, the equation of state introduces 
an additional state variable^e.g., the entropy or 
temperaturemand Eqs. 6-107 are then to be 
solved simultaneously with the equation of state 
'for the three state variables. SincetheHugoniot 
equation expresses a condition on the energy of 
the reaction products and since the energy-is the 


characteristic thermodynamic function for 
systems described in terms of entropy and 
volume, it would be consistent to employ an 
equation of state having entropy and volume the 
independent variables. However, again as a 
practical matter, the thermodynamic data to be 
employed in the evaluation of the energy 
difference e 1 -e Q are of such a nature as to 
require the selection of temperature as an 
independent state variable and the form of 
equations of state for nonideal gases makes 
appropriate the selection of the volume as the 
second, independent state variable. The effect of 
this choice of variables, which is mi unnatural 
one from, a thermodynamic viewpoint, is to 
confer on the resulting set-of equations a degree 
of algebraic complexity thut is not required of 
the formal presentation of the theory. A method 
for their solution is presented in Appendix F. 
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CHAPTER 7 APPLICATION OF THEORY TO CONDENSED EXPLOSIVES 

7-1 INTRODUCTION can be used to predict the properties of other 


It has been noted in Chapter 5 that the 
detonation velocity of solid and liquid 
explosives is observed to be in the range 4000 to 
8000 m per Bee, and that for a given explosive in 
cylinders of large diameter the detonation 
velocity is very nearly a linear function of the 
initial bulk density. Since the pressures and 
temperatures of the reaction products at the 
detonation wave front lie far outside of the 
region that can be explored by ordinary 
experimental methods, the variation of 
detonation velocity with initial density has 
constituted the chief experimental fact for 
determining the pressure, density, and particle 
velocity. In recent years, this evidence has been 
supplemented by isolated experimental 
determinations of the detonation pressure. 
However, it is necessary to employ the theory to 
evaluate the state of the detonation products at 
any point other than that for which a direct 
experimental determination is available. 

Since 1940, a large amount of w°~)c has been 
done in an effort to formul e * generally 
applicable equation of state to supplement the 
hydrodynamic equations of the theory of the 
detonation wave. The work had the objectives of 
determining the physical and chemical 
properties of the detonation ps in sufficient 
detail so as to make possible the evaluation of its 
thermodynamic state behind the detonation 
front and during its isentropic expansion from 
the detonation state. The latter information is 
necessary for the solution of flow problems 
when the initial boundary conditions are 
determined by the detonation wave. 

In much of this work, the theory has been 
employed in an inverted form-using 
experimental values of the detonation velocity 
and, when available, of the detonation 
pressure—to evaluate the parameters of an 
equation of state of assumed form. The equation 
of state obtained in this way can be employed to 
evaluate the unknown properties of the 
detonation wave in the explosive for which the 
equation was calibrated. If the parameters of tbc> 
equation can be related to the basic molecular 
parameters of the explosive and if the form of 
the equation is sufficiently general, the theory 


explosives. 

Attempts have been made to employ 
theoretical equations of state, based on 
molecular models, for a priori calculations of the 
detonation velocity and the properties of the 
detonation products. The most interesting of 
these efforts has entailed a very substantial 
degree of algebraic complexity in the resulting 
computational procedure. The theoretical 
approach is of great interest as a program of 
basic research in the theory of the properties of 
matter at high temperature and very High 
density. It may provide valuable qualitative 
guidance in the formulation of empirical 
equations in relatively simple analytical form 
that are in at least approximate agreement with 
the requirements if basic theory. As a 
computational procedure, to evaluate detonation 
properties for practical applications, the 
theoretical approach has been disappointing. 

The inverse procedure, involving the 
calibration of an equation of state of assumed 
form by experimental values of the detonation 
velocity, has been pursued with much 
elaboration of mathematical and numerical 
detail. The parameters of the equation of-siate 
depend upon the composition of the gas. The 
latter, if not assumed a priori on the basis of a 
conventional reaction scheme, are determined 
by the thermodynamic equilibrium conditions 
which depend on the equation o i\ state. 
Furthermore, it is necessar’ to conduct the 
calculation of equilibrium composition and 
evaluation of th? thermodynamic properties of 
the gas with the temperature' as an independent 
variable, even though this state variable is an 
unnatural choice from the point of view of the 
hydrodynamic equations themselves. The 
introduction of the temperature as a parameter 
of the problem leads to a degree of algebraic 
complexity that is absent from the fundamental 
equations. Because the simplifying assumptions 
employed by different workers have varied, the 
literature contains a variety of results on the 
properties of the detonation products; 
consequently, a comprehensive review of the 
field is impossible within the scope of this 
chapter. 
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In some applications, estimates of the 
detonation properties and to first order of their 
variation with the parameters of the system, e.g., 
the heat or energy of explosion and the initial 
density, will suffice. Such calculations do not 
justify elaborate computational procedures 
requiring computers and they will usually be 
based on an a priori specification of composition 
by means of a conventional decomposition 
scheme. In such calculations, simplicity of 
procedures is of greater importance than full 
mathematical rigor, and the equation of state 
may be of physically unrealistic form provided 
the properties of basic interest are not seriously 
affected thereby. 

In other applications, it may be desired to 
secure the most precise evaluation of the 
detonation properties that is possible. Such 
calculations will usually, at this time, be 
conducted on computers. It will commonly be 
required that the composition of the gas satisfy 
the thermodynamic equilibrium conditions and 
that the equation of state have a form that is 
physically plausible. A computational procedure 
that is suitable for use on an computer is usually 
different from one that is suitable for desk 
calculation, in that iterative methods of solution 
are extensively employed to reduce the 
complexity of the program. 

1 'n this chapter several equations of state 
suitable for the two types of application are 
described. In the case of the forms that are 
suitable for rapid estimates, the solution of the 
hydrodynamic equations is developed in some 
algebraic detail. In the more elaborate case, the 
solution is extremely laborious when conducted 
by hand, and we give explicit equations in the 
form in which they are conveniently utilized in 
the formulation of a computer program. 

7-2 THE ABEL EQUATION OF STATE 

The simplest of tne various empirical 
equations that seek to describe the dependence 
of the p'■ensure of nonideal gases on temperature 
and volume is that of van der Waal’s. In the 
form, due to Abel, that is appropriate for 
applications at high temperature, it can be 
written 

(7-1) 


in which a is a constant volume correction or 
covolume for unit weight of gas. This equation 
was first employed to solve the Hugoniot and 
Chapman-Jouguet equations by Taffanel and 
D'Autriche 1 and it has been extensively used in 
connection with calculations for condensed 
explosives by Schmidt 2 . The Abel equation can 
be obtained as the low density limiting form of 
the equation of state of a gas at high 
temperature composed of hard spheres. 
Therefore, it can be expected to describe the 
nonideal behavior of gases only if the specific 
volume is large compared to the covolume 
constant. This quantity turns cut to be of thesame 
order of m'%^Irude as the specific volume of the 
explosion gases from conventional explosives at 
customary values of the initial density. 
Consequently, a theory of the detonation 
velocity based on this equation of state can be 
expected to yield accurate results only at initial 
densities that are much lower than those of 
practical interest for condensed explosives. In 
spite of this fundamental limitation, such a 
theory is of practical value because it yields 
simple relations giving useful estinicte* of tbs 
detonation properties. 

Application of the general relations of Chapter 
2 for the nonideal gas correction to the 
thermodynamic properties of the explosion gas 
leads to the result that e(v,T) « e°(T) t i.e., that 
the gas is thermodynamically ideal with a 
specific energy function independent of the 
specific volume, a function of temperature only, 
and equal to the specific energy function of the 
ideal gas at the same temperature. It follows that 
c * c° and 7 * c /c v * 7 ° for a gas described by 
tfle A&l equation of state, where the superscript 
zero refers to the ideal gas and c p and c v are the 
specific heats of the gas at constant pressure and 
constant volume, repectively. Furthermore, 

MP.T) * e + pv * *°(T) + op 

k ~ 'f v/(v - a) 

where h° is the specific enthalpy function for 
the ideal gas and r is the adiabatic exponent, k 
fin p/d fin p ) t . 

In par. 6-5, it was shown that the detonation 
pressure p t and detonation specific volume are 
determined by the solution of Eqs. 6-107 


p[u - a) 


nRT 
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■-r<Pi + Po'fro - <S> 


(7-3) 



1 - PM ’ k i<Pi u o- !) ) 

When these relations have been supplemented by 
an equation of state and solved, the detonation 
velocity D, and particle velocity u x can be 
evaluated by Eqs. 6-106 


D = v c s/^IpTp! 

D( 1 - P„ v i) 


(7-4) 


With a condense? explosive, the pressure p x is 
the order of lO 4 to 10 6 atm. Therefore, p o can 
be neglected in comparison to p x . With this 
simplification and with the introduction of the 
enthdpy function and the heat of reaction q t 
defined by Eq. 6-8, Eqs. 7-3 can be written 


v ft'd’j-? +K (t ’ e + V 

•C,(/>& - 1 ) - 1 (7 ' 6 > 


By use of Eqs. 7-2 and introduction of the 
average specific heat at constant pressure c^~ 


c°, (T, - T o } 
Eqs. 7-5 become 


h°(T x ) - h°(T 0 ) (7-6) 


o° p (T x - T o ) 

m <1+ P x ( v Q + v x - 2a)/2 


(7- r ; 


^ * (v 0 y° + «) / (Tj 0 + 1 ) (7'8) 

Eq. 7-8 is the desired expression for the specific 
volume of the explosion gas in the 
Chapman-Jouguet detonation stato. When the 
pressure is eliminated from Eq. 7-7 by means of 
the equation of state and the specific volume o x 
by means of Eq. 7-8, we obtain 


1 

T 0 



1 



2y°J nRT o nR 


(7-9) 


where q 1 * q + rtRT o - p o v o » q + ni?T is trie 
energy of explosion. It will. be noticed that the 
temperature T x is a constant independent of the 
initial density. Because of the fo» rx of the Abel 
equation of state, these expra^uons for the 
temperature are the same as fhr% that would be 
obtained with the ideal gas equation of state. (In 
fact; Eq. 7-9 can be obtained from Eqs^F-lO by 
neglecting p o compared to p x , as <ve have done 
here, and substituting the ideal gas equa^pn .of 
state.) 

The specific heats and the heat capacity ratio 
are slowly varying functions of temperature. Eq. 
7-9 or 7-10 is easily solved by iteration. The 
specific heat and the ratio •f are evaluated for 
an approximate value of the temperature, an 
improved value of the temperature is obtained 
by. solution of one or the other of the equations, 
i\nd the process is repeated until successive 
approximations are in satisfactory agreement. 
Application of the theory based on the Abel 
equation is not usually of sufficient accuracy to 
justify a calculation of the equilibrium 
composition of the explosion gas. If a special 
application is r>uch as to justify this elaboration, 
the composition may be adjusted at each stage 
cl the iteration by a calculation of the 
equilibrium composition at the approximate 
values of the temperature and specific volume of 
the detonation state, using the methods 
described in Chapter 2. The activity coefficients 
f that are needed for the calculation are easily 
snown to be / * v/(v-ct ), independent of 
temperature ana composition. It Win usually 
suffice to base the application on a conventional 
composition as described in Chapter 3. 

By substitution of the equation of state and 
Eq. 7-8 into Eqs. 7-4 and the second of Eqs. 7-2, 
expressions for the detonation velocity, particle 
velocity, and adiabatic exponent of the 
detonation products arc obtained. 



K, =V' ,ftr i /7 i° 


(7-U) 


An alternative form, because C° p - + nR, is 


88 (7 X +«/>« )/(!-<%) 


7-3 
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For an explosion gas described by the Abel 
equation, the particle velocity u 1 is independent 
of the initial density p o . 

It is a convenient computational device to 
define hypothetical ‘‘ideal” detonation 
properties calculated for the actual explosion gas 
composition and initial density but with the 
ideal gas equation of state. If such quantities are 
designated with a superscript zero, expressions 
for their calculation are obtained at once from 
Eqs. 7-11 by setting a * 0. Thus, when the 
explosion products are described by the Abel 
equation, T l m T° 1 and - uj, we can write 


3 1 + «P 0 

D/If = (1- ap.)" 1 

where 


(7-12) 


u 0 -(7 1 “ + i)V»rt;/7; 


U° -yJnRTf ly? ' 


(7-13) 


and where T° is obtained by the solution of Eq. 
7-9 or 7-10. 

An approximate solution of Eq. 7-10, 
sufficiently accurate for estimates of the 
detonation properties, can be obtained by 
factoring the term c°/nR from the coefficient of 
T\ /T and assuming that the heat capacity is 
independent of the temperature in evaluating 
the remainder. If, in addition, we neglect cj T o 
compared to q , we obtain 

«i -T 1 '-A , vf/[(Tf+ «<] (7-14) 

Substituting this expression into Eqs. 7-1 and 
7-11 and using Eq. 7-8, we obtain 



«! =yj2q'(y° + l)nJ?/c° 


(7-15) 


which, together with Eq. 7-8, can be used to 
furnish estimates of the detonation properties, if 
a value of the covolume a is known. A useful 
relation is obtained by eliminating q between 
the first two of these equations 

<•‘■’■*(^7?) IM61 

which can be used to estimate the detonation 
pressure from an experimental value of the 
detonation velocity if the covolume or is known 
One can estimate the covolume constant by 
comparison of an observed detonation velocity 
with a value calculated by the first of Eqs. 7-11. 
This procedure is not strictly consistent with the 
assumptions on which that equation are based 
since it will be found that the covolume, assumed 
in the derivation to be constant, depends upon the 
initial density. It does, however provide a simple 
method of estimating the 
properties of the explosion gas when a 
detonation velocity has been s experimentaliy 
determined that is superior to a yotal neglect of 
the effects of gas imperfection. If the detonation 
velocity has been measured as a ''unction of the 
initial density, the quantity g o * 1 + dinD/din 
p can be evaluated from the experimental data. 
By differentiation of the first of Eqs. 7-11, we 
obtain the result 

“ = (*„ - 1)/(P„*„) (7-17) 

By substitution into Eqs. 7-8, 715, and the 
third of Eqs. 7-11, we obtain the relations 


S ' *oW + 1) ’ 1 



that depend only on observed quantities and on 
the heat capacity ratio for which a sufficiently 
accurate estimate can be made for an 
approximate composition and an approximate 
temperature. 

The application of these approximate 
equations can be illustrated by a calculation for 
Composition B consisting of 64% RDX, 35% 


7-4 







TNI, and 1% wax, by weight. The detonation 
velocity for this mixture is accurately known 
and the adiabatic exponent k x has been 
evaluated experimentally at a single initial 
density. These data suffice for the evaluation of 
experimental values of the detonation pressure, 
density, and particle velocity at the initial 
density for which the adiabatic exponent is 
known. According to Deal 8 ,the experimental 
values of the detonation velocity can be 
represented by 

D = 2639 + 3127p o 

where O is in m/sec and p is in g/cc. At p = 
1.714, Deal reports that * 2.77. 0 

We employ the conventional decomposition 
scheme 

C 4.4 H S.7 0 S N 4^ 4 * 4C0+125H 2 

+ 1.SH 2 0 + 2.45N 2 

to define the composition of the explosion 
products, according to which the oxygen is 
considered to react first to form CO and then to 
the extent possible with hydrogen to form 
water. This reaction yields 0.0434 mole of 
gaseous products per gram of explosive and an 
energy of explosion q' m 1.068 kcal/g at 25° C. 
Tie ratio y° “ 1.25 between 3400° and 
5000° K. The results of the calculations are 
summarized in Table 7-1. 

The unexpectedly good agreement between the 
estimates and the experimental values at p o ■ 
1.714 is unquestionably fortuitous, and it 
cannot be assumed that equally good agreement 
would extend to lower initial densities, were 
experimental values to be available. The 
comparison does imply that very useful 
estimates can be obtained by simple calculations 
when experimental values of the detonation 
velocity are available. 


7-3 DETERMINATION OF THE 
DETONATION STATE FROM 
VELOCITY DATA 

The usual procedure for formulating an 
equation of state descriptive of the detonation 
products of condensed explosives has involved 
the assumption of an analytical form of the 
equation and the evaluation of its parameters 
from experimental values of the detonation 
velocity. It has sometimes been erroneously 
claimed that the fact that this program can be 
accomplished implies that the assumed form of 
the equation of state is valid and that the 
thermodynamic properties calculated with its 
aid are accurately evaluated. It turns out that 
various different, forms of the equation lead to 
approximately the *ame values of those 
variables, that are explicit in the hydrodynamic 
equations but to widely different values of those 
variables, such as the temperature, that appear as 
parameters cf'^he problem. 

It is instructive to consider the general 
problem of determining the thermodynamic 
state of detonation pses using the 
hydrodynamic theory arid an experimental curve 
D - liqs. 7*3 and the first of Eqs. 7-4 can 

be rearnmgfcd-tp the form 

v 

:P t *P 0 rf( 1-P^i) f 

(7-19) 

e L ~ e 0 -ViS^d- PoVj 
where the Chapman-Jouguet equation is written 

^Poh^ 1 ~ Po v i) (7-20) 

In these expressions, we have without loss in 
generality neglected the initial pressure p o 
compared to the detonation pressure p l . The 
equation of state is customarily taken to be an 
expression of the form 


TABLE 7-1 ESTIMATES OF THE DETONATION PROPERTIES OF COMPOSITION B 


P*»«/cc 

go 

or, cc/g 

*1 

Eq. 7-18 Exp. 

p r g/cc 

Eq. 7-18 Exp. 

p r »tm 

Eq. 7-18 Exp. 

Eq.7-11 

,°K 

Eq. 7-14 

1.0 

1.543 

0.352 

2.47 

1.404 

94.5 

4370 

4060 

1.25 

1.597 

O.S02 

2.61 

1.723 

146 

4370 

4060 

1.5 

1.640 

0.260 

2.69 

2.060 

216 

4370 

4060 

1.714 

1.670 

0.234 

2.76 2.77 

2.338 2.335 

289 . 290 

4370 

4060 
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P T, ....n,....) (7-21) 

expressing the pressure as a function of the 
temperature, specific volume, and the mole 
numbers of each constituent of the mixture- of 
reaction products. The mole numbers n ( may be 
fixed a priori by an assumed composition or 
determined as functions of specific volume and 
temperature by Eq. 7-21 together with the 
equilibrium conditions. Either case implies the 
existence of an,implicitly defined function 

P * P(v , T) (7-22) 

By means of the laws of thermodynamics, the 
entropy of the detonation products is 
determined as a function of specific volume and 
temperature 


i - s(v, T) (7-23) 

and Eqs. 7-22 and 7-23 together imply the 
existence of an implicitly defined function 

P - P(i>, s) (7-24) 

The usual program for determining an equation 
of state in the form of Eq. 7-21, subject either 
to the equilibrium conditions or to an a priori 
specification of the composition, is the formal 
equivalent of determining function 7-24 for 
given values of p o ,e , and D m D(p o ) by means 
of Eqs. 7-19,° f-20 and the laws of 
thermodynamics. By use of the thermodynamic 
relations 



indeterminate in general, and determinacy 
requires the introduction of some restriction 
having the effect of specifying the arbitrary 
function. This is accomplished by assuming a 
form for the equation of state but the 
experimental data provide no criterion for the 
correctness of the assumption. 

Jones 5 has remarked that Eq. 7-22 represents 
a surface in the p,v,T space and that the 
maximum amount of information that can be 
derived from a D(p o ) relation would fix a line of 
a certain length on ihis surface. Thus, when one 
attempts to analyze detonation velocity data by 
fixing on one surface by the assumption of an 
equation of state, the result is largely arbitrary 
since there are evidently any number of surfaces 


which contain the same line. Jones concludes 
that very little information about the form of 
the equation of state can be obtained from 
detonation velocity data but that if a form is 
assumed, then the values of its parameters can in 
general be determined: It follows that the 
assumption of a form of equation must be 
guided in the main ; by considerations of physical 
plausibility. 

The first of Eqs. 7-19 defines a ruled surface in 
Pi, tfj, v o space. The second of these equations 
determines a curved surface in the .same space 
which, according to the Cnapman-Jouguet 
theory, touches the ruled surface along a line 
* p \ ( v 0 “ u i (%) that can be called the 
Chapman-Jouguet locus. In an investipition of 
the properties of gases that can be deduced from 
measurements of the detonation velocity, Jones 
has deduced from this geometrical circumstance 
a relation that is of great practical value. Eqs. 
7-19 are written in implicit form 


and the definition 


- Po V l) ■ Pi = 0 


K * -(3 J5ri p/3 & u) 4 


G{p v v v u 0 ) » - e a - Vip t ( 1 ** p 0 \) « 0 


Brinkley 4 has pointed out that the Jacobian 



vanishes at the point (p lt v l ) satisfying Eqs. 
7-19 and 7-20. This means that these equations, 
the thermodynamic relations, and the observed 
data can be satisfied together with any arbitrary 
function s " t(v) or T * T(v). The program of 
evaluating the thermodynamic state is thus 


(7-25) 

The condition that the surfaces definea by these 
equations be in contact is that at any point of 
contact the direction cosines of the normals to 
the two surfaces be equal. This condition leads 
to two relations 

lWto 1 )HdF/bp 1 )*'$G/bu 1 )HdG/dp 1 ) (7 M) 
(3F/3o 0 )/(3G/3u„) = (3F/3 Ul )/(3G/3 Ul ) 
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On evaluation of the derivatives, the first 
relation leads to Eq. 7*20 which is ah expression 
of the Chapman-Jouguet condition. The second 
relation leads to a new result. Defining a 
thermodynamic quantity X by 

1 1 /de\ 

X = p W, 

and noting the thermodynamic relation 



Jones obtained the relations 


nitrogen, Jones estimated that X is not likely to 
be greater than 0.25. 

In par. 7-2, reference was made to the 
experimental determination by Deal of the value 
of the adiabatic exponent for Composition B at 
an initial density p o * 1.714 g/cc. The 
measurements made in this investigation 
permitted the evaluation of the pressure as a 
function of specific volume along the isentrope 
passing through the Chapman-Jouguet point. 
The experimental data were quite well 
represented, particularly in the neighborhood of 
the Chapman-Jouguet point, by the simple 
adiabatic law 


Pl - ft.D , /[|r ? (2 + X)] 



«, - *„( 2 + X) - 1 


from the second of Eqs. 7-26, together with Eqs. 
7-19 and 7-20. Furthermore, from the second of 
Eqs. 7-4 

^ * WK (2 + X)] (7-30) 

In these expressions, g * 1 + dQn D/d fin p o , as 
defined and employed in the last paragraph. 

The utility of these relations resides in the fact 
that X contains all of the thermodynamic 
information that is required when the 
detonation velocity is known experimentally 
and g^ can be evaluated. Jones show that this 
quantity is essentially positive so that Eqs. 7-29 
and 7-30 with X * 0 provide upper limits top r 
e l , and u l and lower limits to and #c r . 
Furthermore, Jones shows that X is insensitive to 
the fonn of the equation of state and that it lies 
in the i^ige 0 < X « 2. Rather accurate 
estimates of X can be made with approximate 
equations of state, thus making possible the 
direct evaluation of those properties of the 
detonation products that are of principal 
interest in studies of their subsequent flow. 
Using available equation of state data for 


P, = Pl (li/of f K , K* =■ 2.77 (7-31) 

with constant adiabatic exponent, where p { * 
p(v,e{) * pjv) is the pressure on the isentrope 
passing through the experimental 
Chapman-Jouguet point (p{, Along an 
isentrope obeying Eq. 7-31, the.specific energy 
is given by 

e^e* ^(Pf-p*u*)l(H f - 1) (7-32) 

where e i * e(v,s{) and e x * *(p{ t v{). (We have 
employed an asterisk to designate properties at 
tho experimental Chapman-Jouguet point for p 0 
■ 1.714 g/cc.) 

The equation of state of the detonation 
products could be determined if, in addition to 
the known isentrope, the energy were known on 
a single nonistentropic curve in the same region 
since the rate of change of energy along an 
isentrope is defined by the first law of 
thermodynamics and the nonisentropic curve 
would provide initial data for the integration. 
Fickett and Wood 6 have shown that the 
isentrope and the Chapman-Jougutc locus 
passing through the experimental point (p v v x ) 
lie close together in the (p,t/>plane. They 
expand the energy as a Taylor series in the 
pressure about the point on the isentrope having 
the same specific volume and assume that the 
expansion can be terminated after the term of 
first order. For points near the experimental 
isentrope, this assumption leads to an equation 
of state 

e(p, u) = e, + p t (p - Pl )u (7-33) 
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where j$ ( is the value on the experimental 
isentrope of the quantity 


1 M 

v \bp/ u 


(7-34) 


The Chapman-Jouguet locus for varying initial 
density is completely determined by Eqs. 7-28 
to 7-34. Fickett and Wood have obta*ned the 
solution by nu' erical methods. The original 
paper should be consulted for details. Their 
results for the coefficients k , and X are listed 
for several values of the initial density in Table 
7-2; The values of the other detonation 
properties can be evaluated at once by means of 
the basic hydrodynamic equations previously 
given. 

The results listed in Table 7-2 depend only on 
the validity of Eq. 7-33; are independent of any 
assumptions regarding the form of a temperature 
explicit equation of state; and did not require 
evaluation of the composition of the product 
gas. Eq. 7-33 is correct to terms of first order in 
the increment (p - p f ) and is probably a ve*y 
good approximation when employed to 
determine the Chapman-Jouguet locus since that 
curve lies close to the experimental isentrope. 
Although the numerical solution of the equation 
is tedious, this method is probably the best 
available for the calculation of p, t v x , and Kj as 
functions of p o along the Chapman-Jouguet 
locus. Its application requires the availability of 
an experimental Chapman-Jouguet point and, in 
the absence of an experimental isentrope, the 
further assumption that the isentrope can be 
represented by equations in the form of Eqs. 
7-31 and 7-32. Additionally, the calculations 
summarized in Table 7-2 can be employed as a 
criterion for the physical plausibility of assumed 
analytical forms of the equation of state. 


7-4 MODIFICATIONS OF THE ABEL 
EQUATION 

When the simple Abel equation of state with a 
constant covolume was employed by Schmidt 2 
and others to describe the detonation products 
of condensed explosives, it was found that the 
covolume, evaluated to secure agreement with 
experimental detonation velocities, is a function 
of the initial density. This theoretical 
inconsistency should have led the early workers 
to reappraise the analysis and it has led 
subsequent workers to reriiove the inconsistency 
by adopting less restrictive assumptions. The 
Abel equation 

p(u - a) * nRT 

can be made to describe the state of any 
substance if a is & suitably prescribed function 
of two state variables, e.g., a * a (p t v). However, 
it was shown in the last par. 7-3 that a curve 
D(p o ) does not provide sufficient information to 
evaluate the function a in this generality, and 
some restriction must be placed upon it. 
Restrictions that are sufficient, but less 
restrictive than the specification ct * constant 
employed in par. 7-2, are a* <x(u} or a * a(p). 
The first of these has been employed by Cook 7 
in extensive calculations. The second has been 
employed by Jones in calculations for the 
explosive PETN. 

Cook employs a modified Abel equation of 
state in the form 

p[u-.a(i/)] « nRT (7-35) 

According to this equation 



TABLE 7-2 THE DERIVATIVES ft K, AND X ALONG THE CHAPMAN-JOUGUET 
LOCUS FOR COMPOSITION B 



£ 

K 

X 

1.714 

1.77 

2.77 

0.256 

1.6 

1.79 

2.74 

0:257 

1.4 

1.82 

2,67 

0.260 

1.2 

1.86 

2.59 

0.262 

1.0 

1.91 

2.50 

0.266 
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so that a gas described by Eq. 7-35 can belaid 
to be thermodynamically ideal with e(v,T) = 
e°(T), c u = c° Furthermore, the specific 
enthalpy h m e + pv » e° + nRT + p<x(v) - h° + 
pot(O) so that c p - c° and y = c p /c v « y °. At the 
high density of the detonation products, one 
would expect the specific energy function to 
have a substantial contribution from the energy 
Of gas imperfection arising from repulsive terms 
in the intermolecular potential junction. This 
expectation is confirmed by molecular theories 
of the properties of dense gas, such as that of 
Lennard-Jones and Devonshire, which is at least 
qualitatively correct. The consequence of Eq. 
7-35 that is expressed by Eq. 7-36 does not 
appear, therefore, to be physically plausible. 

The adiabatic exponent k can be evaluated by 
Eq. 7-35 and the relation 



We obtain the expression 

K - 7° ( 77 ^) U-a'O'M (7-38) 

where a' (v) is the derivative of <x with respect 
to v. Eqs. 7-3, with the neglect of p o compared 
to p x , become 


“(“.r + v/tr + i) 



nR 


(7.-39) 


where 


r = 7° [1 + o£(u)] (7-40) 

and where cf - )-e a (T o ))/(T 1 - TJ is an 

average specific heat at constant volume and q* 
is the energy of explosion. It may be noted that 
Eqs. 7-39 have the same form as the solutions of 
Taffanel and D’Auferiche 1 for the unmodified 
Abel equation of state, Eqs. 7-8 and 7-10, with 
the quantity V replacing the heat capai .ty ratio 
7° . Eqs. 7-4 can be written 



The adiabatic exponent can be evaluated with 

K x - (r + apj/(l- ap o ) (7-42) 

Eqs. 7-41 and 7-42 are analogous to Eqs. 7-11 
based on the Abel equation of state. 

Cook has applied Eqs. 7-39 through 7-42 to a 
large number of explosives. His method of 
calculation was iterative, commencing with the 
solutions based on the Abel equation. At each 
state of the iteration, he calculated the 
equilibrium composition of the detonation 
products. He has in this way determined the 
function <x(v) from the experiment D(p o ) for 
the explosives considered. He concludes that the 
function ol(v) found in this way is independent 
of the composition of the detonation gai and 
may be used for the a priori calculation of 
detonation properties. The function ot(v) as 
determined by Cook is shown in Fig. 7-1. Some 
of the results obtained with this equation of 
state are listed in Table 7-3. 

If Cook’s equation of state is to be employed 
in a forward calculation of the detonation 
properties, the calculation must be performed 
by successive approximations. The 
Taffanel-D’Autriche 1 solutions expressed by 
Eqs. 7-8 and 7-10 provide a convenient &st 
approximation. If the calculation is to be 
elaborated by the assumption that the 
detonation products are in equilibrium* the 
compositions can be adjusted at each stage of 
the iteration by an equilibrium calculation 
employing the methods detailed in Chapter 2. 
The activity coefficients ft, appropriate for an 
equilibrium calculation at specified temperature 
and specific volume, are given by 



(7-43) 


and have been tabulated by Cook. These 
coefficients are independent of composition and 
temperature and, as noted in Chapter 2, result in 
a calculation of the equilibrium composition 
that is no more difficult than that for an ideal 
gas. 

Jones has employed a modified Abel equation 
of state in the form 

p[u - a(p)] = nRT 
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TABLE 7-3 DETONATION PROPERTIES OF SOME PURE EXPLOSIVES 7 



Po’ 

v v 

n v 

T r 

u v 

/v 

Explosive 

g/cm 3 

cm 3 /g 

moles/g 

°K 

m/sec 

10 3 atm 

PETN 

1.0 

0.725 

0.0352 

5350 

1540 

85 


1.6 

0.478 

0.0349 

5700 

1820 

225 

RDX 

1.0 

0.723 

0.0405 

5250 

1660 

95 


1.6 

0.469 

0.0405 

5750 

2000 

255 

TNT 

1.0 

0.740 

0.0331 

3700 

1250 

60 


1.6 

0:505 

0.0245 

4170 

1340- 

150 

Tetiyl 

1.0 

0.752 

0.0370 

4200 

1340 

75 


1.6 

0.485 

0.0355 

4700 

1670 

200 


and applied it to the explosive PETN. According where ^ is a function of p given parametrically 
to this equation in terms of p o by 


/d/i\ /dtA 

Wr^'W, 


: a (P) 


(7-45) 


so that a gas described by Eq. 7-44 has the 
specific enthalpy and energy functions 

p 


h = h°{T) + / <x(p)dp 


1 


/ 


e±<?(T)+ I a{p)dp - pa(p) 


(7-46) 


andCy =“c^ 7 -c p /c v xr f. Since this form 
of equation predicts a contribution to the 
energy from gas imperfection, it appears 
intuitive,y to be a more plausible form than that 
employed by Cook. 

This equation of state appears to have been 
applied only to the explosive PETN. For this 
material, Jones has employed the detonation 
velocity data of Friederich 8 to evaluate the 
function a(p). For an equation of state of the 
assumed form, the coefficient X, defined by Eq. 

r27 ’ “ X = y° - 1 (7-47) 


and it may be regarded a constant to a good 
approximation. Then by means of Eqs. 7-29, the 
detonation properties can be evaluated directly 
ffcom the experimental D(P 0 ) curve. Using Eqs. 
7-29 and 7-46, Jones shows that a(p) can be 
evaluated by the numerical solution of 


P <*(P) 


(7-48) 


/Mf 


(1 + X)* = — -V - X q' (7-49) 

2(2 + X) \ gi ) 


together with the first of Eqs. 7-29, where q' is 
the energy of explosion. Jones' determination of 
the function a(p) for PETN is shown in Fig. 7-2. 
Calculated values of the detonation properties 
are listed in Table 7-4. The energy of gas 
imperfection resulting from this form of the 
equation of state is shown in the last column of 
the table. The quantity increases strongly with 
increasing initial density and is responsible (or 
the downward trend of the temperature. 

The Jones modification of the Abel equation 
of state does not appear to have been applied to 
other explosives, and its application at the 
present lime to an a priori calculation would 
require an assumption thr.t the function a(p) is 
independent of composition. If such an 
assumption should turn out to be justified, the 
equation should provide a useful and relatively 
simple method for the calculation of detonation 
products having the desirable feature that the 
energy of gas imperfection is not neglected. The 
analytical form of the equation is such as not to 
yield useful expressions by a partial reduction of 
the equation, similar to that employed in our 
description of the Abel equation or of Cook's 
modification of it. It would be most convenient 
in this case to conduct the calculation in the 
general manner described in par. 6 - 5 , using, if 
desired, the methods of Chapter 2 to evaluate 
the equilibrium composition. 
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TABLE 7-4 DETONATION PROPERTIES OF PETN 5 



D, 

“i- 

Pi- 

V 

T 

A. 

g/cm a 

m/sec 

m/sec 

io 3 atm 

cm 3 /g 

°K 

cal lg 

0.50 

3940 

1305 

26 

1.34 

4870 

135 

0.76 

4720 

1415 

50 

0.933 

4630 

245 

1.00 

6650 

1560 

86 

0.719 

4400 

375 

1.25 

6450 

1710 

137 

0.588 

4160 

560 


The coefficient X defined by Eq. 7-27 is given 
by Eq. 7-47 when the modified Abel equation of 
state employs the assumption a * a(p) t and by 

X * (y - 1)/[1 - o' («/)] (7-60) 

when the assumption a m a(u) is made. We have 
employed these expressions together with Eqs. 
7-29 and the observed D(p o ) to estimate the, 
adiabatic exponent k on the Chapman-Jouguet 
locus-for Composition B. We employ the same 
assumptions as were employed in par. 7-2 and 
take 7° * 1.26, independent of the initial 
density, The results are summarized in Table 7-5 
where we include for comparison the values 
obtained by Fickett and Wood, and previously 
listed in Table 7-2. 

The results fora =* constant and ot-*a(p) are 
identical because both assumptions lead to the 
same estimate of the coefficient X, namely y° - 
1. These results are in rather good agreement 
with the results of Fickett and Wood. The 
results based on the assumption ot * a(v) are 
systematically much higher than the other 
results. If the calculations of Fickett and Wood 
are used as a standard of comparison, we 


conclude that the assumption a * at(v) ic inferior 
to the assumption a * a (p). Furthermore, we can 
conclude that the simple Abel equation when 
calibrated by observed detonation velocities at 
ea°h initial density can be used for reliable 
estimates of the detonation properties in spite of 
the mathematical inconsistency that attends its 
use. 

7*5 APPLICATION OF THE 
CHAPMAN*JOUGUET CONDITION TO 
MIXTURES WITH VARYING 
COMPOSITION 

The application of the Chapman-J ouguet 
theory to the calculation of the properties of the 
detonation products has been based on the 
solution of two equations between 
thermodynamic properties, Eqs. 7-3, which with 
the equation of state suffice to specify the 
thermodynamic state of the product gas. The 
application of the second of these, which has 
been employed in the form 

MVo - i) = i (7 ' 51) 


TABLE 7-6 THE ADIABATIC EXPONENT FOR COMPOSITION B ALONG THE 
CHAPMAN-JOUGUET LOCUS 


Pq 

ct * Const. 

a = a(v) 

a * a(p) 

Table 7-2 

1.714 

2.76 

3.80 

2.76 

2.77 

1.6 

2.72 

3.66 

2.72 

2.74 

1.4 

2.65 

3.43 

2.65 

2.67 

1.2 

2.57 

3.18 

2.57 

2.59 

1.0 

2.47 

2.92 

2.47 

2.50 
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and which is a statement of the 
Chapman-Jouguet condition, requires further 
discussion for calculations in which the 
composition of the product gas is determined by 
the equilibrium conditions and in which, in 
consequence, the composition will in general 
vary in moving from one state point to another. 

If we recall that the adiabatic exponent is 
defined as the derivative 

x = (3 fin p/9 fin p\ (7-52) 

it is necessary to specify the way in which the 
differentiation is to be performed in cases where 
the composition is a function of state. It has 
been implicitly assumed in the reduction of the 
equations presented in the preceding paragraphs 
of this chapter that the differ'ei.tfrtion is 
performed at constant composition. The 
quantity so obtained may be called the 
adiabatic exponent for fixed composition or, 
more shortly, the “frozen” adiabatic exponent. 

For calculations in which the composition is 
assumed to be fixed, there is no incompleteness 
in the definition of the quantity k since the 
“fro2en” quantity is evidently consistent with 
the a priori .assumption as to composition. 

It has been noted in Chapter 2 that the laws of 
thermodynamics for mixtures with fixed 
composition or for mixtures with equilibrium 
composition assume the same form as for 
systems of one constituent. The thermodynamic 
state functions and their derivatives for mixtures 
are thus completely defined in terms of two 
state variables either when the composition is 
fixed a priori or the composition is the 
equilibrium composition. In particular, a 
differential coefficient such as the adiabatic 
exponent is a well defined function of the 
thermodynamic state when it is specified that 
the equilibrium conditions in differential form 
are to be satisfied when the differentiation of 
Eq. 7-52 is performed. The quantity so obtained 
may be called the adiabatic exponent for 
equilibrium composition or. more shortly, the 
“equilibrium” adiabatic exponent, 

The sound velocity and the adiabatic exponent 
are related by the expression, 

c 2 = KPIP (7-53) 

Therefore two sound velocities, a frozen sound 


velocity or an equilibrium sound velocity, are 
obtained, depending upon whether the frozen or 
equilibrium value of the adiabatic exponent b 
employed ii. Eq. 7-53. In physical terms, the 
former quantity is the velocity of propagation of 
acoustic waves in the limit of very high 
frequencies; the latter, the velocity for the limit 
of very low frequencies. Now Eq. 7-52 is an 
expression of the Chapman-Jouguet condition 
that the detonation velocity is equal to the local 
sound velocity with reference to the detonation 
products. Consequently, the application of the 
theory is not completely specified until the 
meaning of sound velocity (and of the quantity 
k ) is further specified. There is no 
thermodynamic argument that will define the 
proper quantity unambiguously. 

In Chapter 8, we discuss in some detah the 
question of completing the statement of the 
Chapman-Jouguet condition by specifying the 
nature of the sound velocity. It appears that the 
equilibrium sound velocity is properly employed 
in cases that are truly one-dimensional. 
However, we believe, in at least some instances 
where the one-dimensiorial.case is employed.as a 
simplified model of an actual two-dimensional 
explosive charge, it is more appropriate to 
employ the frozen sound speed in the statement 
of the Chapman-Jouguet condition. These 
questions will be more completely considered.in 
Chapter 8. We here wish only to take note of the 
fact that the numerical results of a calculation of 
the detonation properties will depend to some 
extent on the assumption used with respect to 
the statement of the Chapman-Jouguet 
condition. As a practical matter, the distinction 
between the two forms of the Chapman-Jouguet 
condition is largely academic. Cowan and 
Fickett 9 report that pressures calculated using 
an equation of state due to Halford, 
Kistiakowsky, and Wilson, differed by less than 
1% at an initial density of 1.2 g/cm 3 and were 
almost identical at high initial density, the 
pressure being higher when calculated from the 
equilibrium Chapman-Jouguet condition. 

Almost all of the calculations that have been 
reported have employed a Chapman-Jouguet 
condition based on the frozen sound speed. 
(Most authors have regarded this an 
approximation.) If it is desired to base the 
Chapman-Jouguet condition on the equilibrium 
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sound speed, two methods of computation s 
possible. The first, which has been employed by 
Cowan and Fickefcl, is to construct the 
equilibrium Hugoniot curve in the neighborhood 
of the Chapman-Jouguet point, using only the 
first of Eqs. 7-3. and to determine by trial or by 
graphical or numerical interpolation the point 
on the Hugoniot curve resulting in the minimum 
detonation velocity: This procedure clearly is 
equivalent to employing the equilibrium sound 
velocity in the statement of the 
Chapman-Jouguct condition. The second, which 
we prefer because it requires substantially less 
computation, is to employ the general iterative 
procedure described in Appendix F which, 
together with the methods for eva^ating 
equilibrium composition and equilibrium 
thermodynamic propertie described in 
Appendix 5, iekk to a direct solution of the 
problem. 

The frozen composition Chapman-Jouguet 
condition appears generally to be an entirely 
adequate approximation. It is much more easily 
employed. Even So, the general iterative 
procedure of Appendix F remains, in uur 
opinion, the most straightforward 
computational approach for any equation of 
state except the simple forms suitable for order 
of magnitude estimates. In Appendix E, we have 
described computational procedures in detail for 
evaluating the thermodynamic properties of 
equilibrium mixtures. The Chapman-Jouguet 
point is then determined by an iterative 
procedure involving thermodynamic quantities 
only. The computational procedure is thus 
completely prescribed if the equation of state is 
presented In analytical form. 

7-6 EXPLOSIVES WHOSE PRODUCTS 
CONTAIN A SOLID PHASE 

The products of detonation of an explosive 
may consist not only of an homogeneous gas 
mixture but also of a mixture of gas with various 
condensed constituents. Nongascoua 
constituents may be present in the products 
because species found in the reaction condense 
at the prevailing detonation temperature and 
density. Explosives such as tetryl or TNT have a 
marked oxygen deficiency and, as a result, free 
carbon is formed as a reaction product. Some 
commercial explosives are cot ounded with 
chemically inert diluents present in the original 


explosive mixture, and these materials form 
condensed phases in the detonation products. 

The first case where some of the reaction 
products are condensed can be treated in a 
direct manner. It is natural to assume that such 
products are in thermal equilibrium with the 
gaseous reaction products and completely 
entrained by them. These assumptions applied 
to explosives containing inert diluents are more 
arbitrary in nature and will be the more closely 
applicable the finer the particle size of the 
diluent and the lower its concentration. For the 
case of inert diluents, Taylor 11 has compared 
calculations in which thermal equilibrium is 
assumed with calculations in which it is assumed 
that there is no heat transfer to the diluent 
Complete entrainment was assumed in each case, 
and Taylor concludes that the assumption cf 
thermal equilibrium results in the better 
theoretical model. 

The pressure of the gas phaae is represented by 
an equation of state as an expression of the 
general form 

P B P(v g ,T) (7-61) 

where v g may be defined as the volume of the 
gas phase for unit total weight of explosion 
products. Since the volume (if gas 'md of 
condensed phases is additive 

»~ v g + u t (7.55) 


where v Is the specific volume of the mixture as 
previously defined and v § is the volume of 
condensed phases for unit total weight of 
products. Furthermore, 


■ 

condensed 

phases 


(7-66) 


where n, is the number of moles of the l-tfi 
condensed species from unit weight of explosive 
and V { is the molar volume of the i*th condensed 
species. In the case of an explosive producing 
solid carbon, such as TNT, this expression is 
simply 

", “ n ' V c (7-57) 


The general form of the equation of state for a 
mixture of gas and condensed species expressed 
In terms of the specific volume of the mixture, 
can now be written in the form 
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p=p(u- u,T) (7-58) 


where v f is, in general, a function s. pressure 
and temperature. 

An equation of state of the Abel type can be 
written in the form 


p(u - a) = nRT 
"a * a + v 

4 



where n is the number of moles of gas produced 
by unit weight of explosive. Thus the quantity a 
becomes an effective covolume, and the 
equation has the game form for a mixture of gas 
and condensed phase as for a gas phase alone. In 
calculations that are calibrated by observed 
detonation velocities such as have been 
described previously, a may be considered: (1) 
an adjustable constant as in the Abel equation, 

(2) a function ot(u) as has been done by Cook, or 

(3) a function a(p) as would be appropriate in a 
calculation employing the Jones modification of 
the Abel equation. 

In a priori calculations of the detonation 
properties using an equation of state with 
known parameters, the quantity must be 
evaluated. This requires knowledge of the 
concentration of each condensed species in the 
detonation products and the molar volume of 
each species at the temperature and pressure of 
the detonation gas, The former quantity 
concentration must be based on an initial 
estimate that is improved as the overall iteration 
procedure progresses by successively more 
accurate determinations obtained from the 
solution of the equilibrium conditions, The 
molar volumes of the condensed species can 
usually be taken as constants of the system 
unless their concentrations are very large. They 
can be evaluated, when the necessary 
compressibility and thermal expansion data 
exist, at a temperature and pressure in the range 
of detonation conditions and thereafter held 
constant. Lacking such data, the molar volume 
at ambient conditions can be employed as an 
estimate. The overall precision with which the 
equation of state of the gas is known does not 
appear for most applications to warrant an 
elaborate equation oi * a for condensed 
species. Furthermore, as a practical matter, the 
use of more accurate forms is awkward because 


such forms are explicit either in the pressure or 
in the molar volume of the solid and they are 
not easily combined with the equation of state 
of the gas which is explicit.^ the volume of .the 
gas. We ci*e, however, the work of Cowan and 
Fickett 8 who have quoted an equation of state 
for carbon (graphite) with parameters that are 
derived from experimental measurements of the 
shock Hugoniot curve in graphite. It is an 
accurate but extremely cumbersome equation of 
state for carbon that could be employed ir 
calculations if the high accuracy could be 
justified by comparable accuracy in the other 
parameters involved. 


7-7 THE VIRIAL EQUATION OF STATE 


According to the virial theorem, the equation 
of state for gases can always be written in the 
form 


n 

nRT 


B(T) C(T) D(T) 


= 1 + • 


(7-60) 


where B(T), C(T), D(T)y .. are the first, second, 
third, etc., virial coefficients which are functions 
of temperature and composition but nat of 
volume. For molecules with an interaction 
energy that can be expressed as a function of the 
intermolecular distance, the second virial 
coefficient can be theoretically evaluated. For 
nonattracting rigid spherical molecules, the virial 
coefficients are independent of temperature. Fpr 
such a gas, the third yiriol coefficient has been 
calculated by Boltzmann and Jaget «<id the 
fourth virial coefficient by Happel and 
Majumbar 12 . For the gas of rigid nonattracting 
spheres, the virial equation to cubic terms in the 
density has the form 


I! 

nRT 


■ 1 +- + . 0 «25^ + 0.2860£r (7 ’ 61) 
v. \ U J V.J 


At high temperature, Hirschfelder and 
Rosevearo 13 proposed the equation 



(7-62) 
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where the second virial coefficient is calculated 
according to the theory of imperfect gases in the 
limit of vanishing density and is found at high 
temperatures to be nearly independent of 
temperature. Thus, the second virial coefficient 
can be evaluated theoretically, and its evaluation 
makes possible a theoretical evaluation of the 
higher virial coefficients for a hard sphere gas 
which is taken to be a satisfactory model of a 
real gas at high temperature. The value of the 
fifth virial coefficient in. the expression given 
was chosen to make the equation agree at high 
density with the free volume theory of liquids of 
Hirschfelder, Stevenson, and Eyring 14 . 

The calculated high temperature second virial 
coefficients of some species appearing as 
explosion products are listed in Table 7-6. 

The coefficients in Table 7*6 are for pure gases. 
Rules for mixtures having a theoretical 
justification are quite complex in form. In view 
of the approximation, only the simplest 
combinatipn rule can be justified and the 
formula 


b * f (7-63) 

has been employed in applications of Eq. 7*62. 

Hirschfelder and his coworkers have employed 
Eq. 7*62 in extensive calculations of the 
thermodynamic properties of the products of 
propellants. Its application to the a priori 
calculation of the properties of the detonation 
products of condensed explosives is due to 
Paterson 1 fl . It is of the form 



(7-64) 


(7-65) 


and c„ = Cy, 7 * c/c 0 * 7 ° . The equation neglects 
the energy of gas imperfection and will, for this 
•eason, overestimate the temperature of the 
detonation products. Paterson justifies this 
neglect by stating that it is justified af low initial 
densities and will affect to only a small extent 
all properties except temperature at higher 
initial densities. 

Eq. 7-62 can be written in the Abel form 


P l», - «(«V)1 * nR T (7-66), 

where 

«(",)- ",[3 “ 1 /%)) 

x 53 b/v g 



Therefore, the quantity T can be calculated by 
the relation 

and the solution for the Chapmpn-Jouguet 
^.oint, based on the frozen Chapman-Jouguet 
condition, is given by Eqs. 7-39. Thus, the 
modified Boltzmann *orm of the virial equation 
of state can be employed to obtain an a priori. 


TABLE 7-6 HIGH TEMPERATURE SECOND VIRIAL COEFFICIENTS OF 
GASEOUS DETONATION PRODUCTS 15 


Species i 

6 /r cm 3 /mole 

Species i 

b h cm 3 /r 

CO * 

37.0 

NO 

21.2 

CO 

33.0 


34.0 

H 2 

14.0 

ch 4 

37.0 

H 2 ° 

7.9 

nh 3 

15.2 


30.5 




* At densities where the C0 2 molecule k assumed not 
to rotate. At lower densities, with rotation permitted, 
the value of t>, for CO^ is 63.0 cm 3 /mole. 
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theoretical evaluation of the function <x(v) that 
was evaluated empirically by Cook. 

The results of some of Paterson’s 
calculations—using the equation of state Eq. 
7-62, the frozen Chapman-Jouguet condition, 
and assuming equilibrium composition of tne 
detonation products—are given in Table 7-7. 
Paterson has also applied .his equation of state 
to calculations for a large number of commercial 
blasting explosives. 

In these calculations all of the necessary data 
were determined without reference to 
detonation experiments. Considering the 
completely a priori nature of the calculations, 
surprisingly good agreement with experimental 
detonation velocities was obtained, particularly 
at the lower values of the initial density. 


7-8 v s HALFOROK1STIAKOWSKY-W1LSON 
EQUATION OF STATE 

An extensive computation of the detonation 
state was carried out by Brinkley and Wilson 17 
employing an empirical form of equation of 
state that was proposed by Halford, 
Kistiakowsky, and Wilson 10 . The equation is a 
modified form of one that was originally 
employed by Becker to represent an 
experimental nitrogen isotherm. It was modified 
by the omission of terms that are significant 
only at low temperature and in such a way as to 


provide for a contribution due to gas 
imperfection to the energy content of the gas. 
The parameters of the equation were calibrated 
in part by the use of experimental detonation 
velocity data and in part from theoretical 
considerations. Since the original work, this 
equation has had many modifications as new 
data became available. The most extensive and 
moat recent re.jsion has been carried out by 
Cowan and Fickett who were able to 
supplement experimental velocity data with 
some experimental pressure measurements. 

Cowan and Fickett employ an equation of 
state in the form 


pu g = nRTF(x) 

F(x) 1 + xe^ x 

X = fc/[iy (T + 0)") 

* - w, 



Here, v g is the volume of gas from unit weight of 
explosive; n, is the number of moles.of the i-th 
gaseous constituent from unit weight of 
explosive; a, 0, and 9 are empirical constants; 
and the k ( are empirical constants, characteristic 
of the individual species, having the nature of 
covolumes. The constant 9 was added to. the 
original form to suppress a spurious minimum 
that the unmodified form presented in curves of 







TABLE 7-7 DETONATION PROPERTIES OF SOME CONDENSED EXPLOSIVES 16 





Explosive 

g/cm 3 

cm 3 /g 

Nitroglycerin 

1,60 

0.505 

PETN 

0.50 

1.362 


1.00 

0.760 


1.50 

0.540 

TNT 

0.50 

1.354 


1.00 

0.769 


1.50 

0.550 

Tetryl 

0.50 

1.3G6 


1.00 

0.770 


1.50 

0.550 



Pi • 

*!• 

D, 

“K 

10 3 atm 

m/cec 

tn/sec 




5640 

199 

1550 

8060 

5000 

21.3 

1175 

3670 

5150 

73.8 

1340 

5560 

5340 

188 

1550 

8150 

3873 

12.4 

894 

2770 

3873 

44.2 

1010 

4400 

3890 

124 

1196 

6970 

4500 

15.6 

1000 

3140 

4600 

56.9 

1150 

5000 

4790 

160 

1375 

7850 
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pressure versus temperature at constant volume. 
Cowan and Fickett have employed the value 0 = 
400° K in all of their work. 

When Eq. 7-69 is employed as the equation of 
state, the specific energy e { of gas imperfection, 
where e + e h is given by 

eJ(nRT) - a (F - 1) . (7-70) 

which is a rapidly increasing function of the gas 
density at constant temperature. 

Eqs. 7-69 and 7-70 can be written in an 
approximate form 

e i = ot{pv a - nRT) (7-71) 

if we negiect BIT compare to unity. Now, it 
can be shown from the Yirial theorem that if 
attractive forces are neglected in comparison 
with repulsive forces in the intermolecular 
potential function and if the latter varies 
inversely as the n-th power of the intermolecular 
distance, then 

V (3 ln)(pu g - nRT) (7-72) 

Thus, Eq. 7-71 is of the correct form for the 
internal energy of a gas that is sufficiently dense 
so that attractive forces can be neglected in 
comparison with repulsive forces. Furthermore, 
the parameter a can be identified with the 
quantity 3/n, where n is the exponent of the 
repulsive term in an interrno)ecuiar potential 
function of the Lennard-Jories cype. From 
theoretical considerations, n>6so that oc < l A . 
Cowan and Fickett found the best overall fit 
with experimental data with the value oc = ] A. 
The high value of this coefficient reflects the 
fnc^ that attractive forces are not entirely 
negligible at any gas density. Also, there is now 
evidence that an inverse power law for the 
repulsive term is too “hard” for dense gases. 

The discussion of th, last paragraph is not, of 
course, a complete justification of the form of 
the essentially empirical equation of state, Eq. 
7-69. It does, however, indicate that this 
equation takes account of the energy of gas 
imperfection in a way that is physically plausible 
and in this respect, at least, is superior to the 
other forms of equation of state that have been 
considered. Unfortunately, its use in routine 
calculations involves a considerably more 


elaborate computational program. It is not 
conveniently employed for desk computations, 
and it.is most suitably employed in calculations 
employing a computer for which the effort of 
preparing a computer program can be justified. 

We can summarize the values of the equation 
of state parameters adopted by Cowan and 
Fickett as follows: 

a = 0.50 
(3 = 0.09 
0 = 400 °K 

The values of the k ( are given in Table 7-8. 


TABLE 7-8 VALUES OF THE CONSTANTS kf 


Species 

, fc * 

R ( 

Species 

V 


£138 

CO 

3383 

HjU 

3636 

CO, 

6407 

N a 

6267 

NO 

4148 


Table 7-9 contains values of some detonation 
properties of several explocives calculated with 
Cowan and Fickettls form of the 
Halford-Kistiakowsky-Wilson equation of state. 
Experimental values and some calculated values 
by Cook and by Paterson are included for 
comparison. 

Cowan and Fickett conclude that reasonably 
good agreement between calculated and 
observed quantities is obtained except for 
explosives such as TNT with large oxygen 
deficit. In the case of TNT the calculated values 
are unsatisfactory even though an elaborate 
equation of state was used for solid carbon. The 
cause of this discrepancy is not understood at 
the present time. 

The equation of stare employed by Cowan arid 
Fickett leads to detonation temperatures that 
decrease with increasing initial density. This 
behavior follows from the fact that the equation 
of state results in a contribution to the energy 
due to gas imperfections as a strongiy increasing 
function of density. It will be noted from Table 
7-9 that the calculated temperature is 


*A more extensive list of the constants Af i a to the 
best available explosives' property data, ix c ;talned in 
reports by C. Madcr, LASL, which have not been 
published. 
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substantially lower than for equations of state 
for which the energy of gas imperfection is zero. 
Cowan and Fickett conclude that, the 
Halford-Kistiakowsky-Wilson equation of state is 
probably fairly reliable if its use is restricted to 
explosives which are similar to those that were 
included in the determination of its parameters, 
and to pressures and volume? tjiat are not too 


different from those at the Chapman-Jouguet 
point. There appears to be no justification for its 
use in an extended extrapolation. 

We conclude this chapter by remarking that 
the problem of formulating a generally adequate 
equation of state is not solved. The 
Halford-Kistiakowsky-Wilson equation appears 
to be the best available. 


TABLE 7-9 COMPARISON OF CALCULATED DETONATION PROPERTIES 




P 0 . 

A 


T, 

P . 



Exploahre 

Source 


m/sec 

dD/dp o 

•K 

10* atm 

Hi! 

V 

RDX 

Experimental 

1.6 

8060 

3470 


282 

2.82 

0.32 


■Cowan 4 Pickett. 

1.6 

6037 

?260 

2788 

266 

2.70 

0.30 


Cook 

1.6 

8040 

~ 3670 

5750 

255 

3.01 

- 0.34 

EDX 

Experimental 

1.6 




386 

3,06 



Cowan k Pickett 

1.8 




344 

2 .. 


iOT 

Experimental 

1.6 

6840 

2800 


168 

3.44 

0.68 


Cowan k Pickett 

1.6 

6894 

3120 

2715 

193 

3.88 

0.26 


Cook 

1.6 

7030 

~ 3660 

4170 

150 

4:20 

0.84) 


Pa tenon 

1.6 

6790 

3310 

3900 

125 

4.81 

1.26 

TNT 

Experimental 

1.64 




176 

3.48 



Cowan k Pickett 

1.C4 




204 

2.91 


RDX/TNT, 73/22 

Experimental 

1.755 




313 

2.82 



Cowan k Pickett 

1.755 




307 

2.86 


Comp, fi 

Experimental 

1,716 




288 

2.79 



Cowan k Pickett 

1.116 




281 

2.89 
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CHAPTER 8 STRUCTURE OF THE PLANE DETONATION WAVE: FINITE 

REACTI6.. Ml 


8-1 INTRODUCTION. 

The elementary theory of plane detonation 
waves, described in Chapter 6, is based on a 
model in which the reaction zone is idealized as 
a mathematical plane, thus implying a 
detonation reaction of infinite rate and a 
reaction zone of zero thickness. The properties 
of the detonation wave are then determined by 
the expressions for the transport of mass, 
momentum, and energy across the discontinuity; 
by the Chapman-Jouguet condition which 
provides a sufficient description of the flow 
behind the detonation front; and by the 
equation of state and thermal properties of the 
‘detonation products. The properties ol the 
detonation wave are independent of the rate of 
the detonation reaction according to this 
' idealized model. 

This elementary theory correctly describes the 
main features of the detonation process. In 
particular, it correctly predicts the detonation 
velocity and the thermodynamic state of the 
detonation products of cylindrical explosive 
charges initiated at one end,, provided, the 
diameter of the charge is not too small. 
However, extension of the theory to more than 
one dimension—e.g., to the spherical 
charge—involves mathematical difficulties that 
result from the over-idealization of the reaction 
zone to a mathematical surface. Many details of 
the detonation prr ;ess in finite charges—e.g., the 
effect of charge diameter on the detonation of 
small cylindrical charges—are\determined by the 
structure of the reaction zone, in this chapter, 
the consequences of a more realistic model 
which takes account of finite reaction rates are 
investigated; however, we limit the treatri;ent to 
plane waves propagating in one direction. 


direction of propagation. We fix the origin of 
the coordinate system in the moving reaction 
wave and assume that there exists a region of 
finite extent in the moving coordinate system 
within which the flow is steady. 

The hydrodynamic equations for inviscid flow 
without heat conduction or diffusion have been 
given in par. 2-6. For flow in one dimension, 
they can be written 



II 

fdp^ 

u 

p' 




(8-X) 


de p /dp\ 

7t ' ? W “ 0 


In these equations, p is the pressure, p is the 
density, e is the specific energy, and w is the 
particle velocity measured with respect to the 
moving origin of coordinates. The operator d/dt 
is the mobile time derivative, denoting the rate 
of change with respect to time as measured by 
an observer moving with the fluid, i.e.. 


d~ 

dt 



3x 


( 8 - 2 ) 


For steady one-dimerisional flow, partial 
derivatives with respect to time vanish and Eqs; 
8-1 become 



8-2 CONSERVATION CONDITIONS FOR 
STEADY REACTION WAVES IN ONE 
DIMENSION 


* _ 0 
dx p 2 \dxj ’ 


We assume the existence of a wave of chemical 
reaction propagating in one direction parallel to 
the x-axis of a rectangular coordinate system 
and assume that the properties of the flow are 
constant on planes perpendicular to the 


where, in the steady state, the properties of the 
fluid are functions only of the space coordinate 
x, measured relative to the moving coordinate 
system. Eqs. 8-3 can bt integrated, with the 
result 


8-1 
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wp = M = constant 
p + M 2 u = P = constant 
e + pu + Hu/ 2 = $2 = constant 


(84) 


where u is the specific volume. The hew 
constants have the following significance: M is 
the mass current, P is the dynamic pressure, and 
£2 is the kinetic enthalpy. The three quantities 
are constants of the flow in a region where the 
flow is steady and where the effects of viscosity, 
heat, conduction, and diffusion can be neglected. 

Eqs. 8-4 are supplemented by the reaction rate 
equations of par. 2-6 



and by the stoichiometric cone tons given in 
par. 2-2 


7 = 9/ (8-6) 

where the stoichiometric constant q { is the 
number of moles of the j-th component in unit 
weight of a hypothetical mixture consisting of 
components only. Without loss of generality, we 
can assume that the components are assigned the 
labels i ** X, 2,... c, so that constituents that are 
not components are assigned the labels i * c + 1, 
c + 2, , .Eqs. 8*5 and 8*6 can then be written 
in a more explicit form that takes into account 
the fact that only the R {% i * c + 1, c + 2, ... s, 
can be independently specified. For the steady 
stefce, these expressions are 


dn ( 

R ‘ 




/ “ c + 1, .. 

lx 

pw 



1 

/ - c + 1 

dx 

pw 


(8-7) 

The rates R { are linear combinations of the rate 
expression for the elementary reactions occurring 
in the region of reactive flow. These rate 
expressions depend upon the composition, 
temperature, and pressure. Therefore 

R ( * R f (T y p ; n t ... n g ) (8-8) 

and if the mechanism of the reaction is known, 
the expressions summarized by Eq. 8-8 can, at 

8*2 


least in principle, be evaluated. Eqs. 84 are also 
supplemented by an equation of state which we 
may take to be an expression of the form. 

p = p(u, T; n r ....n ) (8-9) 


Now, we suppose that fluid is moving from 
left to right, i.e. y w > 0. (This convention is 
opposite to that employed in Chapter 6.) 
Further, we suppose that the material to the left 
of the plane x - 0 is in the uniform state p o ,p o 
with w q ~ D and R { - 0 for.all i. At the plane x 
= 0, we consider tv/o cases. First, assume that 
the properties of the flow are continuous at this 
plane. Then the constants of Eqs. 8-4 are given 

* ) 


p - Po + A-O* 
& = <!„ + Po U o + 


(8-iO) 


where e o is the specific energy of the 
nonreacting fluid in the uniform state. 
Alternatively, assume that the reacting fluid in 
the region x > 0 is. connected to the uniform 
nonreacting fluid in the regionx<Oby a shock 
wave fixed in the plane x e C, If the properties 
of the shocked fluid at x * 0 are designated by a 
prime, we have 


M ~ pV 
p - p' + pV) 2 


(8-ii) 


a = e' + pV + H(u/) 2 I 
Here c' is the specific energy of the material at 
pressure p' and specific volume v' having the 
same composition as the material in the uniform 
state at p 0 and v o . Assuming that the shock can 
be represented by a discontinuous transition 
from the unshocked (;o the shocked state at 
constant composition, we may employ 
conservation conditions of par. 2-8 and 
transform Eqs. 8-11 to expressions that are 
identical with Eqs. 8-10. Thus Eqs. 840 can be 
employed for the two cases under consideration. 
Combining them with Eqs. 8*4, we obtain 

.pw = Po D } 

p + put* = p„ + ftD 2 j (8-12) 

e + pv + V5u) 2 - e Q + p 0 i' Q + >/4D 2 ) 
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The left-hand members of Eqs. 8-12 are 
evaluated at fixed arbitrary values of the 
x-coordinate, x> 0. If the first of Eqs. 8-12 is 
employed to eliminate w from the second, we 
obtain 

fx?B 2 * ~(p - p 0 )/(u - u 0 ) r ? -13) 

If the first and second of Eqs. 8-12 are 
employed to eliminate w and D from the third, 
we obtain 

e - e c = V*(p + p 0 )(uc - v) (8-14) 

If we denote by u * D - w the particle velocity in 
the region* >0 relative to that of the uniform 
state existing in the region * < 0, the first of Eqs. 
8-12 becomes 

p(D - u) = p 0 D (8-15) 

If the uniform state is at rest in a laboratory 
system of coordinates, u is the particle velocity 
in a laboratory system of coordinates. 

Examining Eqs. 8-7 and 842, we note that we 
have s + 3 equations connecting the s + 4 
variables n r p, p, u, and D when the uniform 
state is specified. (The equation of state and 
thermal properties of the explosion products 
determine the specific energy e as a function of 
n ( , p, and p.) The indeterminacy corresponds, 
for detonations, to '(ho absence of the 
Chapman-Jouguet condition from the equations. 
Insofar as these equations are concerned, we 
may regard D as a parameter whose value can be 
specified. Eqs. 8-7 and 8-12 are then in a formal 
sense determinant, determining each of the 
dependent variables as functions of x and D. 
Thus, the solutions of Eqs. 8-7 and 8-12 
determine a two parameter sequence of states 
through the moving reaction wave, it is 
necessary, in principle, to determine the values 
of D for which these equations have suitable 
solutions. For the general case of multiple 
simultaneous reactions terminating in an 
equilibrium state, this presents a formidable 
problem. 

A model that is easily visualized and that 
provides a useful description of the reaction 
wave is obtained by assuming that the reaction 
proceeds toward a final invariant composition 
that can be specified a priori independently of 


final prti^^e and density. A progress variable £ 
can then be introduced by the relation 

<?($) s + (i £KG p,v) ( 8 - 16 ) 

where e. is the specific energy of the products 
and e Q is the specific energy of the reactants, 
each considered a function of p and v. In this 
approximation, Eq. 8-14 can be written 

^(p.w) + (i - £h,(p.") (3 . 17) 

- e o(Po’ U o) “ «• P o )(«0 - ”) 

where p and v are to be regarded as functions of 
the progress variable £. When £ * 1, Eq. 8-17 is 
identical with the Hugoniot equation for 
instantaneous reaction. Eq. 8-17 describes a 
family of curves in the fouj-plane, each member 
of which is labeled by a value of £ with 0 < £ < 1. 
For exothermic processes withe p (p,v' >e 1 (p f V) 
this family consists of nonintehecting curves 
Lhat are concave upward. Eq. 8-13 is the 
equation for the Rayleigh line. With p and v 
regarded as functions of £, the reaction in a 
steady reaction wave is constrained to states on 
this line. When we employ the subscript unity to 
identify properties of the flow when £ * 1, Eqs. 
&-13 and 847 become identical with the 
analogous expressions oil Chapter 6. 

8-3 THE STEADY DE FLAG RATION WAVE 

The branches of the family of curves given by 
Eq. 8-17 for which p($) <p 0 describe the states 
in a steady deflagration wave that, satisfy the 
conservation equations. These curves are shown 
in Fig. 8-1, together with a jtayleigi line OABC . 
This Raylejgh line represents two different 
processes with the same propagation velocity D. 
One consists of a discontinuous transition in the 
unreacted material from the state O to the state 
C, followed by the reaction zone represented by 
the segment of the Rayleigh line CB along which 
£ changes from 0 to 1, terminating in state B 
which is a strong deflagration. The other consists 
of the continuous transition from the state 0 to 
the state A, which is a weak deflagration, along 
the segment of the Rayleigh line OA for which £ 
changes from 0 to 1. It has been noted in par. 
2-8 that a nonreactive rarefaction shock, as in 
the transition from O to C, docs not exist since 
it would entail a decrease in entropy and violate 

8-3 
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the second law of thermodynamics; It follows 
that strong deflagrations are impossible for the 
assumptions made. Therefore, starting at the 
point 0 with p Q , v Q , the state point can only 
reach the upper intersection A without passing 
through regions for which ^>1. The only states 
on the final Hugohiot curve of Fig. 8-1 that are 
physically admissible are the weak deflagrations 
lying l«tween (and including) the 
Chapman-Jouguet deflagration J and the 
constant pressure deflagration for which p l = 

Pa¬ 
in Chapter 6, we noted that a useful 
description of deflagration waves is not obtained 
from the hydrodynamic equations in which heat 
conduction and the diffusion of chemical species 
are neglected. The propagation velocity of a 
deflagration wave is determined by these 
transport processes from the reaction zone 
upstream into the reactants, l’n the theory of 
flame propagation the differential conservation 
equations are stated so as. to include the effects 
of viscosit; diffusion, heat conduction, and the 
rate -of chemical reaction. For particular 
boundary conditions, these equations possess a 
solution only for a unique value of the wave 


velocity. In a deflagration wave, the reaction 
must be initiated by heat conducted 
upstream from the reaction zone into the 
medium ahead of the reaction zone. 

8-4 THE STEADY DETONATION WAVE 

We begin our discussion of the structure of 
plane detonation waves by commenting on the 
role of transport processes in the mechanism of 
the detonation reaction. The solutions of the 
steady o n e - d i m e nsional heat 
conduction-convection equation and of the 
steady one-dimensional diffusion-convection 
equation are characterized by 


where x is the distance and x a is a characteristic 
distance. For thermal conduction, x a »■ a/w y . 
jvhere a* is the thermal diffusivity and w is the 
particle, velocity in thr frame of reference within 
which the motion is steady. For diffusion, x 0 ** 
D/w, here D is the diffusion constant. The 
thermal diffusivity and diffusion constant are 
each of order unity or less, when expressed in 
units of square centimeters per second. The 



84 


Figure 8-1. Family of Hugoniot. Curves for Steady Deflagration Wave 
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particle velocity associated with a detonation 
wave is of order 10 8 to 10 6 cm/sec. Therefore, 
the characteristic length * o is of order 10* 8 cm 
orless. 

We need to consider two different possible 
mechanisms for initiating the chemical reaction. 
It may be effected by the diffusion of chemical 
species into the unreacted material or it may 
consist of an initiation reaction that is 0-th order 
in its products. If the initiation is exclusively of 
the first type, the detonation wave may be 
conceived of as a shock wave 
combined with a diffusion wave similar to a 
diffusion flame. To satisfy the boundary 
condition at the reaction front by a 
temperature or concentration distribution with a 
characteristic length of 10' 8 cm or less, it would 
be necessary to postulate a reaction rate of 
unreasonably high /alue, so that the reaction 
zone width is .also of the order of magnitude of 
the characteristic length. In this connection, it is 
to be remarked that the particle velocity in 
diffusion flames is many orders of magnitude 
less than in detonation waves and the 
characteristic lengths of the former (diffusion 
flames) are correspondingly many orders of 
magnitude greater than those of the latter 
(detonation waves). It follows that the effects of 
transport processes can be entirely neglected l \ 
the reaction zone of the detonation reaction, 
except for their occurrence within a shock front 
where their effects are adequately described by 
the conservation laws across a discontinuity. The 
primary contribution to the initiation 
mechanism must; be by an initiation reaction 
that is 0-th order in its products. 

These considerations lead to a modtrl wherein 
the initiation reaction has a negligible rate 
before thr front and an appropriately large rate 
behind it, i.e., to a model wherein the reaction is 
initiated by the shock front Such a model was 
independently postulated h* von 

Neumann, end Dticfirig i " 4, ‘The llngotiiot 
curves prescribed vy kq. 8-17 for the u.breacted 
material imnv^Uutely behind the shock front (( 
~ 0), for the complete!, reacted material ((= 1), 
nnd fer m in ter modiste degree of reaction are 
sk-.tched in Fig, S-2„ The Rayleigh line OABC 
represents tv/o different processes with the same 
propagation velocity D. One consists of a 
continuous transition- from the state 0 to the 
state A , which is a weak detonation along the 


segment of the Rayleigh line OA for which £ 
changes from 0 to 1. The other consists of a 
discontinuous transition through a shock front 
in the unreaefced material to the state C on the 
Hugoniot curve for £ = 0, followed by the 
reaction zone, represented by the segment of the 
Rayleigh line CB along which £ charges from 0 
to 1. The state B is evidently a strong detonation 
and the second process corresponds t J that 
postulated- by Zeldovich, von Neumann, and 
Doering. In Chapter 6, it was remarked that a 
detonation wave is formally equivalent to a 
shock wave followed by a deflagration wave. 
Thus, the detonation states of Fig. 8-2 centered 
on the initial state 0 can be regarded as a 
deflagration wave centered on the state C. It was 
also remarked that a strong detonation wave is a 
shock wave followed by a weak deflagration, a 
weak detonation wave is a she^k foil owed'by ? 
strong deflagration, anq a Chapman- Jouguet 
detonation is a ; shock followed by a 
Chapman-Jougue'; deDcyration. hi hie previous 
paragraph, it was snowni tto ft’ stvcMg 
deflagration dv.es ooi exist, it foil >wc' mat, '<or 
the assumptions medo, a weak detonation does 
not .exist. Therefore, Parting from a up'dr wave 
jn the unreacted material centcrrd do die point 
0 with p o ,v o , the 8iutepoir f can othy reach the 
upper intersectior. B. T'p.e pcir/ f ^ ofriig. 8-2 is 
the state with lowest pressure cn the Hugoniot 
curve fori the unreat < a e'^lcwivo for which the 
reaction caul reacn ‘he curie for 

complete reaction. Th°: R&yieipk line 03 is 
tangent to tic hugoniot f'r 

reaction; II rj-p/esents the xeaclion v.’hve 
terminating Ir Ohapmap^hUguet detoriAbon. 

Prior to the description of the i cat lion zone 
given by Zeldovich, vcTvNsnm.mr. and Doeririg, 
it *;as sug/ sti-' 1 .uiat the ruction occurs at a 
constant u squa)-tot v ‘ c ^hftpreari-df'iguet 
pressure & AcfjojrHlup V tills hypothec. *he 
proce;v« consists *• (ii^ontmuoiiS i ui^itipr, 
thihv„).\ % shock tepnt from the stale O to the 
stai*- 3 r pn the vuUni rlugomot curvi,. followed 
by a region at the constant presniie p* It U 
readih c<mthat ?u.ch s nro*. cannot represent 
a ftVti.^nary x*«cUon iroe a* >'• the initial; 
shock-'d state and firm recced state lie on 
di^w-rcsSt Rfryleigh lines, and 0,\ 

respectively. 

Weak detonnvions, under the wsumptk ^ 
made, are impossible. Furthermore, a raref*ttm i 
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wave will originate in the explosion products, 
and will overtake and weaken a strong 
detonation until it becomes a Ciiapman-Jouguet 
detonation. Therefore, the Chapman-Jouguet 
detonation is the detonation that is stable. 

it has been assumed that the family of 
Hugoniot curves, labeled- by a value cf the 
degree of reaction £,0<£<1, form a family of 
nonintersecting curves such as has been sketched 
in Fig. 8-2. This will be the case if, as has been 
assumed, the reaction proceeds to a fixed 
invariant mixture of products and if the 
exothermicity condition, e. o (p,y)> e 1 (p,v) t is 
satisfied at all vsdues of the pressure and specific 
volume. However, von Neumann has pointed out 
that the family of Hugoniot curves may have a 
different form if the reaction is. not exothermic 
at all pressures and densities Such a condition 
may, in .principle, arise if the mechanism of the 
explosion reaction consists of several different 
elementary reactions whose relative contribution 
to the ovenuldecomposition may depend on the 
strength of the initiating .'hock wave and one or 


more of which may be endothermic. In such a 
case, the Hugoniot curves may intersect and 
liave an envelope, as shown in Fig. 8-3. It would 
then be possible for the process to consist of a 
discontinuous transition from the state O to the 
atate B on the Hugoniot curve for £ - 0, 
followed a reaction described by the segment 
of the Rayleigh line BA during which £ changes 
continuously from 0 to 1. The point A on the 
Hugoniot curve for £ * 1is a weak detonation, 
and the Rayleigh line OAB is tangent to the 
envelope to the Hugoniot curves and represents 
the only process for which £ takes on all. values 
from 0 to 1. This solution is known as von 
Neumann’s pathological weah detonation. No 
case of the actual existence oi such a detonation 
is known. 

8-5 FLOW BEHIND A CHAPMAN-JOUGUET 
WAVE 

Riemann’s equations (see par. 2 : 7} can be 
employed to construct the nonsteady flow 



Figure 8*2. Family of Hugoniot Curves for Steady Detonation Wave 
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behind a Chapman-Jouguet discontinuity. At the 
discontinuity, located at x = Dt, the explosion 
prbducts are characterized by the quantities 
u lt pi 9 and c x which are determined by the 
Chapman-Jouguet condition, the Hugoniot 
equations, and the equation of state. One of 
these quantities may have an arbitrary initial 
distribution behind the front. The whole flow 
can then be determined as a simple wave. 

For definiteness, we suppose that the steady 
detonation begins at a piston face located atx = 
0, at t - 0. The Chapman-Jouguet particle 
velocity is accommodated to the piston 
velocity, assumed to be less than Wj, by a 
centered simple wave, i.e., by an unsteady 
rarefaction wave. The C + characteristics of such 
a wave; are straight lines with the equation 

* = (u + c)t (8-18) 


The Chapman-JoUguet point, which is a 
discontinuity between the steady reaction rone 
and the nonsteady rarefaction wave, follow*; a 
path in the fotj-plane which is the C’ + 
characteristic 

* = (“i (8-1$) 

In par. 2-7 it was-remarked that the Riemahn 

invariant ff is constant throughout this simple 

wave. Because of this circumstance 

u i “ <>(P) 

iE ( 8 - 20 ) 

pc 

The function o can be regarded a known 
function of the pressure along the iseritrope 



Figur* 8-3. The von Neumann Pathological Weak Detonation 
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passing through the Chapman-Jouguet state. 
Therefore, Sq. 8-20 provides one relation 
between the pressure p and the particle velocity 
u. Alpng this isentrope, the acoustic velocity c 
can also be regarded a known function of the 
pressure. Eq.. 818 thus provides a second 
relation, connecting the pressure and particle 
velocity to the reduced distance variable x/Dt 

a + c(p) = (Uj + (x/Dt) (8-21) 

Eqs. 8-20 and 8-21 determine the particle 
velocity and pressure in the rarefaction wave as 
functions of the reduced distance x/Dt. For 
general equations of state, they can be solved 
numerically from tables of c and a versus the 
pressure. When the pressure distribution through 
the rarefaction wave is known, the distributions 
of the other thermodynamic variables through 
the wave are determined since these variables 
depend only oh the pressure along a prescribed 
isentrope. 

If the explosion products obey a polytropic 
law, Eqs. 8-20 and 8-21 can be solved explicitly. 
If the adiabatic exponent is k, the results can be 
written in the form 
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where f ~ x/Dt. It will be noted that the particle 
velocity and acoustic velocity are linear 
functions of the reduced distance f for this case. 
The solution for a polytropic gas was obtained 
by Taylor, and the unsteady flow behind the 
Chapman-Jouguet detonation is sometimes 
called the Taylor wave. Eqs. 8-22 assume a 
particularly simple form when k - 3. Then 
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(8-23) 


In this case, the density is also a linear, function 
of the reduced distance This particular 
solution is of interest since the explosion 
products of condensed explosives obey, 
approximately, a polytropic law with an 
adiabatic exponent in the neighborhood of 
3 5,6 . It can, therefore, be expected to display 
qualitatively the features of the flow associated 
with such explosives. 

The transient portion of the flow is terminated 
by the straight characteristic along which the 
particle velocity is equal to the piston velocity. 
Th' characteristic separates the transient flow 
from a uniform flow. The uniform flow is found 
by the solution of Eqs. 8-20 and 8-21 with u set 
equal to the piston velocity. The case of steady 
detonation initiated at a rigid fixed wall 
corresponds to a terminal characteristic along 
which u = 0, In the polytropic case, from the 
first of Eqs. 8-22; the uniform stale at rest 
extends from the back wall to a point given by 


f = 1 “ 


K + 1 
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when u = 0 


(8-24)f 


= 1 - 2(u 1 /D) for k = 3 j 


For condensed explosives, the ratio u^/D »1/4 
so that $ ~ 1/2 when k - 3. For this case, the 
pressure on il'.e back wall can be calculated from 
the third of Eqs. 8-23. Using k =* 3, f = 1/2, and 
u l /D - 1/4, we obtain the order of magnitude 
result p/p j ~ 8/27. 

From these considerations, we see that the 
reaction zone is followed by a column of 
forward-moving explosion products, the length 
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of which increases linearly with time. For a solid 
explosive, the length of this column is of the 
order of one-half the distance traversed by the 
detonation wave from its point of initiation. If 
initiation is at a rigid wall, the column of 
forward-moving products is followed by a 
column of stationary gas which also increases in 
length and within which the pressure is constant. 

Shear 7 has employed numerical methods to 
solve Eqs. 8-20 and 8-21 for the explosive 
pentolite at a loading density of 1.65 g/cm 3 . He 
employed the equation of state of Halford, 
Kistiakowsky, and Wilson to construct the 
isentrope through the Chapman-Jouguet state 
and obtained the function a by numerical 
integration. The particle velocity and pressure 
through the Taylor wave for a detonation 
originating at a rigid surface as determined by 
these calculations are shown in Fig. 8-4. It is 
interesting to note that in Shear’s detailed 
calculations, u - 0 and p/p 1 - 0.295 atf - 0.483. 
For the polytropic gas with k = 3, D. - 4u , we 
have obtained the estimate, u - 0 and p/p = 
0.296 at r= 0.5. 

Suppose that the point x - 0 represents an 
interface between explosive and air, i.e., that the 
plane of initiation is unconfined and that a 
Chapman-Jouguet detonation is initiated at t = 0 
on this interface. There will then result a 
backward flow of explosion products in the 
negative ^-direction. This flow is the same as 
though the piston of our model is conceived to 
begin to move at t s 0 with a constant velocity 
sufficient to reduce the pressure on the piston to 
the ambient air pressure. The velocity of the 
air-explosion product interface can be 
determined by solving Eqs. 8-20 and 8-21 with p 
= p Q . For .he polytropic case,,and neglecting p o 
compared to p l , we obtain from Eqs. 8-22 the 
result 


u k + 1 
« 1 K - 1 
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Thus, for a condensed explosive with k ® 3, D = 
4u 2 , we obtain the order of magnitude result 
chata/Wj^-2. 

We have seen that when the rear surface of the 
explosive charge is uuconfined, the flow behind 
the reaction zone consists of a column of 
f or v/ord-moving explosion products, the length 


of which increases linearly with time, followed 
by a column of backward-movii'g products 
whose length also increases linearly with time. 
For a solid explosive, the length of the 
backward-moving products is of the order of 
twice the length of the forward-moving products 
and the negative velocity of the air-product 
interface is of the order of twice the (forward) 
particle velocity of the Chapman-Jouguet atate. 

Equations of state of detonation products 
5,6,8 have been generated from hydrodynamic 
properties of the products measured by 
impedance mismatch methods 9,10 . The early 
work of Lawton and Skidmore, and Deal 
showed that shock compressions and adiabatic 
expansions of the detonation products from the 
Chapman-Jouguet state in many high, explosives 
are consistent with a p*;lylropic eC,. ation of 
state. The value of the polytropic index above 
100 kbar is found to be about 3 ; Further work 
by Skidmore and Hart 11 on overdriven 
detonation waves in Composition B in the 300 
kbar regime indicates that the simple polytropic 
relationship with a constant index appropriate 
to the Chapman-Jouguet state iii adequate for 
predicting overdriven detonation wave 
properties, shock compressions, and adiabatic 
expansions from a given overdriven state. 
Equations of state of detonation products 
applicable over a wider pressure range below the 
Chapman-Jouguet state have been generated for 
many explosives by Wilkins 12 and cowofKers at 
the Lawrence Radiation Laboratory. The basis 
of the method is to use the 
energy-pressure-volume equation of state of the 
products as a variable in a two-dimensional code 
for calculating the radial expansion of a copper 
vessel containing a detonating explosive. 
Numerical experiments are performed with a 
computer until calculated expansions agree with 
those observed experimentally. 

8-6 THE DETONATION WAVE WITH 
EQUILIBRIUM PRODUCT COMPOSITION 

In order to provide an easily visualized model 
of the detonation wave reaction zone, we 
assumed in par. 8-4 that the detonation reaction 
proceeds to a fixed composition that is known a 
priori. With this assumption, it was possible to 
define a “degree of reaction” and to employ this 
parameter to characterize points within the 
reaction zone at which the reaction is 
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incomplete. The degree of reaction was thus 
described by the progress variable £, defined by 
Eq. 8-16 as the fraction of the energy of 
explosion released at the point in the reaction 
zone characterized by a particular value of £. 

Under these as/jumptions, Hugoniot curves can 
be constructed far all points in the reaction zone 
between the initiating shock wave and the point 
at which the reaction is complete, each curve 
being labeled bya value of £. Within the context 
of the model employed, these curves have 
physical meaning, representing the locus of all 
states that are compatible with the conservation 
conditions and for which the amount of energy 
released is given by Eq. 8-16. Under these 
assumptions, no ambiguity is encountered in the 
statement of the Chapman-Jouguet condition 
since the Hugoniot curve for complete reaction 
is a curve for constant composition. This curve is 
tangent to an isentrope along which the 
composition is constant and wh»>se slope is 
characterized by the frozen sound speed in 
which the differentiation is performed at 
constant composition. The Chapman-Jouguet 
condition can thus be written in the usual way 
in terms of the frozen speed of sound. 

However, the final Hugoniot cu.ve is supposed 
to describe the states that are compatible with 
the conservation conditions when all of the 
reaction rates R. of Eqs. 8-7 have vanished, i.e., 
wheii the explosion products are in 
thermodynamic equilibrium. Therefore, the final 
Hugoniot curve of Fig. 8-2 does not necessarily 
represent physically accessible states of the 
explosion products and it may, in fact, not even 
be a good approximation to the states that can 
actually be reached from different points on the 
initial Hugoniot curve. 

Suppose that the segment of the Rayleigh line 
CD of Fig. 8-2 represents an actual reaction 
process, initiated at the state C on the initial 
Hugoniot curve and terminating at the state B. 
In general, the Hugoniot curves labeled with 
different values of the progress variable 5 and 
drawn for constant composition represent 
physically real (i.e., accessible) states only at 
their points of intersection with this particular 
Rayleigh line. If a different process—represented 
by a Rayleigh line from a different point on the 
initial Hugoniot curve—is considered, the fixed 
composition Hugoniot curves, drawn for 
particular values of the progress variable £, will 


not in general coincide with those for the first 
process. In other words, the sequence of states 
between the initial Hugoniot curve and the final 
(equilibrium) Hugoniot curve, each of which 
represents a locus of physically real states, 
depends not only on the fraction of energy 
released but also on the position on the initial 
Hugoniot cu've from which the process starts. 
Thus, in general, the sequence of states in the 
reaction zone of a detonation wave depends on a 
progress variable such as £ and an additional 
parameter which may be the detonation velocity 
D. 

Although it is evident that a single parameter 
cues not suffice in principle to prescribe a 
unique family of curves of the von Neumann 
type (such as those of Fig. 8-2), descriptive of 
states within the reaction zone that are reached 
from any point on the initial Hugoniot curve, 
such a model may provide a useful approximate 
description. This would be the case if only one 
reaction process were to be involved, or 
alternatively if all other reactions were to have 
much faster reaction rates so that a state of 
quasi-equilibrium , is approximately established at 
each stage. In practice, n single reaction will 
hardly ever be sufficient to describe the reaction 
process, but it may very well, happen that one 
particular step is much d°wer than the rest. 
Thus, for example, in granular explosives it can 
frequently be assumed that grain or surface 
burning determines the rate of release of energy, 
and that this process is followed by equilibration 
among the products at a much faster rate. 

It has been customary tacitly to assume that 
the equilibrium sound speed should be 
employed in defining the stable velocity of a 
detonation wave that is not supported by a 
piston when the reaction terminates in an 
equilibrium state. Although many numerical 
calculations have been conducted in which the 
frozen sound speed was employed for this 
quantity, it has been assumed, either explicitly 
or implicitly, that this simplification is an 
approximation, justified by the fact that the two 
different statements of the Chapman-Jouguet 
condition do not lead to very different values of 
the detonation velocity. 

Wood and Kirkwood 13 have shown that if a 
stable Chapm a-Jouguefc detonation wave exists, 
its velocity must be determined by a 
Chapman-Jouguet condition in which the 
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equilibrium sound speed is employed. This 
implies a physical model in which the reaction is 
initiated in a shock front and terminates at the 
leading edge of a rarefaction wave at which 
point the reaction is complete and the explosion 
products axe in thermodynamic equilibrium. 
Consider the reaction pictured in Fig. 8-5 that is 
initiated at the point C on the initial Hugoniot 
curve S and during which the state point moves 
along the Rayleigh line CB' B. Let the point B 
be an equilibrium state at which the Rayleigh 
fine is t&ngent to Hugoniot curve F at fixed 
composition for the composition of the point B. 
Let the Hugoniot curve E be the curve for 
equilibrium states that is also centered on the 
point (p o ,u o ). This curve evidently passes 
through the point B. It can be shown by the 
thermodynamic equilibrium conditions that the 
curve E lies to the left of the curve F for 
pressures greater than the pressure at the point 
B. The Rayleigh line CB thus has a point of 
intersection with the equilibrium at a point, say 
B ', that lies between the points C and B. It 
follows that the predicated process cannot 
terminate at the state B'but must terminate at 
the state B' which also an equilibrium state. 
^Jow, the wave of minimum velocity that 
terminates in a point on the equilibrium 
Hugoniot curve is the wave whose Rayleigh line 
is tangent to the equilibrium Hugoniot curve. It 
has been shown in Chapter 6 that the 
equilibrium Hugoniot curve is tangent to an 
equilibrium isentrope at its point of tangency. to 
the Rayleigh line. Thus the slope of tfie Rayleigh 
line at this point is characterized by the 
equilibrium sound speed. Our physical model 
implies that this is the speed at which the 
raref'ction wave advances into the explosion 
products. It is to be noted that this argument 
does not prove the stability of the postulated 
flow. 

The curves for the rates of the chemical 
reactions that occur in the reaction zone as 
functions of time must be asymptotic to the 
time axis for any reasonable rate laws. 
Therefore, if the reaction terminates in an 
equilibrium state, the separation distance 
between the shock front and rarefaction wave 
must, in the one-dimensional case, be infinite. 
This formal result is without substantial 
practical Importance for two reasons. The first is 
that even in the theoretical one-dimensional 


case, the reaction of substances of practical 
interest is substantially complete in a short 
distance behind the shock front, so that an 
effective reaction zone thickness exists that is 
finite but of somewhat indeterminate extent 
within which all but an infinitesimal amount of 
the energy of reaction is released. The second is 
that in detonation waves of explosive charges of 
finite extent, the position of the rarefaction 
wave in the flow is unambiguously fixed by 
other dynamical considerations. Thus, these 
considerations of the nature of the stability 
conditions for the one-dimensional detonation 
wave are mainly of theoretical interest. 
Although the matter is not satisfactorily settled, 
it appears from these considerations to be 
plausible that a detonation wave with a steady 
reaction zone terminating at a rarefaction wave 
in an equilibrium state exists only in an 
asymptotic'sense. 

On this basis, the results are physically 
reasonable. The isentropes which appear in a 
theory based on equilibrium Hugoniot curves 
must necessarily themselves correspond to 
equilibrium changes. This is physically 
acceptable since the infinitesimal rarefactions 
that enter into the Chapman-Jouguet theory are 
presumably real rarefactions, involving a change 
in composition when the system is one in which 
such changes can occur. Since we are here 
concerned with the asymptotic properties of a 
rarefaction wave whose gradient approaches zero 
with time, it is physically acceptable that the 
sound speed appearing in the theory be that 
characteristic for the propagation of sound in 
the limit of zero frequency. 

We have shown that a steady reactive flow 
exists in which the reaction is initiated in a 
shock wave and terminated at a rarefaction wave 
advancing into the equilibrium mixture of 
explosion products with the equilibrium velocity 
of sound. (We have not shown that this flow is 
stable.) We now want to exclude other 
possibilities. Brinkley and Richardson 14 haye 
supposed that the rarefaction wave is located a 
finite and fixed distance downstream from the 
shock wave. They have shown that a steady flow 
exists between the shock wave and the leading 
edge of the rarefaction wave, and that the 
propagation velocity of the rarefaction wave 
relative to the explosion products is the frozen 
ccund speed. They culled such Dows subideal 
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Chapman-Jouguet states. Since the reaction is 
complete an infinite distance downstream, it 
follows that the reaction is proceeding in the 
unsteady rarefaction wave. 

Now we wish to show that, if the chemical 
reaction is still proceeding in the rarefaction 
wave, a pressure pulse must eventually overtake 
its front. In a rarefaction wave there are two 
possibilities: either a signal overtakes the front 
or a signal does not overtake the front. Let u? 
make the hypothesis that a signal does not 
overtake the front. Then the rarefaction wave 
will, in the passing of time, approach a steady 
state (in most cases this steady state will be a 
uniform state; however, we do not need to 
assume this here). Now suppose that upstream 
ahead of the rarefaction front we have a subideal 
Chapman-Jouguet state and, consequently, that 
+ he rarefaction front is moving with a constant 
velocity equal to the velocity of the shock front. 
We have already shown that, in this case, the 


P 


second law of thermodynamics allows the 
existence of the steady state only upstream from 
the rarefaction front. Therefore, the hypothesis 
must be false since it implies that a steady state 
is approached on the downstream side of the 
rarefaction front. Consequently, a signal must 
overtake the rarefaction front. To complete the 
argument, we must show that this signal must be 
a positive pressure pulse. Reasonable 
assumptions concerning the variation of sound 
velocity with pressure will imply that a 
rarefaction wave cannot overtake a rarefaction 
wave: therefore, the signal must be a positive- 
pressure pulse (which may or may not crest up 
into ashock). 

These arguments are limited to the case in 
which the reaction is not complete at the 
rarefaction front. This required use of a subideal 
Chapman-Jouguet state between the shock and 
rarefaction fronts, and the corresponding finite 
separation distance between the fronts. If the 


po 


Figure 8-5. 
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reaction is complete at the rarefaction front, the 
ideal Chap man-Jouguet state will exist between 
the two fronts, and the rarefaction front will be 
an infinite distance downstream from the shock 
front. In this case a rarefaction wave can behave 
in the usual fashion, with no signals overtaking 
its front, and can approach a uniform steady 
state without contradiction since there is now 
no definite limit downstream for the steady 
state. 

These considerations lead us to the conclusion 
that, in the one-dimensional case, if the reaction 
is not complete at the rarefaction front, the 
chemical energy will not be lost forever behind 
the front. At least a certain fraction of the 
energy must eventually be delivered upstream in 
the form of a positive pressure pulse. However, 
in two or three-dimensional processes a sidewise 
expansion in the rarefaction wave is possible 
with the result that signals may never overtake 
the front, and the total amount of the chemical 
energy liberated in the rarefaction.may never be 
delivered upstream. 

Brinkley and Richardson erroneously 
concluded that the propagation velocity, the 
asymptotic ideal Chapman-Jouguet wave in 
one-dimension, is defined by the frozen sound 
speed. We have shown that this cannot be the 
case and have inferred from arguments of 
physical plausibility and from the demonstration 
of Wood and Kirkwood that the asymptotic 
wave, if it exists, is characterized by the 
equilibrium sound speed. In an earlier paper, 
Kirkwood and Wood 15 had reached similarly 
erroneous conclusions. They had noted that 
when specialized to one-dimensional flow, the 
general equations for reactive flow give a system 
of hydrodynamic equations which is hyperbolic 
and irreducible, and for which the characteristic 
sound speed is the frozen sound speed. This 
property of the equations led them to the same 
conclusion that had been reached by Brinkley 
and Richardson, Subsequently, Wood and 
Kirkwood presented the elementary proof, that 
has been summarized, that the frozen 
Chapman-Jouguet state cannot be reached in a 
one-dimensional steady detonation. 

Wood and Salsburg 16 have conducted the 
most complete theoretical study of the existence 
and stability of steady state supported 
one-dimensional detonation waves. It is beyond 
the scope of our treatment to reproduce their 
analysis in detail. Their work is, however, the 


definitive treatment at this time of this subject. 
They consider the possible steady 
one-dimensional flows that can occur in a 
medium in which an arbitrary number of 
chemical reactions proceed behind an initiating 
shock wave, and they investigate the stability of 
solutions to the chemical rate equations in 
conjunction with such flows. They show that, 
under suitable conditions on the chemical rate 
functions, there are stable solutions resulting in 
equilibrium final states for detonation velocities 
equal to or greater than those for an equilibrium 
Chapman-Jouguet condition corresponding to 
tangency of the Rayleigh line to the equilibrium 
Hugoniot curve. They suggest that these 
solutions correspond to piston-supported 
detonations after the decay of initiation 
transients, and that the equilibrium 
Chapman-Jouguet detonation is stable with 
respect to, the removal of the piston after a 
sufficiently long time. They also show that the 
frozen Chapman-Jouguet detonation, in which 
equilibrium is attained at a point where the flow 
velocity is sonic in terms of the frozen sound 
speed, is unstable. 

8-7 FINE STRUCTURE OF DETONATION 
IN GASES AND LIQUIDS 

Experimental investigations since the late 
1950’s have shown that self-sustaining gaseous 
detonations propagate as three-dimensional 
nonsteady waves rather than as one-dimensional 
steady-state waves. In view of this discovery, it is 
necessary to give a brief discussion of recent 
developments in the study of detonation 
structure. For more details the reader is referred 
to the reviews of Wagner 11 ; Oppenheim, 
Manson, and Wagner 18 ; Schott 19 ; Soloukhin 20 ; 
Shchelkin 21 ; van Tiggslen and de Soete 22 
Strehlow 28 ; and Edwards 24 . 

Although Chapman-Jouguet theory predicts 
gaseous detonation velocities to within a few 
percent 25 , recent experimental studies 19 *?h 
S 8-28 have led to the conclusion that the 
one-dimenoional model of the detonation wave 
is an approximation. Careful examination of 
gaseous detonation shows that the detonation 
front has a fine structure composed of a system 
of unsteady interacting shocks and is not a plane 
shock. The existence of such fine structure in 
self-sustaining gaseous detonation shows the 
detonation to be a three-dimensional nonsteady 
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phenomenon that exhibits steady gross 
characteristics. White 20 first associated the fine 
structure v/ith turbulence in the reaction zone, 
but it was lp.ee r identified with Mach 
interactions 27 ' 30 . In a self-sustaining 
detonation, points at which the forward 
propagating curved shocks intersect travel across 
the detonation front as waves 25 . These 
transverse waves occur at the detonation front as 
Mach stems or triple shock intersections of finite 
amplitude 31 ' 32 . As shown by Oppenheim and 
Urtiew 23 , the motion of the triple points writes 
the pattern on the smoked surface in studies of 
detonation structure ^ploying the smoke track 
technique developed Denisov and Troshin 33 . 

The occurrence and structure of transverse 
waves have bet amined extensively by 
Strehlow and coworkers 34 ' 37 . The experimental 
evidence suggests that transverse waves are an 
inherent property of the flow behind a shock 
that initiates an exothermic reaction. Transverse 
waves are produced in initiation of detonation in 
controlled one-dimensional experiments, and are 
observed repeatedly in self-sustaining, 
overdriven, and spherical detinations. 
Examination of cell patterns on smoke track 
records shows that transverse waves exhibit a 
well-regulated spacing in many self-sustaining 
detonations. The regularity depends on the 
confining geometry and the nature of the 
chemical system supporting the detonation. In 
rectangular tubes, the characteristic size of a 
regular patter is dictated by the initial pressure 
level and the amount of diluent present in the 
reactive mixture. At present, transverse wave 
spacing is thought to be controlled primarily by 
induction and recombination zone kinetics, but 
can be influenced by the tube containing the 
detonation. 

A theoretical treatment of the stability of 
steady one-dimensional detonation waves, based 
on the assumption of a square wave reaction 
zone, was started by Shchelkin 38 and continued 
by many workers, The restrictions imposed by 
the square wave model have recently been 
removed by Erpenbeck 39 * 41 arid Strehlow, et 
ol 42-43 w ho considered a more realistic 
reaction zone. The studies of Erpen^eck on the 
response of an overdriven discontinuity to a 
transverse harmonic perturbation in the reaction 
zone indicate that instability depends on the 
frequency of the disturbance, the activation 


energy of the assumed first-order exothermic 
reaction, and the amount the detonation is 
overdriven. The stability conditions for high 
frequency transverse waves show systems with 
sufficiently low activation energy to be stable. 
The studies of Strehlow and Fernandes 42 and 
Barthel and Strehlow 43 on the behavior of a 
high frequency coherent transverse acoustic 
wave in the reaction zone give two important 
results. The first of these is that a shock, with 
exothermic reaction, of Mach number greater 
than 3, is unstable to a transverse acoustic 
disturbance. The second is the possibility of the 
wavefront of a sonic disturbance producing 
multiple shock contacts which asymptotically 
approach a regular spacing related to the 
reaction zone thickness. 

Theoretical studies show that hydrodynamic 
instabilities are to be expected in flows where a 
shock initiates an exothermic* reaction,, and are 
consequently consistent with experimental 
observations. 

Although the mechanism of propagation of a 
self-sustaining gaseous detonation is qualitatively 
understood, there is no satisfactory model at the 
present time for calculating quantitative 
properties of the Gne structure. It can be 
concluded that the gaseous detonation wave 
with steady gross properties contains an intrinsic 
unsteadiness on a scale some 1 order of 
magnitude greater than the one-dimensional 
reaction zone thickness. The overall motion is 
sustained by the collisions of Mach interactions 
which continually provide new centers of 
reaction as the shocks propagating forward 
attenuate. The detonation front as a whole 
propagates at very close to Chapman-Jouguet 
velocity, even though the velocity of a leading 
shock in the front varies from a value 10 to 20 
percent above to 10 to 20 percent below the 
Chapman-Jouguet value. Since the 
Chapman-Jouguet hypothesis is successful in 
predicting detonation velocity, it must be of 
some significance even though at the present 
time it cannot be justified on structural and 
stability considerations. 

Experimental investigations of self-sustaining 
detonation in liquids have not been as conclusive 
as those of self-sustaining detonations in gases. 
Detonations in liquids are more difficult to 
study experimentally than detonations in gases 
because they generate pressures in the 100 kbar 
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regime. The experimental observation of fine 
structure in the detonation front in 
nitromethane and its mixtures with acetone led 
Premin^ 4 " 47 to postulate that detonations in.all 
liquids should exhibit fine structure similar to 


that in gases. However, the detonation fronts in 
nitroglycerin, dinitroglycerin, and 
tetranitromethane were found 48 to be smooth 
and to.exhibit no fine structure; 
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CHAPTER 9 DETONATION WAVES OF CYLINDRICAL AND SPHERICAL 

SYMMETRY 


9-1 INTRODUCTION 

The theoretical development of the previous 
chapters has been limited to detonation waves in 
one dimension in which the wave front is planar 
and the flow behind the front is parallel. A 
rather complete description of this idealized 
wave is possible, because of the simple 
geometry. The theory of plane detonation waves 
is strictly applicable only to a semi-infinite mass 
of explosive. The treatment becomes a good 
approximation to charges of finite size if the 
dimension of the charts perpendicular to the 
direction of .propagation of the wave is large 
enough so that edge efforts become of negligible 
importance, and if the dimension in the 
direction of propagation is large compared to 
the distance, in which transients arising from the 
initiation process exist. 

Explosive charges of practical interest are, of 
course, of finite size. One expects the 
one-dimensional theory to apply to a cylindrical 
charge of explosive, initiated at one end and 
with the wave propagating in the direction of 
the axis of the cylinder if the cylinder is 
contained in a perfectly rigid casing and if the 
interaction of the explosion products with the 
casing wall has negligible effect on the main flow 
behind the detonation wave. Such a situation is 
allowed in the case of an explosive gas mixture 
contained in a met^l tube if the tube diameter is 
not too small. 

The pressures developed in the explosion 
reaction of a condensed explosive at the reaction 
front are of the order of 10 5 afcm. At such 
pressures, material cannot be completely 
contairterj ahd it is impossible to conceive of a 
perfectly rigid envelope. Consequently, the 
material velocity of the product gases has a 
radial component and the flow cannot be 
one-dimensional. One* expects, therefore, that 
the one-dimensional theory will have asymptotic 
velocity, becoming the more realistic the larger 
the diameter of the cylindrical chuge. 
Cylindrical charges of finite diameter are 
expecjjid to differ in their behavior from that of 
the i^feal one-dimensional charge to a degree that 
depends on the diameter of the charge and on 
the nature of the confining envelope. 


In a cylindrical charge of explosive, the flow 
of the reaction products must have cylindrical 
symmetry. The detonation velocity along a 
finite cylindrical charge is observed, 
experimentally, to be constant after a short 
distance in which initiation transients disappear. 
It is, therefore, appropriate to assume that the 
flow in the reaction zone of such a charge is 
stationary (in a coordinate system moving with 
the wave). The equations of hydrodynamics for 
steady flow with cylindrical symmetry are 
approximately as tractable as those for plane 
unsteady flow. Some progress has been made in 
the theoretical description of the flow in steady 
detonation waves in cylindrical charges, but a 
theory of the effect of finite charge diameter on 
the detonation velocity in such charges cannot 
be said to exist. 

A further type of nonparallel flow that has 
received limited theoretical attention is the flow 
with spherical symmetry resulting from 
initiation in a large mass of explosive at a point. 

These two instances involving nonparallei flow 
of the reaction products are the only ones that 
have been amenable to even limited theoretical 
study. It is thus apparent that the traditional 
methods of classical physics have not been 
employed to describe the detonation process in 
any actual explosive charge of two or three 
physical dimensions. The material of this chapter 
is intended to display the limitations of the 
one-dimensional theory and to assist in the 
understanding of the reasons why actual 
detonations may differ in their properties from 
the predictions of the theory. In the present 
state of knowledge, the theory cannot provide 
all of the design data needed for the rational 
design of an explosive charge for a particular 
application. 

9-2 THE EFFECT OF CHARGE DIAMETER 
ON THE DETONATION VELOCITY 

Soon after detonating explosives began to be 
studied, it was observed that the detonation 
velocity of a cylindrical charge of explosive, 
initiated nt cue end and with the wave 
propagating in the direction of the axis of the 
charge, depends upon the diameter of the charge 
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and upon the nature of the charge confinement. 
The velbcify increases with increasing charge 
diameter in charges with the same confining 
envelope and with increasing strength of 
confinement at constant finite diameter. At 
constant confinement and with increasing 
diameter, the detonation velocity approaches 
asymptotically a limiting value which, on 
physical grounds, we consider to. be that 
predicted by the orie-dimensionai theory. If D is 
the observed detonation velocity for charge 
diameter d (i.e., D = D(d)) and the ideal 
value gi.:sn by one-dimensional theory, then 

D/D m -*• 1 as d -► - (9-1) 

This behavior is illustrated in Fig. 9-1, in 
which the detonation velocity of RDX at a 
density of 0.9 g/cm 3 is plotted against the 
reciprocal of the cylinder radius. The 
experimental data are to be well 


represented by a straight line. (Experimental 
data on the variation of detonation velocity with 
charge diameter have been represented in the 
literature in graphs employing the radius instead 
of its reciprocal as abscissa. Since the detonation 
velocity is expected to approach the ideal limit 
asymptotically as the radius goes to infinity, 
there can be no justification for this mode of 
treatment of the data, calling as it does for an 
extrapolation of infinity.) 

It is found experimentally that the slope of 
curves such as that, of Fig. 9*1 depends strongly 
on the density of the explosive, its chemical 
nature, and its state of aggregation. The velocity 
depends on the charge diameter more strongly 
for explosives at low loading density than for 
the same explosive at high, loading density, for 
pressed granular explosives than for 
homogeneous cast explosives, for composite 
explosives than for pure explosive compounds, 
and for explosives of low energy release than for 



Figure 9-1. Effect of Charge Diameter on the Detonation Velocity of RDX, p 0 3a 0.9 (Ref, l) 
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those of high energy release. Thus, a high energy 
explosive such as PETN has a smaller 
dependence of velocity on charge diameter than 
does one such as TNT. Cast TNT has a smaller 
dependence than does pressed TNT at about the 
same density. The dependence for a pressed 
TNT charge of high density is less than that for a 
pressed charge at low density. At low density, 
the dependence of the velocity on charge 
diameter is strongly influenced by the particle 
size of the explosive, being the greater the 
greater the particle size. The latter observation 
suggests that the rate of decomposition of a 
granular explosive is controlled by the rate of a 
surface reaction of the individual particles. By 
contrast, in homogeneous explosives that can be 
expected to undergo a bulk homogeneous 
decomposition reaction, only a relatively small 
dependence of detonation velocity on charge 
diameter is observed. 

Although the general features of the 
dependence of detonation velocity on charge 
diameter ,and the nature of the confinement 
have beei studied experimentally for many 
years, attempts to explain the effect in terms of 
the hydrodynamics and thermodynamics of the 
system were not made until about 1940. Since 
that time, a qualitative understanding of the 
effect has been gained but a satisfactory 
quantitative theory of the phenomenon does not 
exist 

In the one-dimensional case, the 
Chapman-Jouguet condition has been shown to 
define a surface auu.* which, energy cannot be 
transmitted. In the infinite charge of explosive, 
, or alternatively in a finite charge under ideal 
confinement, the reaction is complete at this 
surface and this surface lies an infinite distance 
downstream from the leading edge-the shock 
wave—of the detonation wave. In the last 
chapter, it was stated that steady reaction zones 
can be 3 hown to exist between a surface defined 
by a frozen sound velocity Chapman-Jouguet 
condition and the shock wave, where this 
surface is a finite distance from the shock front 
in a region where the reaction is incomplete, but 
that such steady flows are unstable. These 
theoretically steady but unstable configurations 
of shock wave and rarefaction front were called 
subideal Chapman-Jouguet states. If a cylindrical 
charge of explosive is imperfectly confined, the 
high pressure explosion products will expand 


laterally, and this lateral expansion will begin at 
the intersection between the initiating shock and 
the boundary of the charge. Thus, both in the 
reaction zone, which we may assume to be a 
region of steady flow, and in the expansion 
wave, which cannot be a region of steady flow, 
the vector particle velocity of the explosion 
products will have a nonvanishing radial as well 
as axial component. The region of steady flow is 
followed by a two-dimensional rarefaction wave 
that is determined by boundary conditions 
prescribed on the interface between, explosion 
products and surrounding medium. As a 
consequence, the leading edge of the rarefaction 
wave, propagating into the explosion products 
with the local velocity of sound, must be fixed 
in space relative to the position, of the shock 
front. Shock front and head of rarefaction wave 
are surfaces of revolution about the axis of the 
cylindrical charge defining a reaction zone 
having the shape of a meniscus and a volume 
characterized by two linear dimensions, of 
which one is the diameter of the explosive 
charge and the other can be taken to be the 
distance on the axis of the charges between the 
shock front and the rarefaction front. 

As far as the propagation of the detonation 
wave is concerned, the reaction is arrested at an 
intermediate stage corresponding to only a 
partial release of the energy of explosion. 
Energy released in the rarefaction wave cannot 
be transmitted across the sonic surface 
comprising the head of the rarefaction wave, and 
it is expended in partial support of the lateral 
expansion of the gas in the rarefaction wave. 
Only the energy that is released ahead of the 
sonic surface is effective in supporting the 
propagation of the detonation wave. The 
consequence of the establishment of a 
two-dimensional analogue of the subideal 
Chapman-Jouguet state that has previously been 
considered, with an energy deficit caused by 
incomplete reaction on the sonic surface, is a 
decrease in the detonation velocity 

There is a further mechanical consequence of 
the lateral expansion of the reaction products in 
finite cylinders of explosive. Work is performed 
in maintaining the radial component of particle 
velocity which, as we have already noted, is 
nonvanishing in the steady reaction zone. As a 
consequence, not all of the energy released in 
the region of steady flow is effective in 








supporting the axial propagation of the wave, 
and the detonation velocity is less for diverging 
flow than for parallel flow with the same energy 
release. 

Divergent flow across a shock front implies a 
curved shock front and vice versa. Flow crossing 
an oblique shock is turned toward the shock. 
Therefore, the shock front is convex toward the 
intact explosive and concave toward the reaction 
zone. The assumptions that have been made in 
formulating the model that has been described 
are supported by experimental observations of 
the curvature of the front in cylindrical 
explosive charges. The observations are made 
with a streak camera with the axis o t the 
cylinder oriented in the direction of the camera 
optical axis and with the wave propagating 
toward the camera. The detonation wave is 
observed to emerge first from the explosive 
charge at the axis. 

The curvature of the shock front, the 
divergence of the flow in the reaction zone, and 
the extent of the region of steady flow are 
determined by the diameter of the charge and 
the nature of the confinement. The theoretical 
calculation of the curvature (or, alternatively, of 
the flow divergence) would require the solution 
of a complex hydrodynamical problem involving 
the formation of shock wave or waves in the 
exterior medium and requiring the 
determination of the location of the contact 
surface between explosion products and exterior 
medium. In a bare charge, surrounded by air, a 
cylindrically symmetric shock wave will be 
propagated outward in the air. If the charge is 
cased, a shock wave is propagated into the 
casing. If the casing is thin, the problem is 
further complicated by the subsequent 
reflection of this shock wave at the boundary 
between casing and air, resulting in a reflected 
wave and a transmitted wave into the air 
surrounding the cased charge. 

The shape of the reaction zone may be 
characterized by the diameter d of the reaction 
zone and the axial distance a o of separation 
between shock front and the head of the 
rarefaction wave. If the surrounding medium is 
defined, and the problem of fully describing its 
motion could be solved, these two dimensions 
would fully characterize the region of steady 
reaction upon which the propagation of the 
wave depends. The only dimensionless 
combination of these lengths is the ratio a Q /d> 


and no other characteristic lengths can occur in 
the theory. Therefore, from dimensional 
considerations alone, we can write 

D/D„ = F(a 0 /d) (9-2) 

The function F can always be represented by its 
MacLaurin expansion. Taking into account the 
asymptotic behavior sumr rized by Eq. 9*1, we 
can write 

D/D„ = 1 + A(ajd) + . (9-3V 

where A is a constant and where for small values 
of a^/d the higher order terms can be neglected. 
It will be noticed that the data shown in Fig. 9-1 
is well represented by an equation linear in 1/d, 
It is, in fact, generally true that experimental 
data for the velocity deficit in finite cylindrical 
charges can be represented, for small values of 
the deficit, by Eq. 9-3. The proportionality 
constant Acl q is a function of the confinement 
on the charge for charges of a given density. 

9-3 DIVERGING FLOW WITHIN A 
CYLINDRICALLY SYMMETRIC 
STEADY REACTiON ZONE 

When a detonation wave progresses in the 
direction of the axis of a cylindrical charge of 
explosive, it is found experimentally that the 
rat* of propagation is constant and that the 
leading shock wave is convex in the direction of 
propagation of the wave. These observations 
imply that a steady reaction zone exists and that 
the reaction zone has cylindrical symmetry. In 
order to connect such a flow region with a 
stationary (in laboratory coordinates) 
downstream boundary on which the values of 
the various quantities describing the flow are 
prescribed, it is necessary to postulate a 
cylindrically symmetric unsteady expansion 
wave. Thus, we may consider the flow illustrated 
schematically by Fig. 9-2, in which the 
coordinate system is at rest in the wave front, 
the x-axis being coincident with the axis of the 
cylindrical charge of explosive with origin in the 
wave front and with the radial coordinate r 
measuring the distance from the x-axis. The 
intact explosive moves from right to left with 
constant velocity w « D. To the left of tpe 
wave front, the particle velocity vector has an 
axial component w x and a radial component uj f . 










Expansion: Wave Chapman-Jouguet Reaction Zone Wave front 

(Unsteady 5urface(Steady, (Steody, Subsonic (Steady,Stationary) 
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Figure 9-2. Cylindrically Symmetric Flow Through a Detonation Wave 
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If u and co are the axial and radial components, 
respectively, of particle velocity relative to 
laboratory coordinates, 


w x « D - u 
w r - (J 


(9-4) 


Wood and Kirkwood 2 have considered the 
flow illustrated by Fig. 9-2, assuming a single 
chemical reaction in the steady reaction zone. 
The progress of such a reaction can be described 
by a, progress variable X which has the value 0 at 
the wave front where the reaction is initiated 
and ihe value 1 when the reaction is.complete. 
The rate equation for such a reaction c&n be 
written 



(9-5) 


where AF is the change in free energy for the 
reaction occurring in the reaction zone. 

For the postulated steady flow, Wood and 
Kirkwood 2 transform these hydrodynamic 
equations into the form 



where the rate function R is a function of the where c is here the frozen sound speed 
instantaneous state of the system. Since the 2 

mobile time derivative is c “ (3p/3p), x (9*11) 


d 3 a 3 

-= - + (D - u) - + 60 — 

dt 3 1 1 ' dx dr 


Eq. 9-5 becomes 


3X 3X 

for the steady flow under consideration. 

The differential equations for the conservation 
of mass, momentum, and energy are given in 
par. 2-6. For cylindricaily symmetric flow, they 
are the equation of continuity 


the equations of motion 


du 1 fdp\ 

- + — • I — I ss o 

dt p y3 xf 

dw X /3p\ __ 

dt p \3r/ ^ 


and the equation for energy transport 

de fds\ p fdp\ 

37= T{—1 f-i 37) +W 
dt \dt) p \dtj 


and 0 is the quantity 

1 /ap\ 

" = " , < 9 ’ 12 > 
Instead of attempting a complete solution of 
these equations, Wood and Kirkwood specialize 
them to the axis of symmetry (r » 0) where w - 
0, 3p/3r = 9 and dp/dr * Ol* When the results 
are solved for the derivatives of the axial 
component of particle velocity and pressure 
with respect to the coordinate x, there are 
obtained 



and where the superscript zero indicates that the 
derivative so/designated is evaluated on the axis, 
r = 0. 
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Now, the, postulated flow has been assumed to 
consist of a steady reaction zone that is 
connected to the rear boundary by an unsteady 
expansion wave. The surface separating these 
two regimes must be a weak discontinuity. At 
such a surface, the axial derivatives of pressure 
and axial component of particle velocity are 
discontinuous. If these quantities are 
discontinuous on the surface separating the two 
regions, and in particular if they are 
discontinuous at the intersection of this surface 
with the x-axis at the point labeled x-= a in Fig. 
9-2, the right-hand side of the first two of Eqs. 
9-13 are indeterminate at x = a . Therefore, atx 

O 7 

= a o 

G = 0 or D = u + c I'qi ex 


and 


3 co 
Ir 


= oR/2 


(9-16) 


Eq. 9-15 is identical in form to the 
Chapman-Jouguet condition for the plane 
detonation wave. It is appropriate, therefore, to 
refer to the surface separating the steady 
reaction zone and the unsteady expansion wave 
as the Chapman-Jouguet surface. The relation 
states that the rarefaction wave advances into 
the explosion products with the local velocity of 
sound. However, from Eq. 9-16 we conclude 
that the Chapman-Jouguet surface is fixed in 
space relative to the initiating shock wave. The 
surface intersects the axis of symmetry at the 
point x =■ a Q at which, according to Eq. 9-16 the 
reaction is incomplete; R > 0, if Dcu/3r > 0. 
Therefore, not all of the energy of the explosion 
reaction is released in the steady reaction zone. 
Furthermore, the Chapman-Jouguet point 
defined by Eq. 9-15 is a frozen 
Chapman-Jouguet point, defined in terms of the 
frozen sound speed. 

The distance a Q is a characteristic length of the 
cylindrically symmetric diverging flow and may 
be employed to characterize the thickness of the 
reaction zone. 

Eqs. 9-13 can be integrated to yield integral 
relations analogous to the I-Iugoniot equations 
for plane, one-dimensional flow through a 
steady reaction zone, obtained m the last 
chapter. With the aid of the conditions on the 
axis of symmetry relating the state of the 


unshocked explosive to the shocked unreactcd 
explosive, Wood and Kirkwood obtained the 
expressions, 



In deriving Eqs. 9-17, terms quadratic in 
(bco/br) 0 have been neglected. Eqs. 9-17 are 
generalized Hugoniotequations for cylindrically 
symmetric diverging flow through a steady 
reaction zone. They determine the state of the 
material in the reaction zone and on the axis in 
terms of the state of the intact explosive ahead 
of the wave. For parallel flow, dco/dr *= 0 and 
Eqs. 9-17 become identical with the Hugoniot 
equations that were obtained in the last chapter 
for parallel flow. 

When the conservation conditions, as derived 
by Wood and Kirkwood, are analyzed, it can be 
seen that they differ from the analogous 
expressions for parallel flow in an important 
aspect. As a mechanical consequence of the 
divergent flow, the propagation velocity is less 
than that for parallel flow for the same energy 
release at the Chapman-Jouguet point. A further 
decrease in propagation velocity is the result, in 
principle, of the fact that the reaction is not 
complete at the Chapman-Jouguet point. 

In order to make use of these expressions, it is 
necessary to obtain a relation for the radial flow 
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divergence dco/dx on r = 0 as a function of x. To 
do this exactly would require the complete 
solution of the flow equations subject to 
boundary conditions prescribed on the interface 
between explosion gases and exterior medium. 
Wood and Kirkwood obtain an approximate 
relation by using the law of conservation of 
mementum to relate 3c o/dr to 3 2 p/3r 2 and then 
employing an estimate of the latter quantity. 
When the second of the equations of motion is 
differentiated—specialized to the axis r = 0—and 
then integrated with neglect of terms of order 
(bw/dr) 2 , they obtain 



The quantity (dw/br)° at x = 0 can be expressed 
in terms of the radius of curvature of the shock 
front at the axis s by 

\° _ “(0* 0) (9-19) 

W s 

jc-0 


where u (0, Q) is the particle velocity at x = 0, r = 

O. The second radial derivative of the pressure is 
estimated by means of a simplified model of the 
geometry of the reaction zone, shown 
schematically by Fig. 9-3. It is assumed that the 
Cnapman-Jouguet surface is a plane 
perpendicular to the x-axis at x * a This 
surface intersects the curved' shock front, as is 
shown. It is further assumed that the portion of. 
the curved shock front ahead of the 
Chapman-Jouguet surface can be represented 
with sufficient pn ;ision by a se^nent of a 
sphere of radius s. The pressure p (x) on the 
shock front at a point where the axial 
coordinate is x can be represented 
approximately be an expansion about the 
pressure on the axis 

P, M “ P(*. 0) + r(^j — 0-20) 

The second term on the right-hand side of this 
equation vanishes because of the cylindrical 
symmetry. In approximation r 2 = 2s*. If the 
further approximation is made that the shock 



Figure 9-3, Model of the Reaction Zone Employed by Wood and Kirkwood 


9-8 






AMCP 706-180 


pressure is constant on the shock surface p x = 
p(0, 0), Eq. 9-20 yields the desired relation in 
approximate form 

&j % t [ p(0 - 0, ' p(jc ’ 0) ] (9 ‘ 21) 

By use of Eqs. 9-18, 9-19, and 9-21, the 
expression for (dcj/drf becomes 



where higher order terms have again been 
neglected. 

Additional approximation^ are made to obtain 
an approximate explicit solution. Wood and 
Kirxwood assume that the pressure profile on 
the axis is square with 

p = p(0, 0) , * < % I 


where p x is the pressure on the 
Chapman-Jouguet surface at the axis. Using a 
free volume equation of state for the explosion 
products and the typical values p l[p(a o ,Q)\ - 
0.7 and p o /[p(0,0)] = 0.55, they finally obtain 
the relation 

D/D" = 1 - 3.5 a Q /s (9-24) 

This relation, although based on an approximate 
model of the reaction zone and with the 
Coefficient evaluated for a particular physical 
explosive, exhibits the nature of the dependence 
of the detonation velocity in a finite cylindrical 
charge on the radius of curvature of the &hock 
front. 

9-4 THEORIES OF THE CHARGE 
DIAMETER EFFECT 

Tho analysis by Wood and Kirkwood of the 
consequences of divergent flow in a steady 
reaction zone provides a considerable insight 
into the conditions that obtain in a cylindrical 
charge of explosive along the axis of which a 
detonation wave is propagating with constant 
velocity. Howevc;, not even their approximate 
result, Eq. 9-24 relating the velocity deficit to 


the radius of curvature of the shock front, is a 
satisfactory theory of the charge diameter effect 
since the radius of curvature is difficult to 
measure experimentally and it cannot at present 
be calculated in terms of the dimensions of the 
charge. A complete theory of the charge 
diameter effect would make possible the 
calculation of the velocity deficit U -) -U from 
a knowledge of a characteristic time or length 
characterizing the chemical reaction, the 
diameter of the charge, and the properties of the 
confining media. Several authors have attempted 
this more elaborate program. In each case, the 
analysis has been based upon a drastically 
simplified physical model, the mathematical 
description of which has involved a variety of 
mathematical and numerical approximations, 
together with various self-contradictory initial 
assumptions. These treatments have had as a 
common aim the evaluations of the function 
F(ajd) of Eq. 9-2. 

The resulting theories have always been, 
employed in an inverted sense. Since kinetic 
data permitting an a priori calculation of a 
characteristic reaction time for condensed 
explosives is, in the main* nonexistent, the 
theories have been employed to deduce the 
characteristics of the reaction zone from the 
experimentally determined dependence of 
detonation velocity on charge diameter. When 
expressed in terms of a “reaction zone length”, 
the various different models yield results 
differing by a factor of. about 2 and thus are in 
agreement as to order of magnitude. In-view of 
the arbitrary nature of the underlying 
assumptions and the approximations entering 
into the subsequent derivations, there exists 
considerable uncertainty as to the physical 
significance to be ascribed to the parameters of 
the various theories. It is the authors* opinion 
that they have little to recommend them over 
the simple empirical result expressed by Eq. 9-3. 
In these circumstances, and beca ise detailed 
treatments are readily available in the literatiu’o, 
we shall not attempt a detailed exposition of .he 
different theories but shall limit our discussion 
to a description of the models and a statement 
of the results. 

Two theoretical treatments of the nonideal 
detonation velocity in a cylindrical charge of 
explosive of finite radius have a common basic 
assumption, namely, of the hydrodynamic 
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equations, only the equation of continuity 
differs from the form for parallel flow due to 
the expansion in the reaction zone. Both 
treatments assume that the reaction is complete 
a finite distance a o behind the shock front and 
that this parameter is, therefore the thickness of 
the reaction zone. 

The physical model employed by Jones is 
shown schematically in Fig. 9-4(A). Although 
the shock front is curved when the flow 
diverges, near the axis it is plane. Jones assumed 
that it is plane across the cross section of the 
charge. He approximated the divergence of the 
flow near the axis by that of a Prandtl-Meyer 
expansion around a comer a distance from the 
axis equal to the original radius of the charge. In 
addition to the assumption of complete 
reaction, Jones assumed the one-dimensional 
form of the Chap man-Jouguet condition 
(Chapter 9) and he employed the-Abel equation 
of state with a covolume appropriate for TNT 
and an adiabatic exponent of 3. The equations 
resulting from these assumptions are solved 
graphically and the results are tabulated. They 
can-be expressed by the relationship 

(D/DJ 2 =1-0.8 (2 a 0 /df (9-25) 

Eyring* Powell, Duffey, and Parlin 4 adopted a 
model consisting of curved shock front and a 
parallel curved surface of complete reaction as 
shown schematically by Fig. 9-4(B). They 
assumed that the curved shock front is made up 
of spherical segments and that the radially 
divergent flow behind a spherical detonation 
wave that is described in the next paragraph 
occurs behind each spherical segment of the 
curved shock front. The piecewise 
representation of steady flow in a cylindrical 
system by spherically divergent flow is 
self-contradictory since the radius of curvature 
of a spherical detonation increases with time 
and, therefore, a spherical detonation is not 
steady. Eyring and his coworkurs obtained 
relations between the ratio and the ratio 

of the radius of curvature to the reaction zone 
length a Q , assuming that-the reaction is complete 
at the surface a distance q q behind the shock 
front. Using these results, they performed 
calculations of the detonation velocity for a 
typical solid explosive described by an Abel 
equation of state for given width of reaction 
zone and charge radius. In these calculations, the 
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curved front was constructed from connected 
spherical segments, the spherical radii of which 
decrease as one moves outward from the axis of 
the charge. The construction was subject to a 
requirement that the whole wave have the same 
constant velocity in the axial direction. For a 
charge surrounded by air, the wave front was 
required to reach the surface with an angle of 90 
deg between the charge axis and the normal to 
the final segment. In its detail, the development 
of this theory is algebraically complex. The 
results of the calculations were represented by 
the empirical formula 

D/D m = 1 - Qo/d (9-26) 

which is identical in form with Eq. 9-3 and in 
which the proportionality constant is unity. 

Cook has based his treatment of the charge 
diameter effect on a fundamental assumption 
different from that employed by Jones arid by 
Eyring, and their coworkers. Tww latter authors 
have assumed that the reaction is complete on 
the Chapnian-Jouguet surface and have ascribed 
the velocity deficit in finite cylindrical charges 
to the mechanical effects of the diverging flow. 
Cook assumes that (he flow is parallel in the 
reaction zone up to the Chapman-Jouguet 
surface and ascribes the velocity deficit to the 
fact that only a portion of the energy of 
explosion is released in the region of steady 
flow, the remainder being dissipated in the 
expansion wave. He visualizes the steady 
reaction zone as having,a conical shape of height 
a q as shown schematically in Fig. 9-4(C). This 
distance is determined by the lhtersow'on with 
the charge axis of the rarefaction wave moving 
in from the side, calculated from 

a 0 = a d! (9-27) 

where a is a constant having a value between 0 
and 1 and d' is a corrected diameter 

d' = d - 0.6 cm (9-28) 

Cook assumes that any reaction occurring at 
x > o 0 does not effect the steady zone. According 
to these assumptions, the velocity deficit is due 
to the fact that a Q <a t where a y is the distance 
on the axis at which the reaction would be 
complete. These assumptions imply that D~ 
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when a o > a and that no diameter effect is 
then observed. This deduction is not consistent 
with the experimental observation that D 
approaches asymptotically. Cook made the 
further assumption that pressure, density, and 
particle velocity are constant between the shock 
front and the Chapman-Jouguet plane. With 
these assumptions, he deduced the relation, 

(D/Bj 2 = 1-\l - ~ a 0 Co, 

L 3 -I (9-30) 

D/D m - 1 ,a 0 > «i 

The distance a o is to be calculated from Eq. 
9-27. The distance a 1 can in principle be 
calculated if a reaction mechanism yielding a 
finite time to complete the reaction is 
employed, or it may be treated as an adjustable 
parameter. Such a mechanism is provided if the 
surface burning of grains of granular explosive is 
the step controlling the rate of release of 
explosion energy. In a homogeneous 
explosive^-where the reaction is 
homogeneous—Oj 55 -, and Eq. 9-30 does not 
predict a charge diameter effect, which is not in 
accord with experience. 

The assumptions upon which Cook, bases his 
treatment constitute a very substantial 
oversimplification of the flow within the 
reaction zone. Th§ results deduped from his 
model are not in particularly goed agreement 
with experiment. In the next paragraph, we 
show that the curvature of the wave front can be 
simply described by a treatment that does not 
require use of arbitrary assumptions. 

9-5 THE RELEASE WAVE MODEL 

The release wave model is a description of 
reaction wave geometry that has been developed 
by Eichelberger 9 based upon the method of 
characteristics, for prediction of the impulse 
imparted to on element of surface area on an 
explosive charge of arbitrary geometry. Its 
virtues are simplicity and versatility, but 
sacrifices of precision are required in order to 
obtain these advantages. 

In principle, the model describes the 
propagation of isobars in the rarefaction 
following an idealized detonation wave. The 
propagation of the detonation front from the 
initiation source is described by means of 
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Huy gen’s principle. As the front sweeps the 
boundary of the explosive charge, it 
progressively initiates a simple, centered 
rarefaction. To each isobar, or characteristic 
surface, in the rarefaction a specific density, 
pressure, and propagation velocity can be 
assigned; thus, barring interactions among 
characteristics initiated from intersecting 
boundaries or convergence due to complex 
geometries. Accordingly, Huygen’s principle can 
be used to describe the propagation ox each 
characteristic. 

The special simplifications inherent in a 
polytropic gas law with k = 3 are exploited in 
order to salvage the concept; for this specific 
condition, rarefactions from different sources 
penetrate without change. Thus, when 
refactions from several surfaces affect the 
impulse delivered at a point on the chargc~as is 
generally the case for real, three-dimensional 
charges—Fermat’s principle of least time ctn be 
used to determine the earliest time of arrival of a 
characteristic surface identified with a given 
pressure. Fortunately for the model, the best 
measurements of equation of state of explosive 
products indicate that the polytropic gas la.f, 
with a value of k = 3 (actually between 2.8 and 
2.9) describes the gases through the entirejrcgion 
from the C-J plane to very low pressures. 

In applications to date, the reaction zone in 
the explosive has been neglected, although this is 
not a necessary feature of the model. A region 
of constant thickness rnd pressure distribution, 
between the detonation front and the 
rarefaction, could be added without signficant 
increase in complexity. 

The model, then, uses a histogram 
representation of the pressure behind a 
one-dimensional pulse, as illustrated in Fig. 9-5. 
The precision of the results depends upon the 
number of elements into which the pulse is 
divided. The values of particle velocity, sound 
velocity, etc. associated with each finite segment 
of the pulse arc determined by use of 
one-dimensional theory. The subsequent 
procedure can follow either of two directions. 
The pressure distribution behind the detonation 
front can be developed by constructing the 
isobars in the detonation products as illustrated 
in Fig. 9-6. Alternately, the impulse delivered at 
a selected point on the surface can be estimated 
by applying Fermat’s principle, determining the 






time of arrival of each isobar at the selected 
point, synthesizing the pressure-time history at 
the-selected point, and integrating. 

As the ultimate in simplicity, for ease of 
calculation, a single square pulse has been used 
to replace the histogram composed of several 
elements. For rough approximations, a pulse 
bounded by the detonation wave and by a 
“release wave” whose propagation velocity Is 0:6 
times the detonation rate suffices. The 
amplitude of the square pulse is adjusted to 
make the total impulse equal to that of the real 
pulse for a one-dimensional case. In this 
simplified version, the release wave model very 
closely resembles the “detonation head” 
concept described by Cook; there is no claim of 
physical reality in the square pulse version of the 
release wave model, however. 

Refinements to the model have been 
developed to permit handling of confined 
boundaries, using simple, centered rarefactions 
with an artificial delay time and displacement of 
the boundary. 


9-6 THE SPHERICAL DETONATION WAVE 
INITIATED AT A POINT 

The expanding detonation wave with spherical 
symmetry is the only instance of a 
three-dimensional transient wave that has 
received attention. This case is of practical 
interest since it represents the immediateresult 
of a localized initiating source embedded in a 
mass of explosive. G. I. Taylor 7 has analyzed the 
dynamics of spherical detonation from a point 
and has demonstrated the theoretical existence 
of a particular flow, i.e., that the particular flow 
resulting f *n his assumptions is compatible 
with the cbn^rvatioR equations and therefore a 
possible flow. His analysis does not prove that 
such a flow is the actual result of the point 
initiation of a detonatingexplosive. 

Taylor assumed that the reaction is 
instantaneous, resulting in a wave whose 
reaction zone is of zero thickness. The nickel 
employed is thus the spherical analogue of that 
used in the elementary theory of plane 



Figure 9-5. Typical Histogram Representation of the Pressure Pulse for Use in Release Wave 
Calculations Together With the Simplified Square Pulse Approximation 
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detonation waves, given in Chapter 6. He 
examined the possibility of a flow for which the 
Chapman-Jouguet condition D - + c L is 

satisfied at a spherical surface expanding with 
radial velocity where D was assumed to be 
constant. Under these assumptions, all of the 
properties behind the wave front are easily 
shown to be functions of the single variable x = 
r/f, where r is the radial coordinate, and the flow 
is said to be self-similar. 

The equations of continuity and motion for 
spherically symmetric radial flow are given in 
par. 2-6. They can be written 





- 0 



where u is the radial particle velocity. Since the 
reaction is assumed to be complete at the wave 
front, the flow behind the front is isenfcropic, 
ds/di + uds/dr = 0, and the pressure can be 


eliminated from the second of Eqs. 9-31 by the 
introduction of the sound velocity c. The 
condition that the density and particle velocity 
depend only on the variable x can be written 


du /3u\ 

a 7 + x w) 


dp fdp) 


} (9-32) 


Combining Eqs. 9-31 and 9-32, and introducing 
the sound velocity, we obtain 

du c 2 /dp\ 

(u - x) + - l-fA =0 
dx p \dx / 

' (9-33) 

dp (du\ 2up 

Following Taylor, we introduce the variables 


S - u/± 


INITIATION INITIATION INITIATION 



Figure 9-6. Illustration of Progress of Characteristic Surfaces in a Three-dimensional Explosive 
Charge , as Described in the “Release Wave " Theory 
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in terms of which Eqs. 9-33 become 


= 3^ 2 - (i - nli! 

dlnx (1 - £ 2 )'!' 2 - f 2 

din* a ri2r - (i - n^n 

dfinx (1 - f 2 )'k 2 - f 2 


(9-35) 


where f = 2 (din c/dlnp). To integrate these 
equations! it is convenient to employ the 
quantity 0 ~ c/D = $x/(*D) as independent 
variable. Employing the relation 


d0 _ d*_ d£ . dx 

0 * f x 


Eqs. 9-35 are transformed to 

d» 2? - a - 

<14 ," - n*f 

dt 3f 2 - (1 - » 2 * 2 ( 9 .37) 

d* = ^(1 - J)* 5 / 

dgn* a - » 2 * 2 - r 2 

d^ 

Eqs. 9-37 are integrated numerically inward 
from the wave front at which point the 
dependent variables are defined by the Hugoniot 
equations and the Chapman-Jouguet condition. 
For the flow behind the wave front, the pressure 
and density are known functions of the sound 
velocity along the isentropc terminating in the 
Chapman-Jouguet state. 

Taylor has performed the integration for 
explosion products treated as an ideal polytropic 
gas. Shear 8 has performed the integration for 


the explosion products of the explosive 
Pentolite at a loading density of 1.65 g/cm 3 . His 
results are given in Figs. 9-7 and 9-8, where they 
are compared with his calculations for the,plane 
detonation wave that were cited in Chapter 8. 
The particle velocity becomes zero at r/(Dt) = 
0.43 and the gas between this point and the 
center of symmetry is at rest. Approximately 93 
percent of the mass of the explosion products is 
contained by the region at rest. 

In Taylor's analysis, the radial gradients of 
particle velocity, pressure, and density are 
infinite at the wave front. It is stated that these 
infinite rates of change probably would not 
occur if account were taken of the finite 
reaction time. However, a steady finite reaction 
zone cannot exist behind a spherically diverging 
shock front. In connection with the 
development of his curved front model for the 
calculation of the charge diameter effect, Eyring 
deduced for spherical reaction zones of finite 
width a relation between the radius of curvature 
of the front and the detonation velocity in 
which the wave velocity increases with radius 
and approaches the plane wave velocity in the 
limit. However, Eyring’s analysis is based on the 
assumption of a stationary reaction zone, which 
is self-contradictory. It has to be concluded, 
therefore, that Taylor's description of the Cow 
behind a spherically diverging detonation wave is 
an approximation and that more detailed 
theoretical investigations will be required before 
the degree to which his model j is a useful 
description of the actual flow’ can be 
determined. In particular, it must be emphasized 
that Taylor’s analysis does not demonstrate that 
spherical detonation actually occurs with a 
constant radial propagation velocity equal to 
that given by the plane wave Chapman-Jouguet 
condition. 
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Figure 9-8. Pressure Behind a Spherical Detonation Wave in Pentolite, p o 
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CHAPTER 10 THERMAL EXPLOSION 


10-1 INTRODUCTION 

Thermal explosion is concerned with the 
effects of uncontrolled internal heating on 
explosive systems. Such uncontrolled heating 
can be initiated by action of external heat 
sources on the explosive or simply by 
“spontaneous” decomposition of the explosive 
itself. Under appropriate (or inappropriate) 
conditions of temperature, physical dimension, 
and thermal insulation, all explosive materials 
can undergo a build-up of chemical reaction 
leading eventually to fire and/or explosion in the 
material. 

Since thermal explosion concepts have 
significant application to the safe handling and 
storage of explosives as well as to the 
fundamental understanding of the mechanisms 
of initiation and growth of detonation, it will be 
desirable to describe the thermal explosion 
process in some detail. Par. 10-2 is devoted to a 
description of the important physical processes 
which give rise to thermal explosions. In par. 
10-3, the theoretical treatment of thermal 
explosions as developed by previous workers 
such as Semenov 1 , Frarik-Kamenetskii 2 , 
Chambre' 3 , Zinn and Mader 4 , JSnig 5 , and others, 
is presented. Some specific applications of the 
theory are discussed in pars. 10-4 and 10-5. The 
reader will also find reference to the concepts of 
thermal explosion in Chapters 11 and 12. 

10-2 DESCRIPTION OF THE THERMAL 
EXPLOSION PROCESS 

The basis for a thermal explosion is the 
exponential dependence of chemical reaction 
rate on temperature, as expressed in the 
Arrhenius law for the reaction rate 
proportionality constant k r 

h r -Z exp[- E/(RT)] (10-1) 

where 

Z - pre-exponential factor 
E - activation energy for the reaction, 
cal/iuole 

12 = gas constant, cal/mole- 0 K 
T = absolute temperature, °K* 


In a first-order decomposition reaction, which- 
is common in high explosive compounds, the 
reaction rate constant has the dimensions of 
(time)' 1 and its reciprocal is the characteristic 
life time of the explosive molecules at 
temperature T. 

A typical high explosive compound 'sec Table 
10-1) has a pre-exponential factor equal to 
about 10 13 sec* 1 and an activation energy of the 
order of 35,000 cal/gram mole. Table 10-2 
shows how the characteristic life time charges 
with temperature for such a material. 

The figures in Table 10-2 are illustrative only 
since the decomposition mechanism may differ 
in various temperature ranges. In fact, this is 
common since some of the larger molecular 
aggregates found among the low-temperature 
decomposition products of explosives disappear 
at higher temperatures. In some cases the 
reaction produces molecules that catalyze 
further decomposition (autocatalytic reaction). 
However, the general lifetime behavior 
exemplified in Table 10-2 is characteristic of 
virtually all high explosives. 

Since the decomposition of an explosive is 
exothermic and evolves heat, there is a ten lency 
for the decomposing material to become warmer 
and, thus, for the reaction to become faster and 
the heat-production rate to increase. Opposing 
this tendency is the flow and loss of heat to 
cooler surroundings. The heat production, rate 
depends exponentially on temperature, 
according to Arrhenius’ law, while the rate of 
heat loss usually increases in a linear fashion 
with temperature. The difference in the laws 
governing heat production and heat loss lead to 
interesting consequences—depending on 
circumstances, either the opposing effects come 
into balance and the temperature at some point 
ceases to rise, and then gradually recedes as the 
decomposing material becomes used up; or, the 
opposing tendencies fail to reach a balance, In 
the latter case the chemical reaction finally 
dominates, and the result is a catastrophic 
acceleration of the temperature rise. This is the 

♦While system temperatures in this chapter may bo 
quoted in degrees centigrade, the reader is cautioned 
that for calculation purposes the temperature must .refer 
to an absolute temperature unit, i.a, degrees Kelvin. 







TABLE 10-1 SPECIFIC RATE CONSTANTS FOR FIRST-ORDER ISOTHERMAL 
DECOMPOSITION OF EXPLOSIVES 


E t 


Explosive 

Log Z, sec' 1 

kcal/mole 

T,?C . 

Reference 

Nitroglycerin 

20.5 

48 

(125-225) 

Roginsky 

(a) 





Robertson 

(b) 

TNT 

11.4 

34.4 

275-312 

Robertson 

(c) 

TNT 

12.2 

43.4 

237-277 

Cook 

(d) 

TNT 

— 

27.8 

— 

Baum 

(f) 

Tetryl 

15.4 

38.4 

211-260 

Robertson* 

(e) 

Tetryl 

12.9 

34.9 

132-164 

Cook 

<d) 

Tetryl 

— 

23.1 

— 

Baum 

<*) 

Tetryl 

22.5 

52.0 

(solid) 

Roginsky 

(g) 

RDX 

18.5 

47.5 

213-299 

Rideal 

(h) 

RDX 

15.5 

41.0 

(solution) 

Robertson 

(i) 

PETN 

15.2 

38.6 

137-157 

Cook 

(d) 

PETN 

19.8 

47.0 

161-233 

Robertson 

(b) 

HMX 

19.7 

52.7 

271-314 

Rideal 

(h) 

Ammonium Nitrate 

12.28 

38.3 

217-267 

Cook. 

(d) 


(a) S. Roginsky, Phys. Zeit Sowjet 1, 640 (1932). 

(b) A. J. B. Robertson, J. Soc. Chem. Ind. 61, 221 (1948). 

(c) A. J. B. Robertson, Trans. Faraday Soc. 44, 977 (1948). 

(d) M. A. Cook and M. T. Abegg, Ind. Eng. Chem. 48.1090 (1956). 

(e) A, J. B. Robertson, Trans. Faraday Soc. 44, 677 ^1948). 

(f) F. A. Baum, K. P. Stanyakowich, and B. I. Shekhter, ‘Physics of an Explosion’*,. Fizmatzig % Moscow (1959). 

(g) S. Roginsky, Z. Pbys. Chem. B18,*364 (1932). 

(h) E. K. Rideal and A. J. B. Robertson, Proc. Roy. Sot*. A195,135 (1948). 

(i) A. J. B. Robertson, Trans. Faraday Soc. 45, 85 (1949). 
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TABLE 10-2 TYPICAL BEHAVIOR OF A SOLID 
HIGH EXPLOSIVE COMPOUND 
FOLLOWING AN ARRHENIUS 
REACTION LAW 


Temperature, 

°C 


Characteristic 
Life Time, ft? 


20 

110 

200 

260 

325 

375 

435 

500 

825 


1 million years 
1 year 
1 hour 
1 minute 
1 second 
1 tenth second 
1 hundredth second 
1 thousandth second 
1 millionth second 


thermal explosion. The final development is 
usually sudden and dramatic, and the effect on 
the observer is heightened by the fact that 
explosion can be initiated or suppressed by only 
a slight change in experimental conditions such 
as temperature, physical dimensions, or thermal 
insulation. 

The way this happens may be illustrated by 
the following simple experiment. Although the 
example chosen is hypothetical, such an 
experiment can safely be carried out in the 
laboratory if small enough quantities of 
explosive are used-say, one-tenth gram or 
less—and if adequate precautions are taken. Fig. 
10-1 depicts schematically the conditions of this 
experiment. A test tube (in practice, preferably 
made of a high thermal conductivity metal) 
containing the material is placed in an oil bath 
that has been previously brought to a selected 
temperature level T 0 and maintained at that 
point with a thermostat and stirring.. A 

thermocouple in contact with the explosive 
records its temperature . If the bath 

temperature is low enough in the first 

experiment, the temperature of the explosive 
will be observed to rise to the temperature of 
the bath, then to continue to a slightly higher 
point before it levels off. After reaching this 
maximum, it slowly cools down to the bath 
temperature again as the explosive decomposes 
and eventually disappears. When the bath 


temperature T 0 is increased in successive 
experiments, the maximum level of T x will be 
found to exceed T 0 by a wider margin. The 
decomposition which enrues after the explosive 
reaches its maximum temperature will also be 
faster. Then, at some critical bath temperature 
T cr the material, after seeming to level to a 
steady condition, will suddenly explode. As the 
bath temperature is raised still higher, the 
explosion will occur earlier and the tendency of 
the temperature to level off near T 0 will be less 
pronounced. Thus, one observes not only a 
critical temperature effect but also an induction 
period, or pause, before the explosion. The 
induction period is an important- feature of 
thermal explosions, 

A somewhat oversimplified but informative 
description of this experiment will point out.the 
basic physical processes occurring in thennal 
explosions. One assumes, first cf all, .that the 
rat* q 2 of heat gain or loss from the explosive 
can be represented by the product of a constant 
heat transfer coefficient h, the surface area A of 
the explosive mass, and the temperature 
difference; thus 


q 2 - hA(T 0 - T x ) (10-2) 

The explosive, of mass m, produces jheat at a 
n»** q it given by the product of its reaction.rate 
mk r (first order reaction) and the heat of 
decomposition Q , which is the heat produced 
per unit weight of the decomposing explosive. 
Thus 


9i = mkrfT^Q (10-3) 


where the reaction rate constant k(Ti) is 
expressed as a function of T through Eq. 10-1. 
The net rate at which heat is accumulated in the 
material is the sum of q and q 2 ; and the rate of 
temperature rise will be given by this sum 
divided by the total heat capacity where c is 
the specific heat. Thus 


dr, _ (ki + k 2 ) 

di me 


(10-4) 


Thf? physical situation represented by Eq. 10-4 
may be readily understood in terms of graphs of 
the functions qj and q 2 » as shown in Fig. 10-2. 
In the example given, realistic values of the 


10-3 
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various parameters of Eq. 10-4 have been 
chosen. The vali & are: m a 1.0 g, hA » 0.05 
cal/deg, - 500 cal/g, and c - 0.2 caI/°C-g. For 
the Arrhenius activation energy E } and the 
pre-exponential factor Z , the same values have 
been used as for the example in Table 10-2, 
namely, 35,000 cal/mole and 10 13 sec' 1 . 

Fig. 10-2 shows the relationship between the 
curve for heat production rate, which is an 
exponential function of temperature, and that 
for the heat loss rate,, which is a straight line of 
given slope (proportional to the heat transfer 
coefficient h). The position of the heat loss rate 
line in reference to the temperature scale 
depends on the bath temperature T . Three 
different relationships arc possible between the 
straight line and the curve, as shown in Fig. 
10*2: (1) the line may cut the curve in two 
points, (2) the line may touch the curve at a 
point of tangency ; or (3) the line may not 
intersect the curve at all. In the cases shown, the 
line for T 0 * 200° C is of the first type, that for 


T = 208°C of the second, and that for 210°C 
or the third. 

In physical terms, when the bath is at 200° C, 
the explosive heats up to the temperature at 
which the line intersects the curveH.e., the 
point A in Fig. lC-2-*and since the heat 
production and heat loss rates are equal at this 
point, the temperature stabilizes, in this case at 
about 202° C. When the bath is at 208° C, the 
temperature stabilizes at a value corresponding 
to the tangency point B in Fig. 10-2, about 
221° C. When the bath temperature is above 
208° C, the heat production rate exceeds the 
heat loss rate, and an explosion occurs. In this 
example, the temperature of 221° C is the 
highest point that can be reached by the 
explosive witheut exploding. 

Fig. 10*3 shows the temperature-time curves 
corresponding to various bath temperatures, as 
obtained by numerical integration of Eq. 10*4 
based on the data depicted in Fig. 10-2. The 
curves illustrate the behavior, just described, 
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Figure 104. An Experiment To Illustrate the Critical Nature of a Thermal Explosion 
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Figure 10-2. Heat Production and Heat Loss Hates in an Experiment of the Type Depicted in Fig, 10-1 
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namely, explosion when T 0 > 208° C and no 
explosion when 2^<208°C, the temperature 
208° C being in this'case the critical temperature 
T' cr of the explosive. 

Also indicated in Fig. 10*3 is the induction 
time before explosion. This is equal to 25 sec 
when T o = 210° C, and 10 sec when T p - 
220° G. For this purpose, the induction time is 
defined as the interval between the point when 
the explosive temperature Tj becomes equal to 
the bath temperature T q and the point when the 
temperature rise becomes extremely steep, the 
heating curve being almost vertical. The 
induction time decreases rapidly as the bath 
temperature is raised above the critical level of 
208 c C. 

Some points illustrated in Fig. 10*3 are worth 
noting. These observations apply to all materials 
that have a relatively high heat of decomposition 
avid a high energy of activation for 
decomposition, conditions which are met by 
most high explosive compounds. The first point 
is that the temperature at which the explosive 
pauses in the induction period before exploding 
never exceeds by very much the critical 
explosion temperature T cr . 

The second point is that very little of the 
material reacts during the induction period. 
Numerical integration under the curves in Fig. 
10*3; based on the scale of decomposition rate 
on the right hand side of the figure, shows that 
about 4 percent of the material decomposes 
before explosion when T o = 210°C, and about 2 
percent when T o * 220° C. 

Another important observation concerns the 
relationship between T and the heat loss rate 
(*)q 2 . It is clear that there is an intimate 
connection between q and T , because for a 
perfectly insulated body of ex plosive, explosion 
would occur eventually, in principle, even at 
very low initiation temperatures. That the 
explosion temperature must increase as the heat 
transfer coefficient h and surface area A are 
increased may be seen from the fact that lines 
representing in Fig. 10*2 would then be 
displaced downward (or toward the right). 

Some of the important factors in determining 
the explosion characteristics of a system are seen 
from the foregoing discussion to be the 
following: 

(1) Activation energy 

(2) Heat of reaction 


(3) Thermal conductivity and heat capacity 

(4) Effective heated surface area 

(5) Mass of explosive. 


10-3 MATHEMATICAL TREATMENTS OF 
THERMAL EXPLOSION 

In this paragraph the theory of thermal 
explosion is given in a somewhat more rigorous 
form, following the early developments of 
Frank-KamenefcskU 2 and Chambre 3 , and the 
later numerical and approximate treatments 
given by Zinn and Madcr* and Enig 5 , for various 
heated surface boundary conditions. 


10-3.1 THE HEAT CONDUCTION EQUATION 

In principle the analysis of the behavior of 
solid explosive materials undergoing nonuniform 
heating can be accomplished by considering the 
heat conduction equation which neglects 
convective heat flow and which includes an 
energy source term to account for chemical 


reaction 6 , i.e., 



*(£) 

= 

A 

sell-heating 


hetit loss 



by 



conduction 


(dA 

(10*5) 

+ pQ 

W 

1 


production of 
heat by chemical 
reaction 


where 

T = solid temperature, 0 K 
c = specific heat, cal/g-°K 
p - density, g/cm 3 

X = thermal conductivity which is assumed 
temperature independent, cal/cm-° K*sec 
Q = heat of reaction, cal/g 
e = fraction of explosive reacted, 
dimensionless 








AMCP 706-180 


V 2 = Laplacian operator, which in Cartesian 
space coordinates x, y, z is 

v 2 a 2 a 2 a 2 

7 = —- + - + - (10-6) 

dx 2 dy 2 dz 2 

Since symmetric explosivo geometrien such 
that the conduction process depends only on a 
single space coordinate will be considered here, 
V 2 can be simplified to 


where £ = 0, 1, or 2 for planar, cylindrical, or 
spherical symmetry and x now refers to the 
appropriate single space coordinate. 

From simple chemical kinetic theory the rate 
of reaction can be expressed as 

-gf- = (1 - \ = a-c)" Zexp[-E/(RT)} 

( 10 - 8 ) 


where n is the reaction order and k f the reaction 
rate constant is replaced by its Arrhenius form 
(see Eq. 10-1). 

Thus the heat conduction equation for 
thermal explosions becomes 



+ pQ(l - e) n Z exp [- E/(RT)) 


It is well known that there are no exact 
analytical solutions to Eq. 10-9 under any 
boundary conditions because of the nonlinearity 
introduced by the exponential chemical reaction 
term. However, from the description of the 
thermal explosion process given in the preceding 
paragraph, two reasonable approximations can 
be made which give rise to useful solutions. The 
approximations are: 

(1) The temperature T of the explosive 
just prior to explosion is not too 
different from the initial explosive 
temperature T q , i.e., (T-TJ/T o «1 

(2) The amount of reaction just prior to 
explosion is slight so that the reaction 
is essentially zero-order, i.e., n 3 0. 

With these assumptions, Eq. 10*9 simplifies in 
the following manner: Denoting T = T q + AT, 
then ° 


10*8 


Defining new space and temperature variables 
is 

0 “- (T-T 0 ) 

RTo ( 10 - 11 ) 


where a is the significant dimension of the 
explosive—for example, the one-half thickness of 
an explosive slab (£ = 0), the radius of a long 
cylinder (£ = 1) or of a sphere (fi= 2)—the heat 
conduction equation becomes 


feo\ (£jl 

W = a* 2 + 


£ v§0 + 5 exp ^ 


exp [- E/(RT 0 )] 


103.2 STEADY-STATE CONDITION dT/dt *» 0, AND 
THE CONCEPT OF CRITICAL 
TEMPERATURE AND SIZE 

Frank-Kamenetskii and Chambre' examined 
the possible steady-state solutions to Eq. 10-14 
(i.e,, with dd/dt = 0) subject to symmetrical 
heating where the boundary conditions are 

£ = 0, dO/d% = 0 (at the center) 

£ = 1, 0 =» 0 (at the surface) 

For each of the three geometries (£ = 0,1, 2), 
it was found that a maximum value exists for 
the parameter 5 (Eq. 10-14) for which 
steady-state solutions to Eq. iO-13 are possible. 
For 5 < 6 C r i steady-state solutions are possible; 
but for 5 > S ei> , a stationary temperature 
distribution is impossible. It is therefore seen 
that 5 cr defines the critical conditions for 
thermal explosion under uniform surface heating 
conditions. The values obtained for 5 er and the 
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corresponding maximum critical stationary 
temperature distribution 0. „ _ are 3hown in 

max, cr 

Table 10-3. 

The critical explosion temperature T cr is then 
just that value of the explosive surface 
temperature T o which results in 5 = 6 cr in Eq. 
10-14, i.e., 


E/R 



For given values of Q , E, a, etc. Eq. 10-15 can be 
readily solved by iteration to yield T cr , 

Likewise, from Eq. 10-14 there is a critical size 
a er of explosive which can result in 5 = 5 cr , 

A*«cA 

*„ =\QEpZ/ T <> ex P [E/(2RT 0 )\ (10-16) 

For a given explosive composition it is seen 
that the critical temperature T cr below which no 
explosions are obtained is related to the rate at 
which heat can flow to the explosive surface, 
which in turn is related to the surface/volume 
ratio of the explosive geometry. Thus for a given 
value of a the slab will, have the lowest T rr , and 
the sphere will have the highest T cr . 


10-3.3 ADIABATIC HEATING. {V 2 T ~ 0) AND THE 
CONCEPT OF EXPLOSION TIME 

The 6 {termination of the time to explosion t e 
is an important aspect of thermal explosion 
theory. As described in par. ljD-2, the onset of 
explosion is accompanied by a rapid rise in 
explosive temperature after a relatively long 
self-heating or induction period; hence it is 


convenient to consider the rapid temperature 
rise as the explosion criterion. 

An important case that will now be considered 
is adiabatic self-heating which is applicable to an 
infinitely large explosive mass at uniform, 
temperature or to a finite explosive riiess that is 
thermally isolated. 

From Eq. 10-15 it is seen that for an infinite 
explosive size, the critical temperature T fr is 
zero so that in principle any finite value of 
initial temperaturb T o will lead to a thermal 
explosion (though the value of t e may be quite 
large e.g., see Table 10-2). 

The adiabatic heating conditions correspond 
to the case where the heat conduction term in 
Eqs. 10-5 and 10-13 is sufficiency small so that 
it may be neglected (i.e., V 2 T - 0). Thus from 
Eq. 10-13 the variation of temperature with 
time of an explosive initially at uniform 
temperature T q can be expressed as 


dt 


- - exp [-E/(RTJ) exp [0] (10-17) 

cRTl 


It follows that 



(10-18) 


cRT\ 

Q7E 


exp [E/(RTJ] 



exp,[-0]d0 


TABLE 103 CRITICAL VALUES FOR THERMAL EXPLOSION PARAMETERS 5 



AND 0 


Explosive 

Geometry 

Scr 

® max, ci 

Infinite plane-parallel 
slab, ft * 0 

0.88 

1.20 

Infinite long cylinder, 

£ = 1 

2.00 

1.39 

Sphere, £ * 2 

3.32 

1.61 


10-9 
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or 




cRT£ 

QZE 


exp[ E/(RT 0 )] exp[-0 ] 


>4 

(10-19) 


The integration limits on 0 correspond to 
t ? 0 ; 6 a = 0 

( = e ‘ ‘ml <T ‘ ' r ° ; 

However it may be shown 2,3 that within the 
approximations, used in deriving Eq. 10-13 that 
6 1 « 1. We can, therefore, express the explosion 
time as 

CRT <? 

t, *VzF-exo[i:/fJ?T o ;] (10-20) 

It will be seen later in this chapter and in 
subsequent chapters that experimental data on 
adiabatic explosion times for many explosives 
generally follow an empirical relationship of the 
type 

B 

in t, ~ A + — (10-21) 


of explosion, when the surface temperature of 
the explosive is much higher than T cr , is 
accompanied by a maximum temperature very 
near to the surface. The approach can be 
described in the following manner for symmetric 
semi-infinite geometries. 

Introducing the dimensionless variables 



r s 


RQZt 

cE 


Eq. 10-9 with zero order reaction 
becomes 

/M +c . lw 

dr dz 2 z \bz) 


(n = 0) 
( 10 - 22 ) 


It will suffice- for our purposes to consider 
only the planar cese with fi * 0. The solution to 
Eq. 10-22 is 



This empirical relationship is consistent with 
the form of Eq. 10-20. 

10-3.4 APPROXIMATE SOLUTIONS FOR t g WITH 
NONADIABATIC HEATING 

Several investigators 8,7,1 have presented 
approximate solutions to Eq. 10-9 for the 
explosion induction time with nonadiabatic 
surface heating conditions. Enig* has 
approached the problem in a general manner 
which seems to be applicable to a number of 
boundary conditions of practical interest. In 
those particular cases tested, the approximate 
solutions to t € yielded values which agreed 
within ^20% of the values calculated by more 
exact numerical methods. 

Enig’s approach makes use of the fact that in 
many cases the chemical reaction is small up 
until the time of explosion, and that the onset 


The explosion criterion is expressed as 

hal - n 

3 A ~° ( 10 1 24 ) 

12 — 0 

and since at z * ~, *p(z,r) ~ <p o the initial 
temperature for all f, this leads to ° 



The explosion time f ft (or t € ) is just the root 
of Eq. 10-25. While exact solutions for </>(z,r) 
cannot be found which would allow Eq. 10-25 
to be solved, the approximation of negligible 
chemical reaction over the time period 0 < t < 
t e allows us to replace <p(z t r) by yP(z t r) in Eq. 
10-26, where represents the solution to the 
“inert” case of Eq. 10-22 (i.e., the case where 
e' 1 W is set to equal zero). 


10-10 
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This leads to 


•i-r - /*-'•* 

Z « 0' 0 

(10-26) 


A difficulty arises in evaluating the integral of 
Eq. 10*26 due to the negligible amount of 
reaction occurring for t at z - “ ~. This 

makes the integral infinite. Tmis difficulty is 
removed by replacing the integrand by 
exp[- l/<p°l-exp[- 1/VJ, i.e., 



(10-27) 


divided into equal increments of t sec. It is also 
considered that no chemical reaction occurs 
during the time r, but at the end of each time 
period, the heat produced by chemical reaction 
can be added to the explosive in the form of an- 
instantaneous temperature correction. The heat 
produced is taken as that given by pQdc/dt 
assuming a constant temperature 7Yx,t) during 
the r time interval. In this manner, Eq. 10-28 is 
solved with Q - 0 over each interval r but with a 
different initial temperature distribution fj(x) 
for each consecutive time period. 

The initial distribution will be given by the 
expressions 

Q 

fj*i (*) = T(xjt) + - (Ae ; ) (10-30) 

As, = r (1 - e(xjr) ]" Z exp 


Thus an explicit relationship t can be found 
for all cases where analytic solutions can be 
found for <p° and where Eq. 10*27 can be 
integrated in closed form. 

Table 10*4 shows derived expressions for t g 
for a semi-infinite planar explosive with various 
boundary conditions. The reader is referred to 
Enig’s original paper 6 for other possible cases. 


10-3.6 NUMERICAL METHODS 


{-E/[RT(xJt^ 


e{xjT) = £Ae, 
J 


(10-31) 

(10-32) 


This numerical procedure is relatively simple 
but it does require starting solutions to be 
available for Eq. i0-28 with Q * <0. Ae an 
example, we can consider the planar case (£ - 0) 
of a slab (0 < 2c), i.e., 


Numerical methods appear to be the only way 
of obtaining exact solutions to the heat 
conduction equation for thermal explosion (Eq. 
10-9), and several investigators have carried out 
such calculations for particular explosive 
cases 4,9 • 10 . For the one-dimensional case, the 
numerical methods are relatively straightforward 
and can be handled on many modem digital 
computers. In some instances it has been 
demonstrated that the numerical results for one 
particular explosive can be generalized to other 
explosives by simple graphical techniques. 

To solve Eq. 10-9, which is rewritten here as 

(10-28) 

— = (1 - 6)” Z exp [- E/(RT)] (10-29) 





with boundary conditions f Q (x) m T(x,o) and 
T('2c,f < )* T f , a constant. 

The solution to Eq. 10-33 is given byCarslaw 
and Jaeger 6 as 

n , Jt - t. * 1 £ 

n - 1 





(10-34) 


by numerical methods in the manner of Zinn If f Q (x) is known at a sufficient number of 
and Mader 4 , the time scale is considered to be values of x y the integral can be evaluated 
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TABLE 1(M APPROXIMATE SOLUTIONS FOR EXPLOSION INDUCTION TIMES 
FOR A SEMMNFINITE PLANAR EXPLOSIVE 5 


Surface Condition (at z - o) 


Constant surface temperature, : 
<P, >v a 

Constant Surface Flux: 

<p 0 + Kt* 

K, a constant 


Dimensionless Explosion Time r c 



Heat flux from medium at constant 
temperature <p g with a constant 
coefficient of heat transfer h: 



H = 


q = H |-v>° (0,r)j 
[E/(\pQZR)f\ 


[ v, - ¥>*] 

' *>ol 

[*>, - 

J 




numerically arid TfofJ determined. Utilizing Eq, 
10-34 for the reactive case involves replacing 
f (x) by fj(x) and solving for the temperature 
distribution at each consecutive time period r. 
The accuracy of this numerical procedure is 
limited by how practically small the increments 
of r and x can be taken. 

Zinri and Madcr carried out solutions to Eqs. 
1028 and 10-29 for * number of explosive 
compositions and geometries assuming 
zero-order kinetics, and subject to the boundary 
conditions of uniform initial temperature T q 
and constant surface temperature T >T q for 
t> 0. 

Fig. 10-4 shows the results obtained for the 
temperature distribution in 1-in. spheres of RDX 
at various times. Fig. 10-5 depicts the calculated 
explosion times for one-inch slabs, cylinders, 
and spheres of RDX for different surface 
temperatures T>T cr . In these calculations the 
values for the physical and kinetic parameters of 
the explosiye are: p = 1.8 g/cm 3 , c = 0.5 
cal/g-°C, X = 7 X 10‘ 4 cal/°C-cm-sec,- Q = 500 
cal/g, Z = 10 18,5 sec* 1 , E = 47500 cal/mole. It 
also was found that the f, calculations for one 


explosive composition could be generalized to 
all other explosives by utilizing a f c vs 1/T, 
relationship of the form 

t, = F(E/T cr - E/T') (10-35) 

X 

where F is a function.which depends only on. the 
type of geometry (slab, cylinder, or sphere) and 
the initial temperature T a . The variation of F in 
terms of the argument (E/T c ~ E/T t ).is shown in 
Fig. 10-6 for the three geometries all initially at. 
25° C. T cr can be easily obtained from the 
Frank-Kamenetskii expression Eq, 10-15. 
Therefore, Fig. 10-6 makes it possible to readily 
determine the explosion times for any material 
for which the appropriate physical and kinetic 
parameters are known. 

Several pertinent facts can be gathered from 
these numerical calculations which indicate that 
previously discussed approximate solutions must 
always be used with caution. First, for relatively 
low values of T>T cr , the hottest region prior to 
explosion is at the center of the explosive. This 
implies that the thermal explosion will initiate at 
the center. The reverse situation occurs when T 


10-12 
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is much higher than T er . Here the temperature 
near the surface is hottest prior to explosion 
while the center temperature remains relatively 
unchanged. Thus approximations based upon a 
semi-infinite geometry are only applicable for 
T »T er . Second, it is seen from Fig. 10*5 that 
the temperature dependence of t g does not 
follow an Arrhenius curve (such as Eq. 10-21, 
which is often used to curve fit experimental 
data) over all values of T . Therefore, one must 
be cautious in identifying the slope of such 
empirical curves with an activation energy for 
chemical reaction (i.e., £ or E/R). The 
experimental studies of Gross and Amster 11 , 
which are discussed in Chapter 12, are a good 
example of the considerations that must be 
taken in deriving kinetic parameters from 
measured explosion times. 

Another point that should be considered in 
connection with the Zinn and Mader 


calculations, as well as with most of the available 
approximate solutions, is the effect of assuming 
a zero-order chemical reaction. This assumption 
applies that the source of chemical energy 
cannot be used up prior to explosion regardless 
of the heat loss rate or the lime to explosion. 
For small explosive masses this may not be valid 
since'M.? total heat content of the explosive may 
be relatively small compared to the effective 
heat capacity of the medium immediately 
surrounding the explosive. This point will be 
discussed further in die next paragraph. 

10-4 THERMAL EXPLOSION OF HOT 
SPOTS 

A concept of great importance for the 
initiation of detonation in high explosives is that 
of “hot spbio". This topic is discussed in greater 
detail in Chapter 11. However at this point, it is 


°C 



Figure 10-5. Explosion Times vs 1/T t for RDX in Various Geometries , Initially at 25° C (Ref. 4) 
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cooling of the sphere in subsequent periods of 
time would be represented by the temperature 
distribution curves in. Fig. 10*7. These are 
derived from the classical treatment of the 
differential equation for heat conduction and 
may be found in Carslaw and Jaeger 6 . Time is 
depicted in terms of a dimensionless parameter 
af/a*, where a is the radius of the sphere and a 
the thermal diffusivity [a *» A/(7>c}J where A is 
thermal conductivity, p the density, and c the 
specific heat). 

The sudden creation of a hot spot by 
| mechanical action in an explosive material 

causes th6 reaction to occur in the affected 
region at a measurably higher rate than that in 
the body of the explosive, where it int> be 
virtually zero 12 . However, during most of the 
induction period before explosion the amount 
of heat produced by chemical reaction is very 
small and the cooling behavior is little affected 
by the fact that reaction is taking place. To state 
this more exactly: Jhe temperature rise at any 
point in the hot spot caused by chemical 
reaction in the induction period is small 
compared to the initial difference in 
temperature between the hot spot and the body 
of the explosive; therefore, the temperature 
gradient that develops at this point, and 
consequently the flow of heat during this time, 
is affected very little by the fact that the 
material is reactive and not inert. The 
tem^rature profiles in Fig. 10-7 are, therefore, 
» ' - c approximation to those that would 
obt^'< in an explosive hot spot during the period 
prior to explosion. 


10.16 






where t ln t is the induction time. Equating t. d 
to ,he adiabatic explosion time given by Eq. 

allows ope to obtain the criterion in 
terms of the properties ofthe explosive, i.o., 


Y" 0X P f B/(RTJ] < 


0.04 QEa 2 


This relationship, Eq. 10-37, con be used to 
calculate typical quant*, •$ for hot spots of 
various sizes. Such figures ore given in Table 
10-5, based on the explosive properties quoted 
in par, 10*3.4 for RDX. It is significant that the 
induction period is in the order of microseconds 
for a hot spot in the order of microns in 
diameter. This is consistent with the fact that 


the total time for initiation and reaction in 


detonating high explosives is usually in the order 
of microseconds. The critical temperature 
550°-600°K also falls in a physically plausible 
range. The fourth column in the table gives the 
total chemical energy per unit area available for 
heating the explosive medium just external to 
the hot spot. It is seen that the values of q/s are 
also strongly dependent oi~ che size of the hot 
spot. This points to the possibility that while 
hot spots may explode, they may have 
insufficient energy content to ignite the 
surrounding cooler medium. For the case of 
RDX there is evidence from adiabatic gas 
compression studies (3 msec duration) that the 
minimum ignition energy is «0.3 cal/cm 2 (Ref. 
13), which is somewhat consistent with a hot 
spot size of the order of microns. 

It should be noted that this treatment of the 


thermal explosion of hot spots assumes adiabatic 
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explosion times and zeroorder reaction. Neither 
of these assumptions may be valid for the small 
explosive mass that makes up the hot spot. 

Friedman, for example, carried out numerical 
solutions for the critical quantities of a 
non adiabatic hot spot which was assumed to be 
a thin slab 14 . A good analytical approximation 
to the numerical value of the critical one-half 
slab thickness d er was found to be 


d* 


\(T o - 7\) 

*" E 

pZQ 

e *P Rf. 

1 0 


(10-38) 


For conditions of T o - 550° K and an.ambient 
environment temperature T * 300° K, the value 
of d gr ior RDX is 220 microns, which is one 
order of magnitude greater than the value a cr in 
Table 10-5 for the same X 0 . Part of this 
difference in calculated critical hot-spot size is 
undoubtedly due to the fact that the two 
calculations refer to. different geometries (slab 
and sphere). However it is reasonable to suggest 
that a significant part of the difference is 
actually due to nonadiabatic vs adiabuic heating 
conditions. 

/Friedman also investigated by numerical 
calculations the extent of reaction in the hot 
spot prior to explosion. Although he states that 
typically a maximum reaction of 1*8% is 
indicated, it can be readily calculated from his 
results that an explosive having the properties E 


= 20 kcal/mole, c - 0.25 cal/g-°C, Q - 250 cal/g, 
T o - 800° K , T, = 300° K, will undergo 80% 
reaction by first order reaction kinetics, The 
possible effects of nonzero-order chemical 
reaction in thermal explosion theory warrants 
considerable more attention, particularly when 
application is to be made to small quantities of 
explosive. 

10-5 THERMAL EXPLOSION AND SAFETY 
IN HANDLING HIGH EXPLOSIVES 


High explosives are prime examples of 
materials that can undergo thermal explosion, 
and it is not suprising that this is an important 
aspect of their behavior. The mechanism is most 
apparent in phenpmena; related to initiation and 
transition to detonation, subjects which are 
treated in the following and subsequent 
chapters. The potential for self-heating is also a 
matter for serious consideration in connection 
with safety in handling and storing explosives. 

Several disasters with great loss of life and 
property have resulted from the failure to 
appreciate the possibilities of self-heating in 
explosive materials and the suddenness with 
which a thermal explosion develops when it 
occurs 16 . Although numerous severe explosions 
following fires in dynamite factories and 
ammunition dumps had warned people of the 
hazard of fighting fire in which high explosives 
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TABLE 10-5 VARIOUS CALCULATED QUANTITIES FOR HOT SPO TS IN RDX 


Hotspot 
Temperature T 0 , 
°K 

Hot-spot 

Radius a er , 
microns 

Explosion 

Times t tnd , 
piicrosec 

Total Energy 
Available q/S , 
eal/cm 2 * 

450 

710 

260000 

21 

50Q 

56 

1600 

1.7 

550 

6.9 

25 

0.21 

600 

1.3 

0,83 

0.C4 

700 

0.08 

0.0036 

0.002 

800 

0.01 

0.000066 

0.00^3 


* q/S = (If 3) pQa, the total chemicri energy available in the hot spot per 
unit of surface area. 


/ 
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were involved by the customary method , it was 
not generally appreciated that relatively 
insensitive materials such as ammonium nitrate 
and nitromethane have basically the same 
tendency toward thermal explosion. The 
catastrophe at Texas City in 1947, in which 
several million pounds of ammonium nitrate 
fertilizer exploded following a fire, drew sharp 
attention to the critical size phenomenon in this 
material. This had been overlooked in this case 
because countless fires in smaller quantities of 
the material had occurred and had not resulted 
in explosion. 

One of the lessons to be learned from these 
tragic events is that explosives should always be 
stored in ways that will provide for the 
maximum possible dissipation of heat and never 
in large consolidated piles if it can be avoided, it 
is of interest in tbis, connection to calculate the 
critical diameter at various rface temperatures 
for spherical mass of RDX, Eq. 10-16, and the 
adiabatic explosion time fci* various initial 
uniform tempera' ires, Eq. 10-20. The physical 
and kinetic parameters considered in these 
calculations are the same ones used jn previous 
calculations in this chapter. The calculated 
values are given in Table 10-6. 

The values of explosion time in Table 10r6 
refer to the condition in which a mass of the 
explosive is at a uniform temperature initially; 
therefore, these figures do not apply specifically 


to the situation in a fire. The actual relationship 
among surface temperature, geometry, size, 
and time to explosion can be obtained by the 
numerical methods described in per. 10-3.6. 

In assessing the potential explosion hazards of 
an explosive mass at elevated surface 
temperature, useful information can be gained 
from the tempe-ature distribution just prior to 
the thermal explosion (theoretically represented 
by a rapid increase in temperature or rate of 
reaction at some point in the mass/. If rapid 
reaction starts at or near the surface, ihe 
reaction will be unconfin.ed and will probably 
lead to a less violent surface deflagration. 
However if rapid reaction starts in the interior of 
the explosive mass, the reaction will be confine! 
and have a greater probability of building up. io 
a detonation. 

Referring to Fig. 10-4,. ive see that the 
temperature distribution varies significantly with 
the ratio T/T^. As this ratio increases above 
unity, the position of the maximum temperature 
(which defines the position of runaway reaction): 
moves closer to the surface. In the example 
shown (1-ir.. RDX spheres) when TJT cr »1.05, 
the explosion starts at a distance of r/a 0.7, 
while for T/TV ** 1.12 it starts at r/a » 0.95. 

In the particular case where an explosive mass 
is burning, it can be suggested that T /T cr will 
not be too much greater than unity. If the mass 
is sufficiently large and the burning time 


TABLE 10-6 CRITICAL DIAMETER AND ADIABATIC EXPLOSION TIME FOR 


Temperature, °C 

RDX 

Critical 

Diameter* 

Adiabatic 
Explosion "lime** 

50 

540 meters 

9200 

years. 

75 

148 meters 

6.8 

years 

100 

41 meters 

27 

weeks 

125 

5.8 meters 

3.8 

days 

150 

1 meter 

3 

houra 

200 

5.6 cm 

30 

seconds 


* Surface of explosive sphere at constant temperature. 

** Sphere of explosive at uniform initial temperature. 
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sufficiently long, it is reasonable ii expect that The application of these principles to 
the surface burning will lead to a violent operations involving the heating of high 

explosion. However if the mass is sufficiently explosive materials, such as melting in 

small, the.surface burning can consume the entire preparation for casting and drying in ovens, 

explosive prior to the build-up of a violent will be obvious. The importance of good 

explosion. Thus, in disposing oShigh explosives it temperature control, in these operations cannot 

is common to set the material afire but only when be overstressed; and an overriding control 

it is dispersed in small chunks on the ground, and should always be provided in addition to a 

never when it is in large consolidated masses. thermostat to prevent overheating. 
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CHAPTER 11 INITIATION OF DETONATION BY SHOCK WAVES 


< ) 


11-1 UNDERDRIVEN AND OVERDRIVEN 
DETONATION 

Steady-state detonation is a self-supporting 
shock wave in which chemical energy constantly 
restores the deficit of mechanical energy that 
would otherwise be created because of 
dissipation at the shock front (into heat) and 
external losses. An inert or neutral shock wave 
without such a source of energy loses strength 
and ultimately disappears. The 
Chapman-Jouguet (C-J) detonation represents a 
dynamic “stable” condition. If there is a nr ht 
disturbance, such as a small gap in the explosive 
charge or a narrow region with greater explosive 
energy, the shock wave (or detonation front) 
wit veaken or grow stronger temporarily, but 
will tend to return to the original stable 
condition when the perturbation is removed. 
Thus, when the shock at the detonation front is 
slightly weaker than the C-J wave, the energy 
supplied by chemical reaction causes tho front 
to accelerate; and when the shock at the 
detonation front is stronger than the C-J wave, 
the chemical energy supplied is insufficient to 
maintain it and the front slows down. This 
behavior does not depend on whether the rate of 
chemical energy conversion is sufficient or 
insufficient per *?, but rather whether the 
conditions in the flow is such that the released 
energy is transmitted to the .front, i.e., whether 
the flow near the end of the reaction zone is 
supersonic, sonic, or subsonic (see Chapter 8). 

In the situation represented in Fig. 11-1, 
where detonation is transmitted from a “donor” 
explosive to an “acceptor” explosive, there are 
three possibilities: the shock wave transmitted 
to the acceptor may be stronger than, of the 
same strength, as, or weaker than the stable C-J 
wave in the acceptor. The first and last cases 
may be referred to as overdriven and 
underdrive; detonations, respectively. The 
degree of o erdrive and underdrive may be of 
any given magnitude, and it is of interest to 
determine the consequences of large departures 
from the C-J condition on the ultimate fate of 
the transmitted shock. 

In the case of an overdriven wave, it is found 
that the strength always decays until the C-0 


condition is reached; but, for an underdilven 
wave in a given experimental arrangement, there 
is some limiting shock strength below which the 
wave decays and does not gain the increased 
strength needed to reach the C-J condition. The 
question of interest in this chapter may be 
stated: “What conditions are required for 
development of stable detonation from an 
underdriven shock wave?”. The answer, 
obviously, bears on the question of safety in 
handling high explosives and materials, such as 
rocket propellants, that are potential high 
explosives. It also relates importantly to the 
problem of designing reliable initiating 
mechani-jus in the practical use of explosives. 

11-2 THE GAP TEST 

Experimentally, a simple way to determine the 
sensitivity of an explosive to initiation by shock 
waves is represented in the gap test. This test 
comprises a method of producing u ierdriven 
waves of variable strength by insertL varying 
thicknesses of inert material between «, Ion or 
and an acceptor charge (Fig. 11-2). Commonly, 
the inert material consists of a number of 
uniform “cards” which may be paper or plastic, 
for example. (An air-filled gap is not desirable 
because the hot explosive product gases from 
the donor would impinge directly on the 
acceptor.) 

As in other tests of critical “go, no-go” 
behavior in explosives, the gap test experiments 
must be interpreted statistically. An efficient 
way to perform the test is the so-called 
“up-and-down” method, whereby, in a sequence 
of experiments, the number of cards is increased 
or decreased by one in each successive trial (or 
by some other standard incremental number) 
depending on whether the previous trial results 
in detonation or failure, respectively (see 
Chapter 12). The result of such a series of 
experiments is usually repprted as the number of 
cards in the gap that produces, on the average, a 
50 percent chance of detonation. 

The gap test has been developed at the U. S. 
Naval Ordnance Laboratory into a useful means 
for comparing the sensitivity or solid rocket 
propellants 1 . The standard test assembly is 
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ACCEPTOR 
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Figure 11-1. Transmission of Detonation From a Donor to an 
Acceptor Charge 


DONOR 


GAP 



Figure 11-2. The Gap Test 


illustrated in Fig. 11-3 and is described as 
foUows: “a 5.0-&cm length of pressed^tetryl (p c 
* i.51 g/cc) to supply the shock; Lucite, or the 
equivalent cellulose acetate, as the shock 
attenuator; a moderately confined accept >r 
charge of 3.65-cm diameter by 13.97-cm length; 
and a mild steel witness (test) plate 0.952-cm 
thick. The criterion of ‘detonation’ used is the 
punching of a hole in the witness plate. The 
measure of charge sensitivity is the length of 
attenuator (gap length) ,*c which there is 50 
percent probability of detonation according to 
the above criterion.”. 

Gap test results become more significant when 
they are equaled not simply to the number of 
cards or thickness of the gap but to the strength 
of the shock wave at the critical “go, no-go 
level”. The Naval Ordnance Laboratory has 
4 calibrated” the NOL test to make it p ossible to 
interpret the results in this manner. The method 
is described in the paragraph which follows. 


11-3 SHOCK-PRESSURE MEASUREMENTS 
IN THE GAP TEST 

By means of simultaneous shock wave velocity 
and free surface velocity measurements, such a * 
those described in Chapter 5, the “Hugoniot 
adiabat" for Lucite has been determined. (The 
method of erecting the Hugoniot curve from the 
experimental data is explained in Chapter 8.) 
With this basic information the shock wave 
strength at the end of the gap can be determined 
from either shock wave velocity or free surface 
velocity measurements, with various thicknesses 
of Lucite in the gap, under actual conditions of 
the test, i.e., with the donor charge shown in 
Fig. 11-3. This kind of determination was 
carried out at NOL, with the results shown in 
Fig. 11-4, i.e., axial shock pressure at the end of 
the Lucite gap in kbar (1 kbar - 987 atm) vs 
thickness of gap. 

The shock pressure at the end of the Lucite 
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Figure 11-3. Charge Assembly and Dimensions 
forNOL Gap Test 

gap, however, is not in general equal to the 
shock wave pressure transmitted to the acceptor 
explosive because there is usually an acoustic 
impedance mismatch between Lucite and the 
test explosive. The transmitted shock wave 
pressure can be readily determined from the 
Hugoniot adiabat of the acceptor. Experimental 
shock Hugoniots (or Hugoniot adiabats) have 
been determined for many of the military 
explosives (see Ref. 2). However, the impedance 
mismatch with Luicte does nor differ very much 
for many of the common high explosives in the 
cast or pressed condition; therefore, the 
transmitted shock pressure in the explosive is 
approximately proportional to the ircident 
pressure in the Lucite. Fig. 11-5 shows this 
relationship, the data paints being the critical 50 
percent explosion points for nine explosives for 
which sufficient equation of state data were 
available to calculate the initial pressure in the 
transmitted shock. It may be observed that for 
these materials no error would be made in 
ranking the explosives for shock wave sensitivity 
if one were to u aa incident pressures in the 
Lucite rather than transmitted pressures in the 


explosive. This statement would not necessarily 
apply, however, if explosives differing widely in 
density were being compared, e.g., a loose 
crystalline powder and a cast material. 

Table 11-1 lists some of the results obtained 
on solid rocket propellants at the Naval 
Ordnance Laboratory. The term “loading 
pressure” in the table refers to the pressure of 
the incident wave at the end of the Lucite gap. 
A. notable feature of. the measurements is the 
effect of voids in composite propellants. (These 
propellants are based on ammonium perchlorate 
as oxidizer with an organic, rubber-like binder.) 
Composite propellants in their service condition 
and containing no high explosives such as HMX 
are generally nondetonable in this test, even 
when the tetryl donar charge is in direct contact 
v ‘ the propellant (zero gap). However, p. 
negative result of the gap test, cannot be taken to 
imply that a propellant is nondetonable under 
all conditions of initiation charge diameter and 
confinement. When the propellant is shredded 
and recompressed, leaving some air-filled voids, 
it becomes very sensitive to initiation. Voids, 
therefore, appear to influence sensitivity very 
markedly in this case. 

11-4 EFFECTS OF SHOCK WAVES IN 
CONDENSED EXPLOSIVES 

In a homogeneous material, lacking voids or 
discontinuities of any kind, a shock wave raises 
the pressure, density, and temperature 
uniformly in the plane immediately behind the 
front. Condensed media are, of course, very 
much less compressible than gases; therefore, the 
increases in density and temperature that 
accompany a given rise in pressure are much 
smaller than in gases. However, the pressures 
developed in the detonation of condensed 
materials arc in the order of 10,000 times the 
detonation pressures of gaseous mixtures at an 
initial pre^nre of one atmosphere—e.g., 200,000 
atm pressure for condensed explosives compared 
to 20 atm for gaseous explosives. Under such 
tremendous forces, even seemingly 
incompressible materials are highly densified and 
heated by the compression. It is perhaps not 
surprising to find, therefore, that the detonation 
front in a condensed explosive detonation heats 
the medium to a temperature in the 
neighborhood of 1,000° C or higher, a 
temperature quite high enough to start 
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Figure 11-4. Shock Wave Pressure at the End of t tx Lucite Gap in the NOL Gap Test 
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PRESSURE AT END OF LUCITE 
GAP, SHOCK LOADING, KBAR 

Figure 11-5. Comparison of Shock Loading at 50 Percent Point With Initial Pressure in 
Charges 


decomposition at a rapid rate. The 
Zeldovich-yon Neumann-Doering model of 
detonation is, therefore, equally as plausible 
when applied to condensed explosives as it is in 
the case of gaseous explosives, 

There is,, in fact, in the case of condensed 
materials a phenomenon that markedly increases 
their susceptibility to initiation by shock waves. 
This is the so-called “hot spot”. An important 
class of hot spots is hydrodynamic in origin and 
results exclusively from the action of strong 
shock waves at discontinuities. The formation of 
the hydrodynamic hot spot and its subsequent 
behavior are,, therefore, of primary importance 
ip a discussion of shock initiation of explosives. 


1V5 SHOCK INITIATION IN 
HOMOGENEOUS AND 
NONHOMOGENEOUS EXPLOSIVES 

Although much valuable work has been done 
at several laboratories on initiation of 
detonation by underdriven shcck wayes, perhaps 


the moot decisive experimentation of this kind 
has been carried out at the George Washington 
University Laboratory and the Los Alamos 
Sck&L'^c Laboratory. This work, largely 
summarized in Refs. 3-6, established that there 
is an essential difference between explosives that 
are completely homogeneous and free from, 
discontinuities of any kind, and those which 
contain a multitude and a variety of such 
discontinuities. The presence of discontinuities 
is, of course, by far the most common practical 
condition, and it is only with extreme care that 
the number and size of discontinuities can be 
reduced to n point where the clearly defined 
behavior of a truly homogeneous material is 
evident. 

The basic requirements for well-controlled 
experiments on shock wave initiation are: 

(1) High degree of planarity in the 
incident shock wave. This is achieved by a 
plane-wava generator (Chapter 5). 

(2) Sufficient run length of the plane 
detonation wave in a booster charge so that the 
decay of pressure behind the shock front (due to 
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TABLE 11-1 SHOCK SENSITIVITY OF SOLID ROCKET PRC, *, ANTS IN THE 
NOL GAP TEST 

LoulingPressure at 

Propellant Physical State the 50 percent Point ; kbar 

■■MmapBu ... 1.1 .mil 


various cimposites 

service condition; 
nonporous 

no-go 

double base 

service condition; 
nonporous 

80*47 

composite with 17-18 percent 

service condition; 

69-58 

high explosive 

nonporous 


composite 

shredded and pressed; 

16-22 percent connected pores 
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the Taylor expansion described in Chapter 8) is 
small for a time period of some microseconds. 

(3) Large enough diameter in the donor 
shock wave production system so U:at lateral 
expansion effects (described in Chapter 9) do 
not seriously affect the planarity of the shock 
wave or decrease the period of sustained higjh 
pressure behind the front. 

(4) Variable attenuation of the donor 
shock wave. This is produced by inserting 
between the donor and acceptor charge a gap 
filled with an inert material of various 
composition and thickness. 

A number of different experimental 
arrangements were used to elucidate various 
aspects of the phenomena. These cannot be 
described in detail here. Typical arrangements 
—taken from Refs. 5,6-are shown in Fig. 
11-6(A) arid 11*6(B), and illustrate how the 
various requirements previously enumerated 
were met in these experiments. 

The m^jor aspects of initiation phenomena m 
homogeneous and nonhomogeneo vs explo .ivvs 
as derived from a long scries of experiments \^tb 
liquid and solid explosives car» be stated os 
follows: 

(1) In tfonhomoyehebur Explosives, if 
_tk. entering hock wave is above a critical 
strength, it- begins to accelerate at the point of 
entry, gaining strength relatively slowly at first, 
but ever more rabidly until steady-state C-J 
velocity is reached. The development of 


detonation in this case may be described as a 
smooth transition from a shock wave at fits* 
only weakly supported by chemical reaction. * j a- 
fully supported steady detonation., Tbo final 
stages of acceleration to detonation, in whietv 
the greater part of the increase in shock strength 
occurs, comprise only a small fraction of th i 
total time between the initial entrance of the 
wave and the final achievement of fuT 
detonation. Material lying -in the region betweev 
the point of entry of the shock wave and the 
region between the point where detonafr en fij# 
starts remains essentially unreactep, -and 
retonatiori (a detonation wave moving 
toward the point of shock entry) It r 
observed. 

(2) In Homogeneous Explosives . The. 
entering shock behaves as w.vrild a 
unsupported shock b en kinre riutter% v dtr^.ymg- 
slightly and ipsiriff MJeed as it frayoIry : fbr>;^d 
becfl'ir\ v "After 

ijiductkin which' 

relationship to the strength ><2 the erit^Lu 
shesjk* -detonation starts, not at tfv shper front 
*?ul at the entering face of the - ;eptor. 'jfriis 
detonation wave js churacte^fic of the 
explosive medium in the pre-cp jiprewed (and 
heated) condition created, by. iht 'p'-tfal shock, 
and it travels at a hyperveloc. v> (high€ 7, tii?ir< the 
C-J velocity at normal density) chari^risHc of 
these conditions plus the velocity of forward 
ir.otion imparted to the medium by the mit ; j 
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Figure 11-6(A). Arrangement to Measure Shock 

and Detonation Travel in a Figure 11-6(B). Arrangement to Measure Shock 
Nonhomogenco us Solid and Detonation Travel in a 

E: plosive Using the Wedge Homogeneous Liquid Explosive 

technique fl (Nitromethanc) 6 


shock. This hypervelocity detonation, traveling 
at a higher speed than the initial shock wave 
overtakes it, and the combined wave moves 
from that point as an overc&iven detonatior. 
the medium ahead. Eventually, the detonation 
wave decays to the characteristic, steady-slate 
velocity of the explosive. 

The distance-time relationships in these two 
contrasting situations are depicted in Fig. 11-7. 
Traces of essentially this nature were obtained 
by smear-camera techniques. 

The induction time in the initiation of 
homogeneous explosives is sensitive to many 
factors. Indeed, the effects of various 
experimental variables are so important that 
only by taking extreme care is itpossible to sort 
them out. Fig. 11-8, taken from Ref. 5, is a 
smear record taken from a camera viewing from 
the top (through a slit) the shcck wave which is 
progressing upward toward the camera from the 
bottom of a vessel containing nitromethane. The 
light in this photograph is self-light from 
detonation; therefore, the original unreactive 
shock, starting at a point in time marked F in 
Fig. 11-8, is not visible. Fur this experiment the 
Plexiglas attenuator plate which formed the 


bottom of the nitromethane vessel (e.g., Fig. 
11-6(B) was scored over half of the surface with 
riangular grooves, 0.020 in deep, spaced 0.025 
in. apart. The other half of the surface was 
polished, smooth. In Fig. 11-8, the scored half of 
the plate corresponds to the upper half of the 
photograph, and the smooth half to the lower; 
The photograph shows at the time marks A and 
C the sudden appearance of a faint light. This is 
light from the detonation when it originates in 
the precompressed medium at the Plexiglas 
surfact. The time marks B and D, indicating the 
appearance of a much brighter front, indicate 
the points when the detonation in the 
precompressed medium overtakes the shock 
front producing ah overdriven detonation in the 
undisturbed fluid. The induction time- 
represented by the distance between F and 
and F and C in the two regionsHs seen to be 
about 2psec on the smooth portion of the 
Plexiglas plate and less than one microsecond on 
the roughened portion. The explanation, 
presumably, is that the grooves in the Plexiglas 
produce distortions and interaction on the shock 
front which result in regions of somewhat higher 
temperature than that in the undisturbed shock, 
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Figure 11-7. Distance vs Time Behavior in Shock Wave Initiation of Nonhomogeneous and 
Homogeneous Explosi yes 
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F : Shock enters nitromethane. 

A: Detonation is initiated in compressed nitromethane at interface between nitromethane 
and grooved attenuator plate. 

B: Detonation over grooved plate overtakes shock. 

C: Detonation is initated at interface of nitromethane and smooth attenuator plate. 

D : Detonation over smooth plate overtakes shook. 


Induction time, f d : 


Over grooved plate F - A 
Over smooth plate F - C 


Figure 11-8. Smear Camera Record of Effect of Rough Shock Wave on Induction Time 
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with the result that thermal explosion occurs 
sooner on the roughened plate than it does on 
the smooth plate. 

The induction time in a thermal explosion is 
very sensitive to temperature (Chapter 10). 
Therefore, the time for shock initiation of 
nitromethane would be expected to depend 
critically bn shock pressure. That this is so can 
be readily seen from Fig. 11-9 which is taken 
from a recent analysis 7 of data reported by 
three different laboratories 3,5,8 . From Fig. 11-9 
it also appears that increasing the initial 
temperature of the nitromethane causes a 
decrease in induction time. 

The effect of hot-spot sites in nitromethane 
was also very nicely deomonstrated in the work 
described in Ref. 5. This was done by carefully 
locating air bubbles of various size at the 
Plexiglas-nitromethane interface. Other types of 
potential hot-spot sites have also been studied, 
including, for example, tiny rods of metal and 
glass that would produce a disturbance in the 
initiating shock front. A hot spot was usually 
visible as a flash of light at the moment of its 
creation by the shock wave; then, after a 
variable delay in time, a detonation was 
observed to spread out in 
a spherical front from the hot spot. (The hot 
spot produced no visible light during the 
induction period.) The effect is illustrated in 
Fig. 11-10, taken from Ref. 5. This photograph, 
taken in the same way as Fig. 11-8, shows the 
flash of light created by the interaction of the 
shock wave with a bubble at the time mark F. 
After a variable delay, explosions occur at C and 
D for the 1.0-mm and 0.75-mm bubbles, 
respectively; but no explosion occurred for the 
0.5-mm bubble, presumably because the 
hot-spot temperature was too low or the size too 
small for an explosion to develop. The delayed 
homogeneous detonation occurs at the 
Plexiglas-nitromethane interface at the time 
mark A in Fig. 11-10, and the catch-up and 
formation of the overdriven detonation occurs 
at B. The dependence of the explosion induction 
period on the size of the hot spot site is clearly 
shown by this experiment. Also evident is a 
critical-sizn phenomenon in relation to hot spots 
since the imallest of the three bubbles did not 
produce a detonation. 

The variable induction period, the critical “go, 
no-go” behavior of hotspots, and the important 
influence of temperature in these experiments 


point clearly to the explosion mechanism 
discussed Chapter 10. This inference lu been 
^investigated by C. L. Mader at the Los Alamos 
Laboratory 10 and Enig and Petrone at the U.S. 
Naval Ordnance Laboratory 11 in a series of 
“computer experiments,” the results of which 
are discussed in the paragraph which follows. 

11-6 THERMAL EXPLOSION THEORY 
APPLIED TO SHOCK INITIATION 

11-6.1 HOMOGENEOUS EXPLOSIVES 

The experimental phenomena described, in par. 
11-5 strongly suggest a thermal explosion 
mechanism in the shock wave initiation of 
homogeneous explosives. Detonation starts, not 
at the shock front but behind it, at the point 
where the wave entered the explosive and, 
therefore, where the high temperature produced 
by the shock has existed for the longest time. 
And* as it should in a thermal explosion, the 
induction period depends very sensitively on the 
temperature produced at this point. Proof that 
the phenomenon is indeed a thermal explosion 
would be provided if one could predict 
independently the magnitude of the induction 
period from the strength of the shock wave and 
the properties of the-explosive. 

The data heeded for this calculation are the 
shock-Hugoniot properties of the explosive, a 
PVT equation of state and, the kinetic and 
thermal data for the chemical deposition (see 
Eq. 10-20). Unfortunately, reliable experimental 
PVT data are unavailable for shocked explosives. 
However, Mader 10 and Enig and Petrone 11 , 
utilizing the same shock Hugoniot and kinetic 
data but different assumed PVT equations of 
state, were able to calculate induction times for 
nitromethane, liquid TNT, and single crystal 
PETN in reasonable igrejment with experiment 
(see Table 11-2). While these calculations show 
that a thermal explosion mechanism is 
consistent with the observed shock initiation 
process in homogeneous explosives, they do not 
prove it. 

How detonation develops from an underdriven 
shock wave in nitromethane is shown in the 
calculated pressure vs distance curves in Fig. 
11-11. These curves are taken from Ref. 10. 
They were plotted by automatic equipment 
which took its input directly from the 
computer. 
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Argon bubbles: 1. 0.75-mm diameter 

2. 9.50-mm diameter 

3. 1.0 -mm diameter 

F: Shock enters nitromethane. (Flash of bubbles number 1 and 3 may be seen.) 

C: Local detonation starts at 1.0-mm bubble. 

D : Local detonation starts at 0.75-mm bubble. 

A: Detonation starts in precompressed nitromethane at interface with attenuator plate. 
B: Detonation overtakes shock front. 


Figure 12-10. Smear Camera Record flowing Effect of Bubbles in Initiation of 
Nitromethane 
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TABLE 11-2 CALCULATED SHOCK INITIATION INDUCTION TIMES IN 
HOMOGENEOUS EXPLOSIVES 


Shock Temperature, °K Induction Times, psec 


Shock Pressure, khar 

Nitromethane (T o = 300° K) 

Enig & Petrone 

Mader 

Enig & Petrone 

Mader 

Observed 

86 

1103 

1180 

2.31 

1.34 

-1.0 

170 

1560 

2100 

— 

— 

— 

201 

Liquid TNT (TV = 358°K) 

1662 

2472 




125 

1154 

1132 

0.60 

0.68 

0.7 

265 

1992 

2409 

— 

— 

— 

Single Crystal PETN ( T o = 298°K) 

— 

not 

shown 

— 

0.337 

0.3 


11-6.2 BEHAVIOR OF HOT SPOTS 

The power of modem computer techniques is 
even more forcefully demonstrated in the 
treatment of hot spots reported by Mader in 
Ref. 10. Here the behavior is much too complex 
for analytical description. Even to anticipate 
what will; happen, qualitatively, is difficult. 

Mader treats the problem of describing all 
events set in motion by creation of a spherical 
hot spot, starting with various initial boundary 
conditions. In general, the following processes 
may be important: 

(1) Production of heat by chemical 
reaction 

(2) Dispersion of energy by wave motion 

(3) Dispersion of energy by heat 
conduction. 

The competition between (1) and (3) is treated 
in par. 10-4, where the following condition, Eq. 
10-36, first derived by Zinn 12 , is shown to 
apply: 

t, nd < 0.04 a 2 /a (11-1) 

The characteristic heat flow time on the 
right-hand side of the expression is seen to 
depend on the square of the radius a. For the 
“hydrodynamic” hot spots in nitromethane 
considered by Mader the size is so large (a = 0.03 
to 0.3 cm) that this heat flow time is of the 
order of some thousands of microseconds. On 


the other hand, fluid dynamical energy 
dispersion (wave motion) occursiri a time of the 
order of a/c, where c is the speed of sound. 
Since c is of the order of 10 8 - 10® cm/sec, the 
time period characteristic of this mode of energy 
transfer is in the range of 0.01 - 0.1 /wee. Heat 
conduction can, therefore, be. disregarded in this 
case arid only the first two of the processes 
listed need be considered; However, this still 
poses a task that is impossible without the aid of 
a modern high speed, computer. 

The computer was programrned to integrate 
the partial differential equations of fluid 
dynamics (Chapter 2) in which the energy 
transport equation includes a term for chemical 
reaction. In principle, the problem is one of 
spherical shock wave propagation as treated in 
Chapter 13, with the added complication of 
variable energy sources at every point in the 
medium. Special methods, such as the von 
Neumann-Richtmyer artificial viscosity 
technique (Chapter 14), are needed to handle 
the shock wave problem alone. 

Figs. 11-12, 11-13, and 11-14 are taken from 
Mader’s paper 10 , and the discussion which 
follows is quoted directly from that source. The 
model discussed here is termed the 
“temperature” hot spot—i.e., one in which the 
temperature is higher than in the surrounding 
(shocked) medium, but in which the density is 
the same as that of the surroundings. The 
pressure is, therefore, higher in the hot spot than 
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Figure! 1 i’ll. Pressure-distance Profiles at 
Various Times for the Shock 
Initiation of Nitromethane by a 
92-kbar Shock (The ordinate is 
pressure in scale divisions of 100 
kbar and the abscissa is Eulerian 
distance in scale divisions of 0.1 
cm.) 
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Figure 11-12. Pressure-radius Profiles at 
Various Times f&r the 
Development of a Detonation in 
Shocked Nitromethane (94.7 
kbar, 12S0 6 K') from a Spherical 
Temperature Hot Spot (1404°K) 
of0.292’Cm Radius (The ordinate 
is pressure in scale divisions of 
100 kbar and the abscissa is 
Eulerian radius in scale divisions 
of 0.1 cm.) 


in the bulk medium but the pressure difference 
is of somewhat minor importance in this case. 
Mader also treats the “pressure” hot spot, where 
density as well as temperature is higher than in 
the'surroundings. This case will not be described 
here. The quotation from Ref. 10 follows: 

“Fig. 11-12 shows the pressure-radius profiles 
for a 0.292*cm radius, temperature hot spot 


(1404° K) in nitromethane which has been 
shocked to 94.7 kbar. Initially, i.t the boundary 
between the hot spot and the shocked 
nitromethane, a small shock is sent into the 
outer nitromethane and a rarefaction is sent 
back into the hot spot. At about 0.03 psec, part 
of the hot spot explodes and initiates the 
remainder of the hot spot, which has been 
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Figure 11-13. Pressure-radius Profiles at 
Various Times for the 
Development of a Detonation in 
Shocked Nitromethane (94.7 
kbar , 1230° K) from a Spherical 
Temperature Hot Spot (1404° K) 
of 0.06-cm Radius (The ordinate 
is pressure in scale divisions of 
100 kbar and the abscissa is 
Eulerian radius in scale divisions 
of 0.01 cm.) 


cooled by the rarefaction. A strong shock goes 
into the undetonated nitromethane and a 
rarefaction goes back into the explosion 
products. The strongly shocked nitromethane at 
the hot spot boundary explodes at abbut 0.06 
Msec and initiates a detonation which propagates 
through the rest of the nitromethane. The 
detonation propagates at a velocity of 0.856 
cm/psec, which is the computed equilibrium 
detonation velocity of the shocked 
nitromethane. The experimental- hypervelocities 
in shocked nitromethane are approximately 
0.8 cm/psec 3,6 . 

“Fig. 11-13 shows in considerable detail 
the mechanism of initiation of detonation 
from a 0.06-cm radius, temperature hot spot 
(3.404° K) Initially, at the hot spot 
boundary, a small shock is sent into the 
shocked nitromethane and a rarefaction is 
sen: back into the hot spot. The pressure of 
the hot spot increases as a result of a chemical 
reaction. At 0.288 Msec, the inner 0.045 cm of 
the original hot spot explodes. At 0.035 Msec, 
the entire hot spot has exploded. A shock is sent 
into the uhdetonated explosive and a rarefaction 
is sent into the explosion products. The 
undetonated explosive at the hot spot boundary 
does not explode until 0.08 Msec, or after an 
initial induction period of 0.045 Msec. At 0.1 
Msec, the detonation is propagating at full 
velocity and pressure. 

“Fig. li-14 shows the pres$un~radius profiles 
for a 0.0292-cm radius, temperature hot spot 
(1404°K) in shocked nitromethane. The initial 
behavior is essentially the same as for larger hot 
spots. However, the pressure and temperature of 
the undetonated explosive at the hot spot 
interface decay more rapidly because of the 
greater divergence of the flow, and initiation of 
detonation fails to occur. 

“Numerous other calculations were also 
performed varying the hot spot temperature and 
the temperature of the exterior nitromethane. 
The results can be summarized as follows. 
Temperature hot spots in shocked («* 90 kbar) 
nitromethane of 0.06-cm radius and larger will 
explode before the rarefaction reaches the 
center of the hot spot. Cooler hot spots may 
explode even after the rarefaction arrives at the 
center of the hot spot, since the rarefaction is 
weak. For example, it was observed that a 
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1800° K, 0.06-cm-radius hot spot exploded and 
initiated propagating detonation, even though 
the rafefaction had arrived at the center of the 
hot spot before the hot spot exploded. 

“Temperature hot spots ir, shocked (« 90 
kbar) nitromethane of 0.03-cm radius and 
smaller will not -initiate propagating detonation. 
The spherical divergence of the shock is too 
strong. For example, it was observed that a 
1 4 0 0 ° K , and even a 1600°K, 
0.03-cm-radius-temperature hot spot failed to 
initiate propagating detonation. 


“As the pressure ana temperature of the 
shocked exterior nitromethane decrease, the 
critical size of the hot spot increases. For 
example, a 0.27*cm-radius, 1400° K temperature 
hot spot in unshocked nitromethane will not 
initiate propagating detonation, while the same 
hot spot in nitromethane shocked to 90 kbar 
will initiate propagating detonation. Similarly, as 
the pressure and temperature of the shocked 
nitromethane increase, the critical size of the 
hot spot decreases. For example, o 
0.03-cm-radiiis, 1400° K-temperature hot spot iri 
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Figure 11-14. Pressure-radius Profiles at Various Times for the Failure of a 
0.0292-cm-radius Temperature Hot Spot (1404°K) to Initiate Propagating 
Detonation in Shocked Nitromethane (94.7 kbar t 1230°K) (The ordinate is 
pressure in scale divisions of 100 kbar and the abscissa is Eulerian radius in 
scale divisions of 0.01 cm. The nitromethane at the boundary of the hot spot 
is cooling at 0.06 psec , having a temperature of 1393°K. At 0.08 psec the 
temperature has decreased to 1370°K at the boundary.) 
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1300°K shocked nitromethane will initiate 
propagating detonation, while the same hot spot 
in 1200° K shocked nitromethane will not 
initiate propagating detonation.” 

In summary, one may make the following 
generalizations concerning the behavior of 
hydrodynamic hot spots: 

(1) The question whether or not a hot 
spot starts a self-propagating spherical 
detonation depends on its size, temperature, and 
pressure and on the temperature of the 
surrounding shocked medium. 

(2) The first stage in the development of 
detonation from a hot spot is the explosion of 
material, at the center of the hot spot. Such an 
explosion, however, does not necessarily lead to 
detonation. 

(3) The critical phenomenon that 
prevents development of detonation from an 
exploding hot spot is usually the spherical 
divergence of the shock wave propagating into 
the surrounding explosive. In some cases, 
however, rit is the spherical convergence of the 
rarefaction moving toward the center of the hot 
spot that chokes off the explosion. 

(4) In any case, the development of a 
hydrodynamic hot spot is influenced mainly by 
chemical reaction and wave motion, and not 
appreciably by heat conduction. 

(5) Results of the detailed investigation of 
hot spot behavior in nitromethane correlate well 
with experimental observations with respect to 
the critical size of hot spots and the shock wave 
conditions required to create hot spots that lead 
to local detonation, 


11-7 HOT SPOT CREATION BY SHOCK 
WAVES 

The contrasting behavior of homogeneous and 
nonhomogeneous explosives in the initiation of 
detonation by shock waves described in par. 
11-5 can be readily understood if it is assumed 
that a shock wave in nonhomogeneous 
explosives creates hot spots as it passes through 
the material. Some of these hot spots explode 
and create shock waves that produce reaction, 
or, possibly, local detonation in the surrounding 
precompressed explosive. Since the initiating 
shock is underdriven with respect to a C-J 
detonation, energy liberated behind it can be 


transmitted to the front; hence, the shock wave 
gains added strength by the liberation of energy 
in the hot spots it has created in its wake. As the 
shock wave builds up, it produces hot spots of 
higher temperature which are, therefore, more 
apt to explode and produce local self-sustained 
shock waves or detonations. In the final 
full-scale detonation, initiation of reaction by 
the precursor shock may still depend on hot 
spot formation rather than initiation by uniform 
compression of the medium. 

The concept of hot spots in connection with 
explosives originated from the’ study of 
initiation by friction and impact 13 * 16 . In 
experiments where hot spots are developed in 
inert material as; ociated with the 
explosive—such as grit particles in the case of 
friction experiments and occluded gas pockets in 
the case of impact experiments~heat flows from: 
the hot spots to the adjacent explosive and starts 
decomposition there; A delay of the order of 
100 /isec is often involved between the impact 
that creates the hot spots and the explosion. 
Such a period of time is characteristic for 
diffusion of heat over a distance of the order of 
10 microns. 

A delay as high as 100 Msec, obviously, is 
impossible in most cases of shock initiation since 
in this period of time the shock wave would 
travel something like half a meter. From such 
considerations one concludes that hot spots, to 
be effective in shock wave initiation, must be 
created within the explosive medium itself and 
not in gas pockets or inert particles. In the case 
of initiation at the site of small air bubbles in 
nitromethane, as photographed in Fig. 11-10, 
the initial flash of light when the shock wave 
strikes the bubble is caused, no doubt, by the 
sudden compression of the gas in the bubble. 
But, the local detonation, which is initiated 
about one microsecond later, must arise from a 
hot spot created simultaneously in the 
nitromethane itself near the bubble, because this 
period of time is insufficient for heat transfer. 

The paper by Evans, Harlow and Meixner 14 
provides some insight into how hot spots can be 
produced in the medium surrounding a small 
discontinuity such as a gas bubble by interaction 
with a shock wave. The cases treated in detail by 
these authors involve only gases: specifically, the 
case of a bubble of neon in a helium continuum, 
and a bubble of helium in a neon continuum. 
The results are instructive, but obviously not 
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necessarily transferable to condensed explosn es. 
Figure 11-15, taken from Ref. 14, shows hew a 
bubble is deformed and the shock /ront 
distorted by interaction with the shock wave. 
Fig. 11-16 from the same paper shows the 
temperature distribution after the shock wave 
has passed through the bubble for the case of a 
neon bubble in a helium continuum. High 
temperature areas comparable in size to the 
bubble are formed in the adjacent medium due 
to the interaction. 

Ref. 14 also describes the results of 
calculations for a shock wave interacting with a 
vacuum bubble in nitromethane. The bubble in 
this case collapses completely when struck by 
the shock, and a high temperature hot spot is 
formed in the adjacent liquid. Computational 
difficulties prevented this phenomenon from 
being more fully explored. 

The formation of hot spots in 
nonhomogeneous explosives may be understood 
in terms of several different mechanisms (see 
References 13, 15-19, also Chapters 10 arid 12). 


In a loose crystalline-explosive, for example, hot 
spots within the crystals undoubtedly arise 
because of shuck wave distortion caused by the 
sharp discontinuities in the medium. Also, 
physical impact of crystals at points of contact 
when they are propelled into motion by the 
shock wave may be an important hot spot 
mechanism in this case. In a pressed or cast 
polycrystalline explosive, the anisotropy of the 
crystals may give rise to shock wave interactions 
of important magnitude. And, even in a highly 
densified explosive, voids of -micrascopk size 
which produce shock wave interferences are not 
entirely absent. 

Generally, an increase in void space causes an 
increase in sensitivity for any condensed 
explosive. The difference between a voidless 
material and a loose crystalline powder, for 
example, covers one or two orders of magnitude 
in the shock wave strength required for 
initiation. Thus, a homogeneous.single crystal of 
PETN requires a shook .pressure of about 100 
kbar for initiation 20 , whereas pressed granular 


* Time scale is arbitrary; the 
relative values of the numbers 
are important. 



Figure 11-15. Successive Configurations of Shock and Bubble (Left-hand-sequence is for 
neon bubble in helium ; right-hand sequence is for helium bubble in neon.) 
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PETN with 40 percent voids (density *» 1.0 
g/cm 3 ) requires only 2.5 kbar 21 . 

In the compressed granular explosive 
approaching crystal density, or in a 
plastic-bonded explosive, for example, hot-spot 
sites may be few in number and relatively 
“inactive”. Such materials might be expected to 
show “homogeneous behavior’* when initiated 
by a strong shock. In fact, it is quite possible to 
have hot-spot initiation and homogeneous 
initiation proceeding simultaneously, as the 
photograph in Fig. 11*10 shows. 

11-8 SENSITIVITY TO SHOCK INITIATION 

In most applications the main explosive charge 
is initiated by a detonator cap or primer, 
possibly in conjunction with a booster charge. 
Such an initiating system often produces an 
underdriven shock wave; therefore, many, of the 
principles discussed in this chapter have a 
bearing on problems connected with the design 
and performance of these systems. Also, in the 
use of explosives for blasting, it frequently 
happens that an inert object may fall between 
two sticks of dynamite in a borehole, or that an 
air gap may result from not tamping the sticks in 
the borehole firmly enough. It is, therefore, 
important that explosives used for this purpose 
be sufficiently sensitive to shock wave initiation 
so that detonation will not fail to propagate 
under these circumstances. 

In principle, one may distinguish between the 
shock wave sensitivity of explosives and 
sensitivity to other stimuli such as impact and 
friction. Indeed this distinction has been drawn 
in die division of subject matter in this 
handbook, the present chapter dealing with 
initiation by shock waves, and the next chapter 
dealing with initiation from thermal sources. 
Nevertheless, these two subjects have important 
factors in common. 

The term “shock wave sensitivity” has been 
used rather loosely up to now, and it is 
important to clarify its meaning. One can, of 
course, define it arbitrarily in terms of some 
standard test, e.g., the gap test. The results of 
such a test may be treated in a more or less 
sophisticated way, by defining the sensitivity 
either in terms of the actual shock strength 
produced in the explosive at the critical, “go, 
no-go” threshold, or, more simply, in terms of 



Figure 11-16. Isotherm Plots for the Shock in, 
Helium Hitting a Neon Bubble 
(The numbers are 100 times the 
specific internal energy; behind 
the initial shock , the value is SO. 
Dashed lines show the bubble 
configuration. Cylindrical axis is 
to the left. Late-time heating at 
the top is caused by collision 
with wall. t B 30.) 

the critical thickness of the gap material. But, 
either way, the point remains that any such 
definition is arbitrary in some degree because 
there is at least one other factor that may be 
important besides dhe.peak pressure in the shock 
wave. This factor is time , i.e., the duration of 
the shock pulse or its characteristic decay time. 

The time factor in the initiation of solid 
explosives is of interest, because it could be 
important in determining shock sensitivity. In a 
shock sensitivity experiment, such as the gap 
test, the time period over which the initiating 
shock can be sustained in the acceptor charge 
without chemical reaction is limited either by 
(1) the diameter of the donor charge, (2) the 
length of the donor charge (i.e., the piulse widtti 
of the incoming shock), or (3) the diameter of 
the acceptor charge. This arises because 
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rarefactions (release waves) will always 
propagate towards the shock front from the 
charge boundaries (Chapter 9). The release 
waves are associated with a drop in pressure and 
temperature, and hence will effectively quench 
chemical reaction. Therefore, if detonation is to 
be initiated in an acceptor charge, significant 
chemical reaction (e,g., thermal explosion) must 
occur prior to the arrival of the release waves. 

This criterion for shock initiation of 
detonation can be stated as 

T(d*) > t'(P,) (11-2) 

where T(d*) is the time period available for 
chemical reaction when, the limiting charge 
dimension is d , and 't (P t ) is the thermal 
explosion time for an initiating shock pressure 
P r The equality sign in Eq. 11-2 will then define 
the critical shock pressure (i.e., P - P cr ) for a 
“go or no-go” result in a gap test experiment. 
Since r can be expected to decrease with 
decreasing d , and t to decrease with increasing 
P ( (see Eqs. 10-20 and 10-21), it can, therefore, 
be inferred^ that P er must increase with 
decreasing d . 

This effect on P gr has been borne out in a 
series of gap test experiments carried out by 
Aerojet-General Corporation with solid 
composite propellants 22 . Fig. 11*17 shows the 
experimental variation in P er with acceptor 
charge diameter for three different propellants . 
In these gap tests the acceptor was a right 
cylinder with a diameter greater than the critical 
diameter d c (i.e., the minimum charge diameter 
in which a steady-state detonation will 
propagate). The donor charge in each case was a 
conical TNT booster that is three base diameters 
in height with the base diameter equal to the 
diameter of the acceptor. The region below each 
of the curves defines the “no-go” region for the 
propellant, and above the curve, the “go” 
region!. 

It is clear from the figure that there are values 
of the acceptor diameter, particularly near to d c , 

* Compositions containing ammonium perchlorate, 
aluminum, RDX, and PBAN binder 
(polybutadiene-acrylonitrile copolymer). 

t A "go M mult was interpreted when detonation was 
initiated snd sustained over the entire length of the 
acceptor (2*4 charge diameters), 


where a decrease in charge dimension causes an 
increase in P , It can be construed from these 
results that tm> acceptor diameter is acting as a 
limiting dimension d and that its effect 
becomes less important at larger charge diameters. 

Table 11-3 shows the effect of variations in 
diameter of the donor charge on the shock 
pressure required for initiation of one of the 
propellants from Fig. 11-17 (i.e., propellant A 
with 9.2% RDX; d = 2.7 in.). Here the 
cylindrical acceptor charge diameter was kept 
constant at 6 in. and the donor charges were 
cylindrical TNT boosters whose diameters were 
varied. While the values for P cr are not well 
defined by these data, it is clear that shocks of 
higher strength were required for a “go” result 
when the donor charge diameter was made 
smaller. This would again indicate that there is a 
limiting charge dimension d , namely the donor 
diameter, at least for those cases where the 
diameter is less than that of the acceptor. It is 
interesting to note from Table 11-3, that a “go” 
result can be obtained even when the donor size 
is less than the critical diameter of the acceptor, 
however the value of P cr apparently is greatly 
increased in this case. 

Fig. 11-18 depicts the results of a shock 
sensitivity experiment with Propellant A, d c s 
2.7 in., using the flyer-plate technique. In this 
test explosively driven flyer plates (5 sq. in., 
1/32 to 1/2 in.) are impacted against the 
acceptor charge (4 in. diameter). In this manner 
planar shock waves with varying peak pressure, 
(proportional to plate velocity) and pulse width 
(proportional to plate thickness) are introduced 
into the acceptor. As in the gap-test, a “go or 
no-go” result is determined. It is quite evident 
from Fig. 11*18 that P^ varies quite drastically 
when the pulse width is less than 1-2 psec, but 
approaches a constant value at larger pulse 
widths. Since the. pulse width in microseconds is 
governed by the release wave which moves 
directly behind and toward the shock front, the 
data of Fig. 11-18 can be interpreted as 
indicating the existence of a limiting dimension 
d which would be equivalent to the length of g 
donor charge. Tn this particular case, the d 
corresponding to a 2 psec pulse width would be 
~7 mm. 

One can conclude from these results that the 
critical shock strength for initiation may be 
controller by factors which are not intrinsic to 
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Figure 11-17. Normalized Initiation Criteria 
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TABLE 11-3 EFFECT OF DONOR CHARGE DIAMETER ON SHOCK SENSITIVITY 


Acceptor Charge: 6-in. right cylinder (critical diameter = 2.7 in.) 


Donor Charge 

Initial Shock 

Gap Test 

Diameter, in, 

Pressure, kbar 

Result 

1.00 

250* 

No-C^ 

1.50 

250 

No-Go 

1.75 

150 

No-Go 

1.75 

250 

Go 

2.00 

125 

No-Go 

2.00 

150 

Go 

2.00 

250 

Go 

3.00 

50 

No-Go 

6.00 

^3.0 

Go 


* Maximum shock pressure attainable (i.e., zero-gap). 


the explosive composition, in which- case one 
must be cautious in comparing the experimental 
results from different test arrangements, and 
even with the same test arrangements. However, 
it is also evident that it is possible to minimize 
the effects of charge geometry on P cr by 
utilizing charge diameters both for the acceptor 
and donor which are larger than the critical 
diameter of the test material. 

11-9 THEORY OF SHOCK WAVE 
INITIATION IN SOLID EXPLOSIVES 

The contrasting behavior of homogeneous and 
nonhomogeneous explosives when subjected to 
underdriven shock waves was described in par. 
11-5. Solid explosives, except for single crystals, 
are nonhomogeneous; and, typically, unless the 
wave decays without producing detonation, it 
begins to accelerate immediately, and smoothly 
develops to a steady-state detonation. 
Acceleration of the front indicates that reaction 
is occurring close behind the shock. Electrical 
resistivity measurements derived by Campbell, 
Davis, Ransay, and Travis 6 tend to confirm this. 
Their experiments seem to show that the region 
immediately behind the underdriven shock front 
is electrically conductive, and that the 
conductivity in this region increases continually 
as the wave progresses until steady state 


detonation is reached. This indicates that weak 
chemical reaction occurs behind the entering 
shock front and becomes stronger as the shock 
wave builds up. This finding is somewhat at 
variance, however, with conclusions reported by 
Gipson and Macek 23 , who interpreted their 
experimental results to mean that the reaction at 
first lags at a distance behind the shock, they 
explain the acceleration of the front as resulting 
from the action of compression waves emanating 
from the reaction zone. In their picture, the 
reaction catches up to the shock wave only 
when full detonation is established. The 
conditions were not the same in the two sets of 
experiments: Campbell, et al., employed^planc, 
essentially nondecaying (step-like) shocks, 
whereas Gipson and Macek used a typical 
gap-test geometry where neither of these 
conditions were fully met. Also, the conclusions 
of Gipson and Macek are based on an observed 
difference in location of a pressure frpnt as 
detected by pressure collapsing probes and a 
“flame front” as detected by a common type of 
ionization probe. The pressure detectors were 
located on the central axis of the cylindrical 
charge, and the ionization detectors at the 
interface of the explosive and the steel tube used 
to confine the charge. Possibly, the 
interpretation of the experimental results could 
be reconciled in the two cases if the electrical 
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response characteristics of the different 
ionization probes were carefully analyzed, and if 
the curvature of the front in the Gipson and 
Macek experiments were taken into account. 
The theory of hot spots as described in the 
previous paragraphs suggests that initiation takes 
place within 0.1 /isec or less after passage of the 
shock. It is to be expected that ionization will 
increase with time as the initiation process 
spreads, and as the reaction becomes general 
throughout the mass of the explosive. Therefore, 
the. somewhat disparate conclusions j£ these two 
investigations may not be really at variance with 
this theoretical picture. 

Although experimental work has not ?s yet 
yielded a clear picture of the nature of the 
reaction that supports a shock wave in the early 
stages of the initiation process in solid 
explosives, it is quite certain that energy release 
occurs not far behind the initiating front. This is 
in distinct contrast to the behavior of 
homogeneous liquid explosives where 
detonation develops at the back face where the 
shock first enters the explosives. Obviously the 
model of a simple first-order, Arrhenius-type 
reaction—which describes the latter 
phenomenon so well—does not represent the 
entire behavior of solid explosives. Indeed, there 
is little aoubt that the actual mechanism 
involves initiation by hot spots followed by 
some sort of surface-erosive deflagration, or 
grain burning. The formulation of a 
mathematical model along these lines, however, 
presents some rather formidable problems not 
encountered in the homogeneous case. 

The general approach to this question has been 
discussed by Adams 24 , who shows that a 
pressure-dependent burning-law as displayed by 
solid propellants, i.e., 

r = kS P " (11-3) 

where r is the linear surface erosion rate; S, the 
surface area; P, the pressure; and k and n 
constants, will meet many of the model 
requirements provided the reaction ^supposed 
to start on all the grain surfaces when the shock 
advances over them. Warner 25 has formulated 
the equations of motion for a computer program 
with this type of heat release term. As a 
technical matter, it is necessary to set an 
arbitrary pressure level below which 


decomposition does not occur to prevent the 
explosive from decomposing even before the 
shock passes through it. Essentially this device 
performs the function of hot spots in the actual 
case. Another practical problem is to find an 
equation of state that satisfactorily describes the 
two-phase system representing the surface 
burning explosive grains and the product gases. 
In spite of obvious imperfections, a simple 
model with a pressure-dependent burning law 
does show the desired behavior: steady build-up 
of the shock front to detonation without 
overshoot. Some of the results reported in Ref. 
25 are depicted in Fig. 11-19 and 11-20. These 
figures illustrate the calculations for an initiating 
shock of finite duration applied by means of 
piston r, .on at the left boundary of the, 
explosive - 0), the motion of the piston 
being adjusted to support the flow at all times as 
reaction builds up. Full development of the von 
Neumann “spike” (Chapter 8) to the 
steady-state condition occurs in this case in 
about one microsecond. 

Boyer and coworkers 26 have attempted to 
simulate the behavior of hot spots combined 
with grain burning by a “two^zone” model. The 
explosive grains are considered to be enveloped 
in a thin initiating layer which comprises a 
fraction F of the total explosive. This initiating 
layer behaves as a homogeneous explosive, 
following a first order Arrhenius law. The 
activation energy is adjusted to give a suitably 
short ignition delay time. By means of this 
device the grain burning mechanism is brought 
into action in the second, inner zone. Behavior 
of this model is similar to that of Warner’s 
model, showing a steady build-up to full 
detonation at the shock front. Interesting 
studies can be made in this case by varying the 
fraction F x , which might be thought of as the 
“hot-spot” fraction. Boyer and Grandey 26 have 
also considered the effect of varying grain size 
on the behavior of the two-zone model. Larger 
grains lead to a longer reaction zone and a 
slower build-up to detonation, as expected (cf. 
Chapter 9). 

Boyer, on the basis of the two-zone model, has 
investigated some interesting ideas pertaining to 
the effect of void spaces, or porosity in the 
charge. The following remarks are quoted from a 
discussion in the Ninth Combustion Symposium , 
p. 551 (Academic Press, 1963): “An interesting 
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Figure 11-19. Build-up of Shock Wave in Solid 
Explosive to Detonation for a 
Surface-erosion (grain burning) 
Law of Heat Release 2S (The 
shock enters the explosive at X = 
0 with a pressure of 10,000 atm.) 



Figure 11-20. Peak Pressure and Position, of the 
Wave as a Function of Time for 
the Case in Fig. 11-19 


type of ignition occur when there are pores or 
voids in the charge. It is found that if, upon 
passage of .shock over porous material, the 
pores are compressed to zero volume, then the 
energy deposition in excess of that deposited by 
a shock of similar intensity in a nonporous 
material is approximately proportional to the 
initial pore volume This excess energy 
represents work done in compressing the pore. It 
is associated with motion and viscous 
dissipation, and presumably is deposited in, the 
vicinity of the pore. If the volume of material so 
affected is approximately equal to the pore 
volume, then the temperature rise will be twice 
in bulk material. A hot spot approximately 
equal to the pore volume is, therefore, created 
(cf. Ref. 10, 14, and 22); this logically becomes 
the volume of the ignition region, and it is 
concluded that in the initiation of porous 
explosives by such a mechanism, the parameter 
F l can be taken to be equal to the fractional 
porusity of the charge. It is to be noted that the 


foregoing arguments do not depend significantly 
upon the type, or even the presence of occluded 
gas. 

“This relation between porosity and the 
ignition process provides a resonable 
interpretation of many widely observed 
characteristics of detonation waves.. It is first 
necessary to realize that representation of the 
ignition reaction by an Arrhenius function 
means that the ignition reaction zone is very 
narrow. Its energy contribution to support of 
the wave is, therefore, not seriously degraded by 
lateral expansions, even at small charge 
diameters. This will be equally true of Taylor 
expansions (Chapter 8) behind tho wave after a 
very short propagation distance. It follows that 
if a large fraction of the charge material is 
consumed in the ignition process, as would be 
the case, according to the previous argument, 
with loosely packed, porcus charges (i.e., large 
F x ) one would expect a very short wave ry.n up 
to steady state and a small critical diameter. 
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With a high density, nonporous charge, the 
converse would be expected. Such behavior is in 
general accord with experiment.” 

Boyer also makes these remarks concerning 
the effect of grain radius R g . “The parameter R g 
has a similar effect on the surface regressive 
process. A small R g provides a thin reaction 
zone width and, consequently, a short run-up 
distance and small critical diameter, whereas the 
converse is true with large R g . We have observed 
that computed waves in charges defined to have 
an R g combined with a small F 1 (i.e., initiating 
fraction) will run for large distances,at a velocity 
of about 4 mm/^tsec before accelerating to a 
steady value. Since these waves were computed 
with one-dimensional geometry, the effect of 
lateral losses could not be ascertained (cf. 
Chapter 9), but it is believed that had such losses 
been present, these low velocity waves could 
have been indefinitely stabilized. 
Experimentally, it is reported that the condition 
of large.grain size, high density, and small charge 
diameter is just that which results in stable low 
order detonation” (cf. Refs. 27 and.28). 

The term “low-order” detonation is a loosely 
defined concept referring to reaction waves 
which travel at velocities much less than that 
predictable by C-J theory. These processes, 
which can be considered as intermediate 
between deflagrations and detonations, 
undoubtedly involve a critical balance between 
energy production by heterogeneous reaction 
processes and energy loss due to lateral 
expansion (Chapter 9). Hence the observed 
reaction wave depends critically on charge 
diameter, porosity, explosive composition, 
confinement, etc. A comprehensive review of 
this general subject can be found in Ref. 28 
which is a U.S. Army Research Office STAF 
report. 

A special case of “low-order” detonation is the 
so-called “low-velocity detonation v/ave” (LVD) 
which can occur in certain liquids and solids and 
in charge geometries which can also sustain a 
“normal” C-J type detonation. This special case 
is discussed in some detail in par. 11-10. 

11-10 LOW-VELOCITY DETONATION 
(LVD) 

The discussions of shock wave initiation have 
referred so far primarily to the establishment of 


a “normal” detonation wave whose velocity is 
commensurate with that predictable from 
hydro thermodynamic theory. For many years, 
however, it has been known that certain solid 
and liquid explosives (e.g., granular TNT and 
nitroglycerin) can detonate in two different 
velocity regimes (see Ref. 28). There is the 
stable “normal” mode or high-vclocify 
detonation (HVD) which we have referred to 
previously, and an apparently stable low-velocity 
detonation (LVD) that propagates near the sonic 
velocity cf the unreacted material. The LVD 
mode occurs only under special conditions of 
charge diameter, confinement, and initiation. 
This can be seen in Fig. 11-21 whic i presents 
the detonation velocities found in a typical 
blasting gelatin 29 . 

The HVD mode is seen to propaga'; 
essentially at the Chapman-Iouguet velocity of 
7500 m/sec, while the LVD mode propagates at 
1500-2500 m/sec, which is near sonic in the 
unreacted blasting gelatin. In this case, either 
HVD or LVD could be obtained at the same 
charge diameter simply by changing the 
initiation source from a high strength Briska 
detonator to a lower strength fulminate-chlorate 
detonator. Similar HVD-LVD phenomena have 
been reported for granular TNT 30 . 

The different shock strengths required to 
initiate HVD and LVD is one of the striking 
differentiating characteristics of the two modes 
of detonation. For example, HVD in 
homogeneous liquid explosives requires shock 
initiation pressures of 50-100 kbar, whereas an 
LVD in these same liquids might be initiated 
with shock pressures one to two orders of 
magnitude less. A good example of this 
difference can be seen in the gap-test sensitivity 
data (see Table 11-4) reported by the U. S. 
Bureau of Mines for a 50/50 
nitroglycerin-ethylene glycol dinitrate explosive 
mixture (NG-EGDN) and a nitric acid-fuel 
solution (Cavea B110) 31 . 

The extreme shock sensitivity of materials to 
LVD has considerable significance in the safe 
handling of liquids which can undergo this mode 
of detonation. Accidental explosions have 
occurred in nitroglycerin and liquid 
monopropellant manufacturing facilities as the 
result of relatively mild initiation stimuli. This 
suggests that LVD may have been the 
responsible factor in the initiation of the 
explosion. 
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TABLE 11-4 EXPERIMENTAL CARD-GAP TEST RESULTS 


Sonic 


Confinement 

Material 

Velocity ,* 
m/sec 

1 P t /P,** 


Gap Valuest 
(in. of Lucite) 




NG-EGDN 

Caved B 




HVD-LVD LVD-NI 

HVD,-LVD LVD-NI 

Lucite 

1840 

1.00 

2.2 

> 12 

1.2tt 

Lead 

1190 

1.73 

1.8 

>12 

1.5 - 

Aluminum 

5000 

1.73 

1.2 

>12 

0.1 3:0 

Copper 

3810 

1.87 

1.0 

> 12 

< 0.1 4:0 

Steel 

5200 

1.90 

0.4 

> 12 

< 0.1 6.0 


* Sonic velocity in thin rods of confinement material. 

** Ratio of transmitted to incident pressures from Lucite gap. 

f Gap values for HVD-LVD refer to threshold between HVD and LVD. 

Gap values for LVD-NI refer to threshold between LVD and no initiation (NI). 

ft Only HVD observed. 


At the present time there is no adequate 
theory for LVD initiation and propagation, 
however, experimental studies at the U. S. 
Bureau of Mines 81 ' 33 and Stanford Research 
Institute 3 4 ' 3 6 have characterized some of the 
properties of LVD in liquid explosives. These 
studies suggest that the phenomenon involves 
comjplex shock interactions between the liquid 
and the container walls, and the formation of 
vapor bubbles by cavitation. 

Table 11-5 shows some of. the results found by 
the U. S. Bureau of Mines for the stability of an 
LVD wave in NG-EGDN under various 
conditions of confinement 33 . It is evident that 
wave stability is enhanced by increased 
container wall thickness and increased wall 
sound speed. These results along with high speed 
photographic evidence of cavitation in the liquid 
led Watson, et al. 33 to suggest the following 
four step model for LVD initiation and 
propagation. 

In the first step, shocks (precursor waves) 
moving up through the container walls cause 
bow waves in the liquid explosive which 
compress the fluid. In step 2, the compressed 
liquid is expanded by the rarefaction waves 
which are assoc 5 ated with a radially outward 
motion of the container walls. In step 3, the 


liquid cavitates resulting in the formation of 
large numbers of gas bubbles. In the final step, 
the gas bubbles ignite to release the energy 
required to support the precursor shock waye in 
the container wall. 

The mechanism by which these steps are 
coupled to yield a steady state reaction wave has 
yet to be worked out. However, the model is 
somewhat similar to the grain burning 
mechanism often postulated for granular solid 
explosives (e.g, see discussions in previous 
paragraph). In the solids case the surfaces 
necessary to support bulk grain burning are 
associated with the individual grains of 
explosive. In the liquids case, the necessary 
surfaces are formed in situ by cavitation behind 
the precursor waves. 

Amster and coworkers 3 4 at Stanford Research 
Institute suggested a somewhat different model 
for LVD propagation. In this model the bow 
waves in the liquid coalesce to form a high 
pressure “Mach disc” which travels with the 
speed of the precursor wave. The pressure just 
behind the “Mach disc” could be quite high (* 
85 kbar) which would be marginally sufficient 
to initiate the same type of reactions that 
support HVD in the liquid. This model would 
explain the observations that (1) a propagating 
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TABLE 11-5 RESULTS OF LOW-VELOCITY DETONATION STABILITY STUDIES, 
WITH NG-EGDN 

(c = 1.48 mm//usec, p = 1.55 g/cm 3 ) 


Wall 

Thickness, in. 


Detonation 
Velocity , mm/psec 


Lead Tubes: c o = 1.21 mm/psec 

Unstable 

Unstable 

Unstable 

Plexiglas Tubes: c - 1.84 mm/psec 


1/16 

Unstable 


1/8 

Stable 

2.14 

1/4 

Stable 

1.84 

1/16 

Steel Tubes: c o - 5.20 inm/psec 


1/16 

Stable 

1.96 

1/8 

Stable 

1.88 

1/4 

Stable 

2.11 


Aluminum Tubes: c o - 5.00 mm/psec 


1/16 

Unstable 


1/4 

Stable 

2.04 


LVD wave often changes in a jump fashion to an 
HVD wave, (2) an LVD wave is more stable in 
cylindrical containers (wall shocks in 
noncylindrical containers will not give rise to a 
“Mach disc”), and (3) LVD wave stability is 
sensitive to wall composition and wall thickness. 

However, in subsequent studies Woolf oik and 
Amster 35 observed an apparent LVD 
propagation with 1,2 diflu oraminopropane 
(1,2-DP) in cylindrical lead and square 
aluminum containers (see Table 11-6). This is 
inconsistent with the “Mach disc” model 
because with lead having a sound speed (q, = 1.2 
mm/psec) just slightly above that of 1,2-DP ( c o 
= 0.96 mm/psec) a high pressure “Mach disc” 


would not be expected to form in the liquid. 
Also, a well defined “Mach disc” is not expected 
to be formed when the liquid is contained in a 
noncylindrical geometry. 

Indirect evidence in support of a cavitation 
type model comes from an extensive 
experimental study by Stanford Research 
Institute (SRI) of the sensitivity of an isomeric 
series of difluoramino propanes (1,2-DP; 2,2-DP; 
1,3-DP) 36 . These liquid explosives consistently 
exhibit an LVD of ~ 1 mm/psec in charges of 
less than « 9 mm diameter and an HVD of » 6 
mm//isec at larger charge diameters. In some 
cases the LVD wave can be initiated by 
extremely weak shocks as can be seen from the 
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TABLE 11-6 LVD GAP TEST FOR 1-2-DP: EFFECT OF CONFINEMENT 
GEOMETRY AND SONIC VELOCITY 


Sonic Velocity , Dimensions 50% Gap, cm 


Tube Material 

mm/psec 

Geometry 

ID, cm 

Wall, cm 

of Plexiglas 

Aluminum 

5.2 

Cylinder 

1.27 

0:23 

> 214 

Aluminum 

5.2 

Square 

1.27 

0.318 

> 61-<9i.5 

Brass 

3.7 

Cylinder 

1.27 

0.23 

>95 - <122 

Steel 

5.1 

Cylinder 

1.27 

0.63 

> SI-<126 

Lead 

1.2 

Cylinder 

1.27 

0.63 

> 95.0t 


t No further test was made above this gap because the average propagation velocity had become subsonic. 


positive gap test result for 1,2-DP with a 214 cm decompoisitons (i.e., in gas bubbles formed by 
gap (see Table 11-6). cavitation of the liquid), and (2) the controlling 

It was found by the SRI group that the order chemical reaction step in LVD is not the same as 

of increasing shock initiation sensitivity for the that in HVD, at least for the two compounds 

difluohimmppropanes is just that order which shown in Table 11-7. The first suggestion is 

would be expected on the basis of increasing consistent with a cavitation type model for 

gas-phase reaction rates (see Table 11-7). In LVD, while the second suggestion is inconsistent 

addition, the drop weight and spark sensitivities with the “Mach disc" model: 

for the compounds follow the same ordier. On The various observations of LVD in liquids ( ); 

the other hand the order of HVD shock indicate that a quantitative understanding of the 

sensitivity as deduced from measured shock phenomena cannot be obtained by application 

initiation induction times (see par. 11-5) is of the Chapman-Jouguet theory. Consideration 

exactly opposite to that for LVD. These results must be given to the multiple shock wave 

suggest the following: (1) the controlling interactions that occur and to heterogeneous 

chemical reactions in LVD are gas-phase bulk buying in the liquid. 


TABLE 11-7 CORRELATION OF SENSITIVITY TESTS WITH REACTION RATES 


Gas-Phase 
Reaction Rate 

Sensitivity Test 
LVD Gap |Drop Weight 

Spark 

Reaction Time 

HVD Gap 

2.2- DPA * 

1.2- DpJ 

1.3- DP ’ 

2.2- DP A 

1.2- DP I 

2.2- DP A 

1.2- DP 

1.3- DP 

2.2- DPA 

1.2- DpT 

2.2- DP 

1.2- DP 

** 


41 - increasing sensitivity or reactivity. 
** 4 = increasing reactivity. 
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CHAPTER 12 INITIATION AND GROWTH OF DETONATION FROM IMPACT, 
FRICTION, AND THERMAL SOURCES 


12-1 SENSITIVITY TO IMPACT AND 
FRICTION 

Safety is, of course, a constant concern in 
handling explosives; from the beginning of their 
development, methods were sought to test the 
“sensitivity” of explosives to various types of 
stimuli. Explosives that are more sensitive to 
impact and friction are not necessarily more 
powerful; therefore, it should be quite possible 
in principle to produce explosives that are just as 
effective or more effective than those now in use 
and which, at the same time, are safer to handle 
and use. This has been the reason for much of 
the work on this subject. At the same time 
attempts have been made to interpret the 
sensitivity behavior in terms of properties that 
are better characterized and better understood: 

The difficulty of- the sensitivity problem 
stems, indeed, just from the fact that it is so 
poorly understood and, therefore, so poorly 
defined. Even at the present time there are no 
standards in this field; tests results from one 
laboratory may not entirely concur with those 
from another. In the United States there are 
perhaps three non official “standard* * impact test 
machines—one at the Bureau of Mines, 
Bruceton, Pennsylvania; one at Picatinny 
Arsenal; and one at the Naval Ordnance 
Laboratory (NOL). Because there are no guiding 
principles in this area, the design arid dimensions 
of each of these devices was quite arbitrarily 
arrived at. However, to obtain meaningful and 
consistent results, great pains must be taken to 
control conditions in the test whatever they are 
arbitrarily established to be. The painstaking 
nature of this w^rk is illustrated by the 
following description of the apparatus and 
methods presently in use at the Bureau of Mines, 
a typical piece of apparatus. 

The Bureau of Mines impact apparatus shown 
in Fig. 12-1 is essentially a device in which a 
sample of explosive is subjected to an impact of 
a free-falling drop-hammer of 5-kg weight. It 
consists of a framework of steel T-beams which 
rise vertically from a massive steel base resting 
on a concrete pier. The drop-hammer and the 
yoke move between the steel beams which are 


12.5 ft in height. The yoke is provided with an 
electromagnet so that it con be magnetized. It is 
raised or lowered by means of a windlass located 
at the base of the machine. When the yoke is 
magnetized, it attracts and holds the 
drop-hammer which may be raised to any 
desired height up to 330 cm. When the yoke is 
demagnetized, it releases the steel hammer; A 
recording device attached to the windlass 
measures the height from which the hammer is 
released. The anvil assembly is mounted on the 
base of the machine and consists of a hardened 
steel anvil and a plunger, 1.25 in. in diameter 
and 6 in. in length, machined to give a sliding fit 
through a steel guide ring. The drop-hsunmer, 
when relee-ed, strikes the plunger which 
transmits the forces developed on impact to a 
small striking pin that fits into a steel cup 
containing the test sample. 

The striking pins—0.5-in. diameter by 0.75-in. 
length—are of type 440-C stainless steel, 
hardened to 55-60 on the Rockwell scale, and 
ground and polished to give a snug, freely sliding 
fit in the sample cup. The sample cups are 
approximately 0.5-in. in diameter and 0.25-in. in 
depth, and are of type 302 stainless steel with a 
wall thickness of 0.007-in. 

The test sample of approximately 35 mg is 
placed in the stainless steel sample cup, and the 
striking pin is gently pressed down upon the 
sample. This assembly is then centered on the 
anvil by a shallow socket at the lower end of the 
plunger. The hammer is raised to .a given height 
and then allowed to drop on the plunger. If no 
explosion or reaction occurs, the hammer is 
raised to successively greater heights and the test 
repeated with a fresh charge until a reaction 
occurs or until the maximum range of the 
equipment is reached. If a reaction does occur, 
fresh samples are tested at successively lower 
initial heights of fall until a point of no reaction 
is reached. Once the initial height is determined, 
a sample will be tested at a given increment 
below the level at which the previous sample was 
tested if that sample reacted, and a given 
increment above the level at which the previous 
one was tested if it did not react. By using this 
“up-and-down” method and analyzing the data 
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statistically, a height for 50-percent ignition 
probability is attained; 

The determination of an “explosion or 
reaction’ 1 is based on visual and aural 
observation. Any indication of 
decomposition—explosion, burning} flash, 
smoke, or charring—^considered a “go”. 

One difference between the Bureau of Mines 
test and that at NOL is the use at NOL of a 
piece of sandpaper placed under the sample on 
the test anvil. This possibly has the effect of 
more nearly standardizing the mechanism by 
which the mechanical; energy of the falling 


weight is converted to heat in the explosive 
sample. 

( Other differences are present in the tooling, 
drop weight, size and criteria forjudging a “go”; 
All differences combine to give different 
50-percent drop height values for the same 
explosives; however, in general, when properly 
determined on adequate equipment, tlu, results 
have a differential validity-in that they correctly 
order explosives with respect to impact 
sensitivity. 

Friction testing of explosive has not been as 
common as impact testing. However, interesting 




Figure 12-2, Illustration of Apparatus Used for Determining the Friction Sensitivity of Solid 
Explosives 
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results have been obtained by Bowden 1 anu 
coworkers using friction apparatus such as that 
illustrated in Fig. 12-2. Some of the results are 
described in par. 12-3. The device in Fig. 12-2 is 
designed so that a thin layer of solid explosive is 
subjected to rapid shear while held under a 
known load. 

12-2 DESIGN AND ANALYSIS OF 
SENSITIVITY EXPERIMENTS 

Explosive sensitivity tests are among the few 
examples; of what might be described as 
one-shot, “go or no-go" experiments. Certain 
types of biological tests, e.g., lethal dosage, also 
fall into this category. In experiments of this 
nature, only a single trial can be performed on 
each specimen because it is so altered by the 
test, regardless of outcome, that it cannot be 
subjected to further testing. Thus, it is not 
possible to determine the critical level of the 
independent variable—e.g., the drop height of 
the impact test—in t.»is case for each specimen 
and, therefore, an element of indeterminacy is 
inherent in each trial result. One consequence of 
this situation is that more tests are necessary to 
determine the sample mean and standard 
deviation with given precision than in 
experiments where a definite critical threshold 
value can be assigned as a result of each trial. 
Another consequence is that a certain method of 
testing, the so-called “up and down" method, is 
considerably more efficient than other methods 
in deriving this information. 

The up-and-down method was developed by 
the Explosives Research Laboratory, Bruceton, 
Pa., and the statistical analysis appropriate to it 
was developed by the Statistical Research Group 
at Princeton University during World War II. A 
full treatment of the subject may be found in 
Ref. 2; the essentials are given in the following 
discussion which refers specifically to the 
drop-weight impact sensitivity test. 

In performing a test on a given sample of 
explosive, one first of all fixes certain points on 
the height scale at which trials will be made. 
Individual trials are then made by setting the 
drop hammer at one of these points, never at 
intermediate positions. The fixed points, which 
we designate by the general symbol to 
indicate the i-th point on the scale, are separated 
by equal intervals d on a normalized scale. The 


normalized scale is defined as that- scale function 
of height on which actual critical drop 
heights—if these could be determined—of an 
infinite number of specimens of the explosive./ 
would be normally,^distributed (in the statistical 
sense). Experience indicates that the normalized 
scale in the impact test is the logarithm of the 
drop height; therefore, the intervals should be 
equal increments of log height. If equal linear 
intervals on the height scale are used, it would 
l^d f in principle, to errors in the application of 
the statistics. (A test for normality of scale is 
described in Ref. 2.) Ideally, the interval d 
should be chosen, equal to the standard 
deviation or. Obviously, since o is not known in 
advance, the magnitude of d had to be selected 
on the basis of experience. A choice of interval 
either larger or smaller than o simply makes the 
test less efficient but does not invalidate the 
results. 

The “up-and-down" test is carried out in a 
sequential manner, the choice of test level for 
the drop hammer in each trial being dictated by 
the result of the trial just preceding it. The drop 
hammer is raised by one interval d to the next 
higher point h f41 if the preceding trial at h ( 
was “no-go" and is lowered by one interval d to 
the next lower point h [1 if the preceding trial 
was “go". This procedure results in a nearly 
equal number of “go’s" and “no-go’s”, and 
guarantees that a great majority of trials is 
grouped around the mean. An example of an 
actual test involving 100 trials is shown in Fig. 
12-3. In this type of testing, 100 or more trials 
are considered necessary if reasonably good 
estimates are to be maae of the mean height. 

The formula for calculation of the mean 
height (or mean log height if the log scale is 
used) follows. The computation is based either 
on the “nc-go's" (zeros) or the “go’s” (x’s), 
depending upon which is least in number; if the 
number of each is the same, either may be used. 
When the numbering of the fixed points starts 
with zero at the lowest level at which tests were 
made, the mean level m is given by 

m - c + d £m,(o) + Wj (12-la) 

where c refers to the normalized scale value at 
the zero level—e.g., the value of h in Fig. 
12-3 \—N(o) refers to the total number of zeros, 
or “no-go’s”; i is the number of the level; and 
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Figurel2-3. Example of a Sensitivity Test Result Comprising 100 Trials Following the 
Up-and-down Method (x indicates “go”, and o indicates “no-go”) 
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n t (o) the number of zeros at that level, the sum 
being taken over all levels above the zero level. A 
similar formula applies if one counts the “go’s” 
or*’s, as follows: 

m = c + d !/«,(*) - wj (12-lb) 

where N(x) refers to the tot,.' number of x's , 
and the other symbols are defined consistently 
with those previously given. Eqs. 12-la and 
12-lb are, of course,, identical with usual 
formulas for calculating the mean, except for 
the comction ± 1/2, which takes account of the 
fact that the independent variable is not 
continuous, but “quantized”. 

Calculation of the standard deviation a is not 
so direct. One first calculates a number M 
defined by 



where N and n j refer to either the zeros or the 
x's, the choice being of the one for which N is 
the smaller if N is not the same for both. If M > 
0.40, a number s is calculated from it by the 
approximate formula 

s = 1.60 (M + 0.04) (12-3) 

If Af < 0.40, the curves in Fig. 12-4 are used to 
find s. The actual curve to be used depends on 
how close the mean value m is to the nearest test 
point h. Interpolation can be made between the 
curves in Fig. 12-4 when the difference m - h 
does not correspond to a value for which a curve 
is given. When s has been evaluated, the 
estimated standard deviation o is calculated by 
the formula 

o - sd (12-4) 

These formulas, of course, give estimated 
values for m and a based on tests on a finite 
sized sample. The standard error of the estimates 
depends, as in ordinary statistics, on 1/ /?Twhere 
n is the total number of trials. It also depends on 
the relative size of d and a, and on where m 
happens to fall within an interval on the height 
sc£ue. For the formulas used to compute 
standard errors of various estimates, the reader is 
referred to the original publications 2 . However, 


it should be n . ted that Martin anc’ Sanders 3 
compared the analysis of the Bruceton method 
to that of large sample theory employing the 
results on as many as 150,000 trials obtained in 
a simulated computer experiment. They 
concluded that for a sample size, of 100, the 
Bruceton type of test will give a good estimate 
of the mean m, but a relatively poor estimate of 
the standard deviation o. With a sample size of 
25, the spread in m becomes excessive. 

12-3 THEORY OF IMPACT SENSITIVITY 

It is now widely accepted that initiation in all 
the common sensitivity tests depends on thermal 
explosion. Usually, the temperature . rise 
produced by the test stimulus is not uniform 
throughout the mass of explosive; instead, heat 
is concentrated in one or more small-volume 
elements, i.e., hot spots, created by the stimulus. 
Explosion occurs in these areas and spreads into 
the mass by the action of hot gases or of 
compression waves, or of both. A complete 
theory of the phenomena in any given type 
experiment would have to treat the following 
aspects: (1) process by which heat is produced 
in a hot spot as a result of the initial stimulus, 
(2) distribution of size and temperature level 
among the hot spots as a function of intensity of 
the initial stimulus, (3) tempore! behavior of a 
hot spot after it is formed as a function of size 
and initial temperature, and (4) spread of 
reaction to the bulk explosive following 
explosion of the hot spots. 

Because of the obvious complexity of the 
problem, a complete theory such as this has 
never been formulated, but considerable 
attention has been given to the problem (see 
Chapters 10 and 11). The types of processes by 
which hot spots are produced as a result of 
impact and friction have been the subject of 
much artful research by Bowden, Yoffe, and 
coworkers 1 . This work has demonstrated that 
there are a number of mechanisms by which port 
of the mechanical energy may appear as heat 
concentrated in a number of small volume 
elements or hot spots in the explosive mass. 
These findings are as yet only semi-quantitative, 
and in no instance is it possible to calculate with 
certainty the size or temperature of a hot spot 
that is produced, for example, by some given 
impact. Neither is anything yet known about the 
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distribution of temperature and size among the 
hot spots produced, or how these distributions 
affect the behavior of the explosive. The theory 
of thermal explosion was applied to hot spot 
behavior by Rideal and Robertson 4 and their 
work has been extended by several others, 
including Gross and Amster 5 , Boddington s and 
Friedman 7 . The final growth of the explosion 
following decomposition of the hot spot has not 
been specifically treated. What has evolved to 
the present time, then, is a partially complete 
and still largely qualitative model. Comparison 
between theory and experiment consist in 
correlation rather than quantitative calculation. 

Bowden 1 has listed the possible effects of 
impact or shock as follows: 

(1) Adiabatic heating of compressed gas 
spaces 

(2) Frictional hot spot on the confining 
surface or on a grit particle 

(3) Intercrystalline friction of the 
explosive itself 

(4) Viscous heating of the explosive 
flowing under high rates of shear 

(5) Heating of a sharp point when it is 
deformed plastically 

(6) Mutual reinforcement by interference 
of shock waves. 

The adiabatic heating of compressed gas 
bubbles proves to be an important source of hot 
spots in liquid explosives like nitroglycerin. The 
importance of this effect is illustrated by the 
following experimental finding. With 
nitroglycerin, when a bubble as small as 5 x 10' a 
cm in radius is present, ail explosion efficiency 
of 100 percent may be obtained with a 40-g 
weight falling 10 cm; but, when no gas bubble is 
present something like 5 kg falling through one 
meter may be needed to initiate explosion. 
Nitroglycerin can be initiated when a 40-g 
striker falls a distance of only 0.5 cm with the 
apparatus depicted in Fig. 12-5. (Fig. 12-5 is 
taken from Ref. 1.) Trapped air pockets may 
also be the source of hot spots in the impact 
testing of granular solid explosives but this is not 
so readily demonstrated. 

A fact overlooked in early speculations on the 
effect of trapped bubbles on impact is that the 
heat made available by the compression of the 
air in a small bubble does not flow rapidly 
enough into the surrounding liquid explosive to 
heat it to a temperature necessary for explosion. 
Evidence has been adduced by Johannson and 


coworkers 8 to show that impact on a liquid 
containing a gas bubble causes a fine spray or 
foam inside the bubble. The tiny particles 
explode when heated by the hot compressed gas 
in the bubble, and the heat in these explosion 
products is then communicated to the bulk. 
Because of this mechanism, therefore, a 
compressed bubble is actually a much more 
potent source of heat than a simple calculation 
based on the gas alone would indicate. Similar 
effects, caused by fracturing and pplintering of 
crystals, may occur in the impact test on solids. 

I h the frictional mechanism of hot spot 
formation; melting point, thermal conductivity, 
and viscous flow play an important role. Melting 
point is significant because a low-melting 
material subjected to a given impact stimulus 
may take up so much heat by melting, (latent 
heat) that it is prevented from reaching the 
explosioi. temperature. A convincing series of 
experiments on this point has been performed 
by Bowden and coworkers 1 who added various 
kinds of grit to an explosive and subjected it to a 
given stimulus, either friction or impact. Typical 
results are given in Table 12-1 which lists the 
hardness as well as the melting point of the 
various grit materials used. While there is 
apparently no correlation between test results 
and the hardness of the grit particles, there is a 
very significant relationship of the behavior to 
the melting point. Clearly* there is a sharp 
threshold effect when the melting point of the 
grit particles lies in the region of 400° C or 
higher. 

It is interesting to note that for some primary 
explosives, like lead azide, lead styphnate, and 
mercury fulminate—and secondary explosives, 
like PETN and TNT-d:hat the secondary 
explosives melt at a temperature below the point 
at which they normally explode, whereas the 
primary explosives explode below the 
temperature at which they melt. This may help 
to explain the marked difference in sensitivity 
between the two types of explosive. However, 
melting point alone cannot explain the 
differences in sensitivity of pure secondary 
explsives; for example, PETN (m.p. = 142° C; 50 
percent impact height % 25 cm) and RDX (m.p. 
= 204° C; 50 r tent impact height % 25 cm). 
Chaiken and Cheselske 9 suggested that in these 
cases the rate of heating by friction (and impact) 
may be controlled by surface rate processes 
involving viscous melt flow. Quantitative 
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Figure 12-5. Cavity Striker , Showing Small Air 
Bubble Inside Cavity 


measurements of the rates of viscous melt flow 
for PETN, RDX, tetryl, and TNT under surface 
heating conditions showed that at a given energy 
input the observed melt temperatures follow Ihe 
same order as the sensitivity, i.e., PETN > RDX 
> tetryl > TNT. These studies indicate the 
possible importance of endothermic rate 
process in determining the sensitivity of 
explosives to external stimuli. 

A simplified derivation of the relationship 
between hot-spot size and temperature at the 
critical conditions for explosion was given in 
par. 10-4, which is 



0.04 QEa* r 
ci 2 ck 


(12-5) 


where.a. r is the critical radius of a hot.spot that 
has a temperature T cp (or vice versa). The 
attempts at correlating thermal explosion theory 
with impact sensitivity data have usually started 
with the assumption that hot spots of the same 
size (i.e,, same value a cr ) are produced invarious 
explosives by the impact machine, and 
proceeded to calculate from (in equation like Eq. 
12*5 the critical temperature T cr , This involves 
the use of kinetic decomposition data (see Table 
10-1). The tempenkires so calculated are then 
correlated with the critical heights in the 
drop-weight test. 

Of the several papers that have treated this 
kind of correlation, the one by Gross and 
Amster 6 is of special interest because of the 
uniquely appropriate way in which 
decomposition data for the explosives wue 
obtained. Most decomposition kinetics studies 


TABLE VZ 1 INITIATION OF EXPLOSION OF PETN IN THE PRESENCE OF GRIT 


Grit 

Hardness, 
Moh scale 

Melting Pt ., 

°C 

Friction Explosion 
Efficiency , % 

Impact Explosion 
Efficiency , % 

NiTTpure PETN) 

2 

141 

0 

2 

AgNO a 

2-3 

210 

0 

3 

kno 3 

2-3 

334 

0 

0 

K 2 Cr (J 0 7 

2-3 

398 

0 

0 

AgBr 

2-3 

434 

50 

6 

Agl 

2-3 

550 

100 

- 

Glass 

7 

800 

100 

100 

Galena 

2-3 

1114 

100 

60 
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on explosives have used the evolution of gas 
(build-up of pressure) to follow the course of 
reaction. Chemical analysis of the gas and 
identification of the decomposition products 
permit one to calculate the heat of reaction, and 
thus to infer the rate of heat release from the 
measured reaction rate. Measurements over a 
range of temperature give the activation energy 
(cf. Fig. 4-2); with this and the absolute rate 
determination, the frequency factor Z is 
calculated (Eq. 4-5). There are several reasons 
why information derived in this somewhat 
roundabout manner may lead to erroneous 
results when applied to self-heating calculations. 
In the method employed by Grossvand Amster 6 , 
however, heat release rates are inferred directly 
from experiments involving self-heating under 
adiabatic conditions. The method is outlined in 
the paragraphs which follow. 

If no heat escapes from a body of explosive 
that is decomposing according to a first order 
law, the temperature rises according to the 
differential equation 


dT 

dt 


= — exp [- EI(RT)] 
c 


( 12 - 6 ) 


where d and q are the specific heat and heat of 
decomposition per gram, respectively. The 
equation strictly applies only to instantaneous 
conditions at the start of the reaction 
but-provided the decomposition does not 
proceed very far during an experiment, i.e., 
approximately zero-order reaction—the equation 
can be applied to the behavior of a body of 
explosive that is decomposing over a period of 
time under adiabatic conditions. Therefore, if 
the T vs t curve is measured at several points in 
such an experiment, one should find that fin 
(dT/dt) plotted against l'/T is a straight line. 

The experiments of Gross and Amster were 
carried out in a special furnace designed to 
supply heat automatically to a vessel enclosing 
an explosive sample, the heat being supplied at 
such a rate as to maintain the vessel at all times 
virtually at the same temperature as the 
self-heating sumple, thus preventing any 
exchange of heat with the surroundings. The 
sample was initially in the form of a solid right 
cylinder 2 in. X 2 in., and was contained in a 
stainless steel cup. The sample was heated slowly 
under manual control to a temperature at which 
self-heating became noticeable; then the device 


was switched to automatic control which 
maintained the adiabatic condition. In some 
cases, c.g., with TNT, the explosive was in the 
liquid state during the self-heating stage of the 
experiment; in others, e.g., RDX, the melting 
point was not reached. Thus, in the 
extrapolation of some of Gross and A ms ter V 
data to higher temperature, a change from solid 
to liquid is involved which has an unknown 
effect on the reaction kinetics. Two figures 
showing the adiabatic self-heating data for 
several explosive materials are reproduced in Fig. 
12-6(A) and 12-6(B). The data points in Fig. 
12-6 generally fall on a straight line as predicted 
by Eq. 12-6. From the slope of the line the 
activation energy E was calculated. The specific 
heat was measured in independent experiments;, 
thus the quantity qZ was obtained from the 
data. The values computed for these derived 
quantities are given in Table 12-2. (The value of 
qZ for Propellant C, given in Ref. 3 appears to 
be in error; this has been corrected in Table 
12-2.) Gross and Amster have also included 
some conventional kinetic measurements in the 
table for comparison. 

For Explosive Q two values of E are given in 
Table 12-2 rlong with corresponding values of 
qZ , the: sz value of E being the one used by 

Gross ana-minster. The data points for Explosive 
Q in Fig. 12-6(A) show an abrupt change of 
slope in the dT/dt vs 1/T curve near the high 
temperature end. However, the authors used the 
points at low temperatures as a basis for 
evaluating E. Since the value of E is to be used 
in extrapolating the behavior to higher 
temperatures than those at which experimental 
data were obtained, it seems more appropriate 
to choose the points at high temperatures as the 
basis. The values given in parentheses in Table 
12-2 are, therefore, based on a line of lower 
slope, as drawn through the high temperature 
points for the Explosive Q in Fig. 12-6(A). 

With the adiabatic furnace data of Gross and 
Amster as a basis, the critical explosion 
temperatures for hot spots in the various 
explobives have been calculated from Eq. 12*5. 
These are given in Table 12-3, based on thiee 
values for the hot-spot radius—10' 3 , 10* 2 , and 
10’ x cm. Similar calculations based on the 
conventional kinetic data of Table 12-2 are also 
given. The two different types of data give 
generally consistent results. (An average value, 
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Figure 12-6. Explosive Decomposition Data From the Adiabatic Furnace 3 


10‘ s cm 2 /sec, was used for the thermal 
diffuuivity a for all the calculations in Table 
124 }) 

In order to select from Table 12-2 a set of 
temperatures for correlation with sensitivity test 
data, a choice has to be made of some 
“standard” hot-spot size on which to base the 
comparison. Although this choice is in a degree 
arbitrary, there is reason to believe that a radius 
of about 10* 5 cm (lOp) is fairly representative 
for hot spots produced in impact experiments. 
One line of evidence comes from data such as 
those in Table 12-1 which show that the critical 
hot-spot temperatures for relatively sensitive 
explosives like PETN ar d RDX lie in the region 
of 400° C (670 C K). To judge from the 
temperatures listed in Table 12-3, this would 
indicate that the hot-spot radius is in uic 
neighborhood of 10* 5 cm, or perhaps somewhat 
less. 

Another argument for this choice of hot spot 
size may be based on the induction time 
measurement^ of Kideal and Robertson 4, In 
their experiments the interval was measured 
between the instant of impact of the drop 
weight and the time when the explosion was 
recorded by a microphone placed as close us 
possible to the edge of the sample. In various 


ways the authors demonstrated that this time 
interval was mainly due to an induction or lag 
period, and not to the time required for 
explosion to propagate through the explosive. 
(Indeed, in some of their experiments the 
explosion probably started on the edge of the 
sample near the microphone but in no 
case—although there ;\ the usual random scatter 
in the data-did they ever jfindca delay time less 
than about ISOpscc.) The average time interval 
increased as the energy of the impact (height of 
fall) was reduced toward the critical level 
required for ignition. The induction period 
measured by Ridecl and Robertson for PETN, 
RDX, and tetryl. yvas found to He in the range 
from 200 to 500psec when the drop height was 
near the critical value. According to the theory 
of thermal explosions, the critical induction 
period is of the order of 0.1 a 2 /ct (cf. Eq. 
10-36). Thus with o ~ 10’ 3 cm and with a * 10’ 3 
cm 2 /sec the induction period should be of the 
order of 100 psec; but if a were 10* 2 cm, for 
example, it would, be of the order of 10,000 
pscc. This points to lOp as the correct 
magnitude (see Table 10*4). 

An empirical correlation of hot-spot explosion 
temperature in °C and wi'*h the logarithm of the 
50 percent drop height (cm) is shown in Fig. 
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TABLE 12-2 KINETIC PROPERTIES OF EXPLOSIVE MATERIALS 
FROM ADIABATIC SELF HEATING EXPERIMENTS 


Adiabatic Furnace Data Conventional Kinetic Data 

Temp. Range Activation Teinp. Range Activation 


Exploiive* 

and State, 
“C+ 

Energy E, 
kcal/mol 

qz , 

oaJ/sec-g 

and State , 
°Cf 

Energy E % 
kcal/mol 

qZ, 

cal/sec-g 

TNT 

220-260; L 

37 

5 

X 10 13 

275-310; L 

34 

1 X 10“ 






238-277; L 

43 

5 X 10“ 

RDX 

170-200; S 

57 

2 

X 10“ 

213-299; L 

48 

3 X 10?’ 

Comp.B 

155-180; L 

44 

6 

X 10* • 




DINA 

130-175; L 

36 

2 

X 10 18 

166-189; L 

50 

5 X 10* 3 

Q 

250-270; S 

66 

4 

X 10*?' 






(39) 

(7 

X 10 1 - 2 ) 




AP 

205-270; S 

41 

1 

X 10 ; - 6 

215-240; S 

28 







240-270; S 

19 


Prop. A 

100-170; S 

39 

4 

X 10 1 * 




Prop. B 

190-242; S 

49 

9 

X 10” 




Prop. C 

165:235; S 

29 

1 

X 10 13 





* Comp. B (or Cyclotol) is RD/X/TNT, 60/40. 

DINA is diethylnitranune dmiirate, 

Explosive Q is a high-melting CHNO explosive. 

Propellant A is a double-base (nitroc^llulose-nitroglycerin-type) 
propellant. 

Propellant B is a composite propellant containing ammonium perchlorate 
(AP), aluminum, and, polyvinyl chloride. 

Propellant C is a composite containing AP, aluminum, and polyurethane. 
| L * Liquid 
S» Solid 



i 
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TABLE 12*3 HOT-SPOT EXPLOSION TEMPERATURES CALCULATED 
ON BASIS OF DATA IN TABLE 12*2 


Critical Explosion Temperature 
Adiabatic Furnace Data Conventional Kinetic Data 


Explosive 

a - 10‘ 3 cm a * TO* 

cm a 3 lO^cm 

a - 10' 3 

cm a * 10' 2 

cm a 

TNT 

900 

710 

5S0 

780 

640 

540 





930 

770 

65C 

RDX 

610 

550 

510 

600 

530 

490 

Comp. B 

660 

580 

510 




DINA 

660 

560 

480 

550 

500 

460 

Q, 

740 

670 

610 





(i05G) 

(830) 

(690) 




AP 

770 

660 

570 




Prop. A 

590 

520 

460 




Prop. B 

670 

600 

530 




Prop. C 

750 

600 

500 





12*7. The explosion temperatures (converted to 
°C) are taken from the first column of Table 
12-3 (for a 3 10’ 3 cm), and the sensitivity data 
from the paper of Gross and Amster. (The 
explosion temperature used for Explosive Q in 
locating the point in Fig. 12*7 is that given in 
parentheses in Table 12-3, i.e., the figure 
predicted on the lower value of E in Table 12-2.) 
It is evident from the data points that the 
hotspot temperature increases with increasing 
impact insensitivity or decreasing sensitivity. 
The overall correlation (represented by the 
heavy line in Fig. 12-7) is apparently improved 
when the data are grouped into the two 
"families” of points joined by the dashed lines 
in Fig. 12-7. One of these families consists of 
TNT, RDX, and the mixture of these, Comp. B; 
the other, of ammonium perchlorate (AP) and 
the two composite propellants based on it (B 
and C). While these results are consistent with a 
thermal explosion theory of initiation, it should 
be pointed out that other factors—e.g., 
endothermic surface rate processes—may be 
involved in determining impact sensitivity. 


12-4 TRANSITION OF DEFLAGRATION TO 
DETONATION 

in deflagration or simple burning, as 
exemplified in ordinary flames and solid 
propellants, fresh material is caused to react as a 
result of heat transfer from the flame zone and 
diffusion o' ! matter back and forth between 
intact and burning regions. In detonation, on the 
other hand, reaction is initiated in successive 
layers by the advance of a shock wave, and 
transfer processes play little if any part. 
Compared on the basis of either mass reaction 
rate or propagation velocity, detonation is 
10 3 -10 4 times as fast as deflagration. The 
change from the deflagration regime to the 
detonation regime, when it occurs, is almost 
always extremely sudden and unpredictable (or 
nonreproducible). For this reason the 
phenomenon hap been difficult to study 
experimentally, and little understands* , of it has 
been obtained until quite recently. 

Detonation almost invariably starts at some 
distance ahead of the burning front. The 
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EXPLOSJpN TEMPERATURE, °C 

i fa' K>r>4- Radius Hot Spot) 

Figure 12-7• Correlation Plot of 51) Percent Explosion Drop Heigh t in the Sensitivity Test vs 
Critical Explosion Timperaf.ure for Hot Spot of Radius lOp. (Calculations 
based on adiabatic furnace, measurements of Gross and Amster 5 .) 
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detonation wave moves forward from the point 
of initiation, and a “retonation” wave is 
sometimes observed to travel back into the 
undecomposed material between that point and 
the flame front. The explanation of this 
behavior seems quite straightforward: (1) a 
compression wave builds up, emanating from the 
deflagration zone, (2) the rise in pressure 
accelerates the decomposition and the pressure, 
therefore, increases exponentially, and (3) the 
compression front changes into a shock; when 
this reaches critical strength, it initiate:: reaction 
at hot spots and quickly develops to detonation. 

Initiation of detonation after a strong shock 
front forms follows the mechanisms described in 
Chapter 11. The new phenomenon here is the 
development of a compression wave from a 
deflagration zone. The treatment of this subject 
is drawn mainly from the papers of Macek and 
his coworkers 10 * 13 . 

According to this mechanism, the transition 
will not occur unless the explosive is confined 
because a shock pressure of the order of several 
kilobars is required to initiate detonation. This 
fact is well known in practice. For example, a 
common method of disposing of high explosives 
without producing detonation is simply to bum 
them in the open. On the other hand, 
heavy-cased explosive projectiles and bombs 
often detonate when involved in fire. The 
strength and weight of confinement needed to 
cause deflagration to change to detonation 
depends on several properties of the explosive: 
state of aggregation, bulk density, burning rate 
(in deflagration), and shock sensitivity. It also 
depends on the size of the charge. A large mass 
of finely powdered, granular explosive requires 
little if any confinement because of the large 
burning surface available and the ease with 
which deflagration can spread from grain to 
grain. If such a mass of explosive is ignited in the 
middle, it may detonate with only the 
self-confinement provided by the inertia of the 
outer layers. A cast or plastic-bonded explosive, 
on ’the other hand, is much less prone to 
detonate when ignited and may require very 
heavy confinement. Both the strength and 
inertia of the walls confining on explosive charge 
are important because the pressure development 
is slow in the early stages; when the walls burst 
and relieve the internal pressure, the transition 
to detonation may be stopped. On the other 


hand, since the final pressures produced during 
the transition are much higher than any vessel 
can withstand without bursting, rupture will 
usually occur before detonation starts; at this 
stage, the inertia of the walls is the factor that 
limits the rate of the expansion. The quantity of 
explosive is also important, both because of the 
effect of the mass in self-confinement and 
because of the time and distance available for 
compression waves to build up. Some materials, 
such as primary explosives, have such a high 
intrinsic burning rate and high sensitivity to 
shock initiation that the transition occur* even 
with small quantities and very little 
confinement. The effect of these various factors 
may be inferred from the discussion which 
follows of experimental studies on this problem. 

The deflagration to detonation transition 
experiments of Macek and coworkers 10 at the 
Naval Ordnance Laboratory were performed 
with cast explosives, namely: DINA, Pentolite 
(PETN/TNT), and TNT. The first two explosives 
detonated readily in these experiments but, 
under the same conditions, TNT did not. This 
illustrates the combined effect of burning rate 
and sensitivity since TNT is notably more 
sluggish than the other two. (See, for example, 
the positions of TNT and DINA on the 
sensitivity curve in Fig. 12-7.) The explosives 
were confined in a heavy-walled steel tube, as 
shown in Fig. 12-8. They were ignited by an 
electrically-heated nichrome wire, retained by a 
threaded plug at one end of the cylinder. The 
pressure produced in the deflagrating zone was 
measured by a strain gage on the outside of the 
steel tube, as shown in Fig. 12-8. Several 
ionization probes (Chapter 5) were used to 
detect the detonation wave and locate the 
approximate point at which detonation was 
established. The description of results in the 
paragraphs which follow refers to experiments 
with DINA. Quite similar results were obtained 
with Pentolite. 

Although the pressure build-up ir. the 
deflagration zone was not identical from one 
experiment to the next—presumably, because of 
random variations in minute details of the 
ignition process—the general form was always 
approximately exponential 

p - p 0 exp [fcf] (12-7) 
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Figure 12’8. Charge Arrangement Used by Macek 10 to Study Deflagration to Detonation 
Transition (Three other ionization probes were located at regular intervals in 
addition to the one shown J 
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the time constant k having a value in the range 
0.10*0.12 /-sec' 1 . The point of origin of the 
detonation wave was variable but usually was 
located a distance of 10*15 cm from the igniter. 
Pressures of several kilobars magnitude were 
recorded by the strain gage; higher pressures 
were undoubtedly reached after the strain wire 
broke. The bursting strength of the tube was in 
the neighborhood of 5-10 kbar but inertial 
confinement allowed the pressure in the 
deflagration zone to reach higher values. This 
can be appreciated from the calculations which 
follow of the expansion that would occur in the 
tube if only inertial forces were involved, i.e., 
under the assumption of zero strength. As a 
basis for the calculations we take from Ref. 10 a 
typical pressure-time relation recorded by the 
strain gage, p * 0.08 exp [0.1 f] where p is 
measured in kbars and t in psec. The strain gage 
registered pressures in some cases as high as 10 
kbar. Under the assumption that this 
relationship continues to apply as the pressure 
rises bevond this point, the following figures 
show the pressure and percent expansion of the 
tube at various times: 


Time, /isec: 30 

40 

50 

60 

70 

Pressure, kbar: 1.6 

4.5 

12 

33 

90 

Expansion, %: 4 

10 

29 

86 

266 


On the basis of these calculations, one may guess 
that the pressure will actually rise to a maximum 
in the neighborhood of, perhaps, 30-40 kbar. 
Such a shock wave pressure should easily 
produce detonation in cast explosives like DINA 
and Pentolite. Although direct measurements are 
not available. Jacobs, Liddiard and Drimmer 14 
report a pressure of 20 kbar as the threshold 
shock strength needed to initiate Composition 
B*3, a less sensitive explosive than DINA. These 
calculations, therefore, show that the proposed 
explanation of the transition is quite reasonable. 
More convincing evidence is obtained by the 
analysis which follows of the build-up of the 
compression wave, based on a calculation of 
characteristics (Chapter 2). This analysis is also 
due to Macek 10 . 

In the analysis, the pressure produced at the 
deflagration surface is considered to act as a 
piston which creates motion at that surface and 
produces a compression wave traveling ahead 
into the explosive. The generating pressure at 


the deflagration surface is assumed to be given, 
for a certain period of time at least, by an 
extrapolation of the pressure-time function 
indicated by the strain gage (Eq. 12-7). The 
diagram of positive (C+) characteristics is shown 
in Pig. 12-9 and, based on this, the compression 
wave development is represented in Fig. 12-10. 
For the purpose of this figure, it is assumed that 
the pressure-time function is unaffected by 
expansion of the tube until the pressure reaches 
about 30 kbar. Beyond that, it is assumed that 
the pressure levels off and eventually begins to 
fall. The lower part of the pressure curve, on the 
assumption that the deflagration pressure is 
known, is indicated by sqlid lines; the upper 
part, based only on conjecture, by broken lines. 
The position of the deflagration boundaty—i.e. 
the “piston”—is indicated by the vertical line 
terminating the pressure curve on the left. (This 
line is not meant to indicate that the pressure 
drops to zero at this point.) The shaded areas in 
Fig. 12-10, therefore, represent at various times 
the pressure in that portion of the intact 
explosive affected by the compression wave. 

Fig. 12-10 shows the expected steepening of 
the compression wave front, the high pressure 
portion of which develops into a shock at a 
distance of about 12-14 cm from the igniter and 
at a time about 90-100 /isec after ignition, (see 
Fig. 12-9). This result comports quite well with 
the experimental findings. Other calculations 
reported by Macek, based on pressure-time 
curves from several different experiments, give 
similar results. 

The basis for these characteristics calculation 1 !, 
as outlined by Macek, follows. The equation of 
state of the solid explosive under adiabatic 
restraint is assumed to have the form 

P = al(PlPo) 3 ~ 1] < 12 ‘ 8 > 

where a is a constant with dimensions of 
pressure. This is a modification of the Tait 
equation, The constant a is evaluated from the 
value of the sound velocity c c in the explosive, 
the sound velocity c being given in general by 


c = sj{dp/df))' 



= c 0 (p/p 0 ) 
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Figure 12-10. Development of Compression Wave From Deflagration as Transposed From 
the Characteristics Diagram in Fig. 12-9 (The left boundary of the shaded area 
represents the position of the deflagration surface.) 








The Riemann quantity a, defined by 

a =J (c/p)dp (12-10) 

is thus readily shown to be given by 

o « c - c 0 (12-11) 


if the lower limit of integration in Eq. 12-10 is 
taken to be p o . Since the C_ characteristics 
originate on the x * 0 axis—where the particle 
velocity u equals zero and where a * 0 also, and 
since on any C_ characteristic u - o is constant—it 
follows that u * a everywhere, i.e., 
u = c - c 0 


* CoiiPlPo) ~ 1] 


(12-12) 


The calculation of the characteristics diagram 
proceeds as follows. Eq. 12-7, in which the 
constants and k have been experimentally 
evaluated, gives the relationship of pressure to 
time at the deflagration boundary. Combination 
of Eq. 12-7 and Eq. 12*8 then gives the 
p, t-relatiohship at the boundary. Evaluation of 
the integral udt> using Eq. 12-12, then 
describes the motion of this boundary. Each 
point on the boundary terminates a C + 


characteristic on vhich the state properties p,p 
and c, and the velocity u are constant. The 
terminal values of these quantities at the 
boundary can be evaluated through Eqs. 12*7, 
12-8, 12-9, and 12-12, and since the slope of the 
C + characteristic is given by u + c, which is 
constant, the C+ lines can be plotted and the 
properties determined everywhere to the right of 
the boundary in the x^-domain. The analysis 
can be extended along any characteristic-C+ line 
only to he point where it crosses another C + 
lin'*. whic/i is interpreted: to be the point at 
which * e llow becomes discontinuous, i.e., the 
point ai which a shock develops. The 
pressure-distance cur/es in Fig. 12-10 are recc;jy 
obtained by transposing from Fig. 12-9, where 
the characteristics are labeled according to the 
pressure. 

Macek 10 also shows that the observed 
exponential rise in pressure agrees quite well 
with the behavior of a model based oh 
“cigarette-type” burning at the deflagration 
boundary (with constant burning, area), 
perfectly rigid cylindrical walls, and a pressure 
exponent unify in the erosive burning law (cf. 
Eq. ll-3). This demonstration completes the 
rationalization of the observed behavior in these 
experiments. 
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CHAPTER 13 SHOCK WAVES FROM EXPLOSIVE CHARGES 


13-1 INTRODUCTION 

Spherically-symmetric blast waves resulting 
from explosions in air, water, and solid media 
are considered in this chapter. Explosions in air 
and water are dealt with in detail; references to 
blast waves in solid mecia are given. 

Compared to the dura* : on of its after-effects 
in air the decomposition of an explosive charge 
by a detonation is very rapidly completed. If the 
detonation process is considered to occupy one 
unit of time, for example, the shock wave in air 
is capable of inflicting serious damage to 
structures at points some 200 charge radii 
distant from the center and at times in the order 
of 3500 of these time units later. For some 
purposes, therefore, the detonation process can 
be considered instantaneous. In cases involving 
dense media, however, the detonation time may 
be of the order of the damage times in the 
media. 

Passage of the detonation wave leaves the 
explosive product gases at an extremely high 
pressure and in a state of motion. However, 
neither the pressure nor the particle velocity is 
uniform throughout the volume of the explosive 
gases. The simplest geometiy results if the 
charge is spherical' and initiated at the center so 
that the detonation wave reaches the boundaries 
of the charge everywhere at the siune instant. In 
this case, the velocity of outward motion of the 
explosion products is the highest at the 
boundary and decreases toward the center, at 
which point material must remain motionless. 
Pressure and density are also at a maximum at 
the boundary, and at a minimum at the center. 
For any geometry of a finite, three-dimensional 
charge other than the centrally initiated sphere, 
interaction with the external medium begins 
before detonation is eveiywhere complete 
within the charge, giving rise to a much more 
complex flow cf the explosion products. 

As the explosion products begin to expand, 
the pressure at the interface separating them 
from the exterior medium fulls rapidly. An 
intense pressure wave is propagated outward in 
the exterior medium and an outward flow of the 
medium results. In Chapter 2, it was mentioned 
that a compression wave of finite amplitude 


always p:^/ag^ f es as a shock wave at a velocity 
that is greater than the velocity of sound in the 
undisturbed medium and which depends upon, 
the amplitude of the wave; The shock is 
characterized by a very rapid increase in pressure 
that may—as a very good approximation-be 
considered instantaneous, so that the leading 
edge of the shock wave can be regarded a 
mathematical discontinuity. The shock waYe.iii 
air generated by an explosive charge is often 
called the blast wave. The initial shock front 
pressure of the shock wave generated in air at 
atmospheric pressure by conventional explosives 
is of the order of 10 3 atm. In water the initial 
shock front pressure is of the order of 10 4 atm, 
and in metals is of the order cf 10 6 atm. The 
shock front pressure is often called the peak 
pressure. 

As the shock wave propagates away from the 
generating explosive charge, its peak pressure 
decreases, *jie shock wave decay can be 
attributed to two causes. If the shock wave is 
not planar, tbe decay is due to geometrical 
divergence. Also, because of the finite entropy 
increment across the shock front, the decay is 
due to progressive dissipation of energy in the 
shocked air in accord with the requirement r t 
the second law of thermodynamics. The decay 
of shock waves because of the dissipation of 
energy leads to a decay more rapid than would 
be expected from geometrical considerations 
alone. 

For the purpose of discussion, we may 
consider a cylindrical charge of explosive in air, 
initiated at one end. The development of the 
shock wave in the surrounding medium is shown 
qualitatively in Fig. 13-1, for three times after 
the instant of initiation. As the detonation wave 
progresses down the charge, the laterally 
expanding products generate a shock wave that 
has cylindrical symmetry For definiteness, 
suppose that the origin of cylindrical 
coordinates is fixed at the point of initiation 
with the detonation wave moviiig in the positive 
direction of the axial coordinate. Then the 
profile of tho shock wave at any instant and the 
flow behind the shock front depend only on the 
axial and radial coordinates relative to this fixed 
origin and are determined by the hydrodynamic 
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equations for cylindrically symmetric flow. At 
points in space with positive axial coordinates 
greater than about one or two charge radii and 
less than the length of the charge, the shock 
wave is, to a good approximation, the same as 
would be generated by an infinitely long 
explosive charge. At smaller positive values of 
the axial coordinate and all negative values* the 
flow is more complicated because of end effects 
connected with, the finite length of the charge. 
When the detonation wave reaches the end of 
the charge, a shock wave is generated off the end 
which is connected discor.tinuously with the 
shock wave that has been propagating laterally. 
Although the shock wave profile and the flow 
hehind the shock front retain cylindrical 
symmetry, the flow becomes very complicated 
after the detonation wave has progressed 
through the charge and it has'not been analyzed 
in detail. 



Figure 13*1. Development of Shock Wave 
About Cylindrical Exploit* 
Charge Initiated at One End 


As the ock wave continues to propagate, the 
effects of charge geometry arid of the initiating, 
detonation wave become progressively less 
important in comparison with the effects of 
radial divergence. The shock wave profile 
becomes progressively more spherical. At 
distances that are several times the largest linear 
dimension of the charge, the shock wave can be 
considered spherical to a good degree of 
approximation. The approximation is the better 
the more nesurly the ratio of charge length to 
charge diameter is unity. At such distance, a 
model that is amenable to theoretical analysis is 
obtained by consideration of a spherical charge 
of explosive of the s&nc weight as the charge of 
inter in which the detonation wave is 
initiate &L the center. The shock wave profile 
from such a charge is spherical and the flow 
behind the shock front depends only on the 
time and the radial coordinate of a spherical 
coordinate * fsi-im. 

Further simplifications may be justified for 
the sake of theoretical simplicity. One further 
step in this direction is to consider the globe of 
explosion gu?. formed by detonation of a 
spherical chatge to be uniform in pressure and 
density, and at a stav* of zest. This is the result 
of hypothetical, homogeneous, instantaneous 
constant-volume explosion. 

Asymptotically, at distances that are large 
compared to the rpdius of the equivalent sphere 
of explosive, an even simpler model is obtained 
by considering a point source in which the 
energy of explosion of the charge of interest is 
instantaneously released. 

In this chapter, we shall restrict the discussion 
to shock waves in one-dimension with radial 
symmetry, i.e., those from a spherically 
symmetric explosion. This is not only the case 
that has been studied in greatest detail but also 
the case that provides a simple model that is 
approximately descriptive of actual explosive 
charges. We shall further limit the discussion to 
the shock wave in an infinite isotropic medhim, 
regarding as outside of the acope of this 
handbook such topics as shock wave reflection 
at rigid or free surfaces and shock wave 
interactions with structures of various types. A 
nonsuperflcial treatment of these topics cannot 
be undertaken in a chapter of reasonable length. 
Each treatment requite a knowledge of the 
parameters of the incident wave and it is with 
these parameters that this chapter is concerned. 
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13*2 EXPANSION OP THE EXPLOSION 
PRODUCTS 

Given a spherical globe of gaz at an extremely 
high pressure, there follows immediately as It 
begins to expand the establishment of a shook 
front running outward into toe medium and a 
rarefaction moving in toward the center of the 
sphere. There is a boundary requirement that 
the particle velocity normal to the surface and 
picture be continuous across the contact 
surface between the explosion product gases and 
the external medium. The flow is somewhat 
similar to that occurring in a shock tube. 
However, the spherical divergence of the flow 
introduces complications for a theoretical 
treatment that are not encountered in the plane 
case. The pressure at the shock front, instead of 
being constant as in the shock tube,.Mb rapidly 
as the front moves out. This changes the 
terminal condition for the rarefaction. The 
characteristics of the solution of the partial 
differential equations are not straight lines; 
neither are the integrals of the motion along 
these characteristic lines simple functions as in 
the plane case. For a considerable period of time 
after the expansion betozz, therefore, the 
temporal change in pressure, density, and 
particle velocity occurring -at any point depend 
on the configuration of the entire flow field 
from the center out to the shock front. A 
complex numerical integration is required to 
obtain an accurate description of the motion. 

To make certain order-of-magnitude 
assessments, one may simplify the actual process 
and consider that the explosive gas globe 
expands uniformly, the boundary coming to rest 
at a radius r m when the pressure within the 
globe has dropped to the ambient pressure of 
the medium p Q . Acutally, the distance moved by 
the boundary arid the velocity of its motion 
depend on the original size of the gas globe, thi 
conditions and properties of the gases inside it, 
and on the properties of the external medium. 
Motion within the globe is not uniform; when 
ihe boundary first comes to rest, there are still 
pressure, density, and motion gradients within 


the sphere. However, if the expansion is 
considered to be quasi-static and isentropic, and 
the explosive products are treated as a 
poly tropic gas, the final volume V m will be 
related to the initial volume V ,. bythe relation 

v* - WpJ 1 * 


where k is the average or effective value of the 
adiabedc exponent k during the expansion 
process. (In fact, the gas glebe does not remain 
isentropic because of the inward-facing shock as 
described in the discussion which fpliows.) If the 
total expansion energy available in the gas globe, 
which for a poly tropic gas would be equal to 
p t VJ( k - 1), is equated to the energy pf the 
explosion one obtains from JSq. 13*1 an 
approximate expression for the ipaximtim 
expansion radius r m of the gas globe in tepni of 
a characteristic length.(£ # /p o ) l ** as follows: 


{S,/pJ' s 


3(k » 1)M<*-»>/* 


(13-2) 


The expression on the right side of Eq. 13-2 is 
not very sensitive to the value assumed for K; 
and, if p Q and p t are given values of 1 atm and 
10* atm, respectively, and K a value of 1.4 (its 
value for an ideal ps) v r m in terms of the unit 
(E 0 /p 0 j 1 !* spumes a value cf about 0.15. 

The velocity of the contact surface in the 
expansion of the gas globe depends on the 
properties of the explosion gases and the 
properties of the medium. For an explosion in 
air where the resistance to expansion is relatively 
small, the initial motion will approach the 
velocity u for escape into a vacuum, given 
approximately by the equation 



where c g is the initial acoustic velocity in the gas 
globe and the adiabatic exponent at the 
constant volume explosion state. For explosives, 
c f is equal approximately to 0.8 times the 
detonation velocity Z), and the effective value of 
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K g is about three*. By equating the average value 
of the boundary velocity during the expansion 
to one-half the initial velocity, one obtains, to 
cti order of magnitude, the time t required for 
the gas globe to deliver substantially all of its 
energy to the pressure wave 


t 

m 


'.n , O'* (W U " 
0.4 D ~ D 


(13-4) 


Putting this time in terms of units 
(E t /p 0 ) 1 /c o , where c o is the acoustic velocity 
in the medium, one obtains 


(W 


0.4 c„ 
D 


(13-5) 


Substituting the value of c Q for air and a 
typical value for D of a high explosive, one 
obtains for r m the approximate value 0.026. On 
the other hand, in terms of the same 
dimensionless units, the total time of interest for 
the air blest wave at sea levelH.e., the time 
in which it is able to inflict serious damage on 
structures-ns of order unity. 

The main interest in the air blast wave at sea 
level is, therefore, in the period after the 
explosive has passed on essentially all the 
available energy to the blast wave. The 
hydrodynamic laws governing the wave 
propagation are such that the influence of 
details in. the process by which 'he wave was 
formed tends to diminish with the passage of 
time. This explains why the point-energy release 
model gives a fairly good description of the air 
blast from explosions at sea level. 


0 The appropriate value of to be used in Eq. 13-3 ia 
different In principle from the value of R that is 
appropriate to Eq, 13-2. By use of Eq. 13-3, we wish 
to estimate the initial flow velocity which is a 
characteristic of the initial state of the gas; whereas 
by Eq. 13*2 we want to calculate the final expansion 
volume which depends in large degree on the 
properties of the gas at low pressure. The work of 
Deal 1 and that of Fickett and Wood 2 shows thut in 
lsentropic expansion from the detonation state, 
where the pressure is in the order of 10 5 atm, down 
to a presume cf about 10 3 atm the explosive products 
behave nearly as a polytropic gas with a K-value of 
3.0, At much lower pressures—below, e.g., 100 
atm—the gases assume more normal properties and 
the effective K become? something less than 1.4. It is 
wher the gases are at a relatively low pressure level, 
of course, that they undergo the greater:- part of the 
increase *n volume. 


It is of interest to examine the effect of 
altitude (lower ambient pressures) in the light of 
this analysis. To do this it is first necessary to 
consider briefly the potential of an explosion to 
inflict damage on a target at a distance. For 
some targets, such as window glass, the energy 
involved in the destruction is small. For these, it 
is the level of overpressure in the blast wave that 
mainly determines whether or not destruction of 
the target occuiv However, for most structures 
substantial amounts of energy are required to 
cause the displacements and deformations that 
constitute damage. For such typical targets the 
total energy flux per unit area of the blast wave 
provides in first order approximation a criterion 
for the damaging effectiveness. On this basis one 
can conclude that, for a given target and a given 
explosive source with energy there must he 
some absolute limiting distance r where the 
quantity F tf /(47TJj) is just sufficient to inflict 
critical damage**. This absolute distance limit 
is independent of the nature of the medium 
intervening between the explosion and the 
target. 

It is apparent from Eq. 13*2 that when the 
ambient pressure p o is reduced, the maximum 
radius reached by the expanding gas cloud 
increases. In the limit of perfect vacuum, of 
course, the expansion continues indefinitely. 
Consideration of the blast effects of explosives 
at various al^tudes, therefore, shows that 
although the details of the expansion process 
play a relatively minor role at sea >evel, they 
become increasingly important at lower ambient 
pressures aiyS,. in vacuum, constitute the entire 
phenomenon. 

For an explosive fired under water, the 
expansion of the gas globe assumes a key role in 
the development of the shock wave. Nothing 
analogous to the point-energy release model 
seems to be possible for this case. Because of the 
relative incompressibility of water, the sound 
velocity is much higher and the flow velocities 
smaller for water than for air. The motion of the 
gas-water interface is very slow relative to the 
outward movement of the shook wave, For 
many applications the strength of the 

**The energy criterion of damage effectiveness is 
necessary but obviously not sufficient. Therefore, r, is 
an upper limit to the radius of damage effect. The 
actual radius nviy be considerably smaller and will 
depend on what pressure or Impulse levels may be 
required to perform the destructive effects. 
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underwater shock wave decays below a level of 
interest before the gas bubble reaches its 
maximum extension. The theoretical treatment 
of underwater explosions depends, therefore, 
critically on the behavior of the gas globe as well 
as on the propagation of the shock wave in 
water. 

The interaction of detonation products with 
solid materials will be discussed in more detail in 
subsequent paragraphs. 

13-3 ENERGY TRANSPORT BY SHOCK 
WAVE PROPAGATION 

The foregoing considerations show that the 
problem. of air blast from high explosives fired at 
sea level and up to certain altitudes can be 
considered largely as the problem of shock wave 
propagation. V input energy from the 
explosion defc. lines the scale of. the 

phenomenon. The shock wave provides a 
mechanism for the outward transmission and 
dissipadon of this energy (in the sense of the 
second law of thermodynamics). The shock 

wave plays «\ similar role for explosives fired 
under war-er or underground. Other mechanisms 
are heat conduction and radiation. These various 
means for the diffusion of energy do not 

interact to an appreciable extent for the 

chemical high explosives. For nuclear explosives, 
however, the three mechanisms do interact 
importantly for a short period in the beginning, 
after which shock wave transmission becomes 
dotmnant. 

It is of interest to consider what information 
thermodynamics can yield about the transfer of 
energy via the shock wave. Designating the rate 
at which mechanical work is performed per unit 
area at the shock front when it has reached a 
radius R as w(R), we note that* 

uj(i2) = Pj (13-6) 

where p % and are the pressure and particle 
velocity, respectively, immediately behind the 
front. This work serve# to raise the internal 
energy of, and impart kinetic energy to, the 
adjacent layer in the medium which is being 
enveloped by the shock front, i.e., 

* The notation “subscript one 1 ’ denote** values at or 
immediately behind the ihock front. 


w(R) = p. U(R) [(c, - e.) + u*/2] (13-’) 

where U(R) is the velocity of the shock wave at 
R , and e % and c q die specific energy, 
immediately behind and in front of the shock, 
respectively. (We assume the medium is initially, 
at rest, i.e., u o ~ 0.) 

Pau of the energy change represented by (e 1 - 
e o ) is irreversible in the sense that, after shock 
wave- compression, subsequent expansion of the 
medium back to ambient pressure p o does not 
yield an amount of work equivalent to (e x -e ? )> 
but a-quantity/which is less by an amount which 
we will designate Ae^/r^]. This notation 
signifies Ae to be the “irreversible” increment of 
energy connected with the entropy rise in the 
shock and a^) denotes that this particular 
entropy state is associated with the element of 
the medium (originally) at the Lagrangjan 
coordinate r o . Quantitatively, A (r o )] is given 

by 

M», (re,)! = - e(P 0 .»o) (13-8) 

The significance of this "retained” energy is 
illustrated graphically in Fjg. 13-2. 

If no other shock waves or irreversible 
processes occur behind the initial shock front, 
Ae[*ifr o ;j represents the ultimate legacy of the 
explosion to this element of the medium. Thus, 
the total energy released by the explosive in 
going from the initial state to the final state of 
the explosion products at. p o can be equated to 
the total of such residual energy in the medium 
plus the net work done by expansion of the 
explosion products and the shock-heated 
medium 

£ (P 0 ) - -EplPo) = f 4irr 0 2 p 0 de(s l ,(r 0 )]dr o 

“o 

►Polyp.) - K>„)] + 



where E e (P 0 ) and E p (P 0 ) are the total energy of 
the intact explosive and the explosive products 
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at pressure p o , respectively; V (p ) and V (p ) 
are the corresponding total volumes; v\p^ % 
s (r o )} is the specific volume of the medium in 
tne state represented by (p o t s 1 ); v o is the 
specific volume of the medium initially; and a Q 
is the initial radius of the explosive charge. By 
rearrangement of terms, Eq. 13-9 can be written 

B.(Po)-W “/4*roA, Ahfy ,(r 0 )]dr 0 (13-10) 

“o 

where Hjp o ) and H (p o ) are the total enthalpy 
of the ''intact explosive and the explosive 
products at p , respectively, and the quantity 
A/i[Sj (r o )} is defined, like .Ae[t (r o )]; thus, 

= h[p 0 >* x l' “ * LPo v«o 1 

Eq. 13-10 expresses the thermodynamic 
requirement that for the total system, explosive 
and medium, enthalpy is conserved in the 
explosion process. 

Eq. 13-10 is based on division of the total 
system into two parts separated by the 
boundary between the explosive and the 
medium. The surface of such division is 
arbitrary. Therefore, one may equally well 
define a spherical boundary in Lagrangian 
coordinates that includes not only the explosive 


but also a portion of the medium out. to radius 
R in one part,, and the rest of the medium from 
R to infinity in the other. Then, one can write 
on the basis of arguments identical to those 
which led to Eq. 13-10 

H„(R) - HSR) = f 4< p 0 Ah( 3l (r 0 )]dr 0 

ft 

(1341) 

where H 0 (R) and HJR) represent the total 
enthalpy in the explosive plus the medium out 
to Lagrangian coordinate r o * R initially and at 
infinite time, respectively. The change in 
enthalpy can be equated to the change in energy 
piu3 the change in p V and, since the pressure is 
equal to p Q in both the initial and final states, 
we can write 

HJR) - HJR) = EJR) - EJR) 


where E (R) and EJR) are the total energy in 
the initial and final states, respectively, and AV 
is the ^tal change of volume. The latter 
quantity can be computed from the movement 
of the boundary at r 0 =J?;thus 



Figure 13-2. thematic Illustration of the Energy Retention Resulting From the Entropy 
increase at the Shock Front [The area under the curve between the initial 
and final states represents the energy change in both the shock compression 
(upward arrow) and isentropic expansion back to p Q (downward arrow 
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AV = (r 0 « R) j 4 irrudt (13-13) 

UR) 

where the notation in front of the integral sign is 
meant to signify that the integral is along the 
particle path r o = jR, u is the particle velocity, 
an4 t(R) is the time at which the shock wave 
reaches R and at which u, therefore, takes on a 
va ue different from zero. From the first h\w of 
thermodynamics, the change in energy may be 
equated to the work done on the medium 
external to R ; thus 

E 0 (R) - EJR) - (r Q - R) f Anfpudt 
t {*) 

(13-14) 

Combini n * Eqs. 13-11, 13-12, 13-13, and 13-14 


E(R) 4 = R) f 4>rr 2 (p - p „) udt 

^ (X3- 

= J iv 0 2 PoA*(s,0i)]dr o 


where we have defined E(R) to represent the 
integral for total work involving the overpressure 
p -p 0 along the particle path r D - R. It will be 
noted that E(R) = HJR) - HJR), and, in 
particular , E(a 0 ) = H t (p 0 ) -H p (p c ). 

Ey differentiating Eq. 13-15, we derive the 
differential equation for the total transport of 
enthalpy associated with transmission of a 
spherical shock wave; thus 

= ‘l*R 2 P„A/.[ Sl (fi)) (13-16) 

It should be noted that Eq. 13-16 contains no 
information not implicit in the Hugoniot 
relations since they take full account of the 
conservation of energy. When the Hugoniot 
relations are combined with an equation of 
state, all the basic information it is possible to 
derive from thermodynamics in this connection 
is implicitly contained. However, the concept of 
total enthalpy transport expressed in Eq. 13-16, 
which was first derived by Kirkwood and 


Brinkley 3 , provides an insight not immediately 
given by the Hugoniot relations alone. 

13-4 BLAST WAVES IN AIR FROM 
EXPLOSIVE CHARGES 

Before considering the quantitative analysis of 
the shock wave in air generated by an explosive 
charge, it is desirable to describe the qualitative 
features of the wave. We limit the discussion to 
the spherical wave with a center of symmetry, 
propagating radially outward from the center of 
the explosion in a space free of obstacles. 

As the blast wave in air travels away from the 
source, the peak pressure steadily decrease? and 
the pressure behind the front falls off in a 
regular manner. After the shock front has 
propagated a certain distance, the pressure 
behind the shock front falls below the original 
ambient pressure of the atmosphere, creating a 
suction phase of negative overpressures. The 
pressure as a function of distance from the 
center of explosion is shown schematically in 
Fig. 13-3 for several successive times, increasing 
as the wave propagates from left to right. It may 
be noted that the suction phase of the blast 
wave is a consequence of the geometrical 
divergence of the wave. Waves propagating 
without divergence do not exhibit a suction 
phase. 

It will be recalled from Chapter 2 that the 
Hugoniot equations, expressing the conservation 
laws across the shock discontinuity, prescribe all 
of the shock front variables in terms of any one 
of them. Thus, if the peak pressure is chosen as. 
the independent variable, the shock front 
particle velocity is a monotonic function of the 
peak pressure so that it decreases during 
propagation of the wave in a manner determined 
by the instantaneous value of the peak pressure 
through the Hugoniot equation. The particle 
velocity decreases behind the shock front in a 
manner that is determined by the pressure 
distribution through the hydrodynamic 
equations. The particle velocity is shown as a 
function of distance from the center of 
explosion schematically in Fig. 13-4 for several 
successive times as the wave propagates from left 
to right. The particle velocity changes direction 
in consequence of the suction phase of the blast 
wave. 
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Dwftmct from C«nftr of Exptotion 


Figure 13-3. Pressure-distance Curves for Blast Waves in Air.at Successive Times 

Qualitatively similar curves are obtained if the _ p e -t/6 (13-17) 

pressure or particle velocity is plotted as ' 

functions of time at a fixed distance from the where p is the pressure in excess of the ambient 

center of the explosion. Such curves are called pressure p o , i.e., the excess pressure or the 

the Eulerian pressure*time of particle overpressure; p, is the peak value of the excess 

velocity-time curve because the position is taken pressure at the shock front, i ,e.,p ( sc p l -P o ;t is 

as fixed in a laboratory system of coordinates. the time measured from the instant of arrival of 

Pressure-time curves at two distances, R 1 and the shock wave; and ff is called Eulerian time 

j Rj>i2 1 ,are shown schematically in Fig, 13-5. constant of the pressure-time curve. It is tire 

At R , the blast wave does not exhibit a suction time required for the overpressure to fall to a 

phase. At the greater distance R 2 > die suction value 1/e of its peak value. It can be calculated 

phase exhibited in the pressure-distance curves is by the relation 

reproduced by the pressure-time curve. 1 2 fop\ 

At distances close enough to the explosion so - — * — fJ (13-18) 

that the blast wave is of the form as shown to * £ o 

the left in Fig 13-5, it may be represented by the . , . , 

empirical equation* where the P" 11 ® 1 derivative is formed at 

_constant radial coordinate R and evaluated at 

♦ notation “aubac-ipt prime” i. u«d only with ‘ he «me of arrivd of the shock front at R. 
preaure and refers to shock front pressure above Asymptotically, at large distances ana low 
atmospheric pressure, overpressures, it has been shown by Kirkwood 
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and Bethe 8 that the positive portion of the 
pressure-time curve is the straight line 

P(t) - P, (1 - t/0), t > 6 (13-19) 

For the asymptotic pressure-time curve, Q is the 
duration of the positive portion of the wave. It 
satisfies the definition of Eq. 13-18. At 
intermediate distances and peak pressures, the 
pressure-time curve cannot be represented by a 
simple, one-parameter, empirical equation. 

The properties of the shock front, expressed as 
functions of the peak pressure, can be calculated 
by the use of the Hugoniot equations 
supplemented by an equation of state for the 
air.. Fig. 13-6 has been constructed on the 
assumption that air is poly tropic with y - 1.4. 
This assumption is adequate for shock aves 
whoee-peak pressure is relatively low. At h <er 
amplitudes, the high temperature of the shock 
wave causes extensive dissociation and the 
polytropic assumption is no longer valid. 
Hugoniot curves, for air in which dissociation is 
taken into account have been constructed 
Hilsemath and Beckett 8 . 

The dynamic pressure it is defined as the 
quantity 

* “ pu J /2 (13-20) 

This property of the shock wave determines the 
aerodynamic drag forces to which a structure is 
exposed. The dynamic pressure is characterized 
by a peak value at the shock front, determined 
through the Hugoniot equations by the peak 
pressure, and a decaying dynamic pressure-time 
curve. The peak dynamic pressure is shown as a 
function of shock front pressure in Fig. 13-6. A 
peak approximation, similar in form to Eq. 
13-17, is appropriate to describe the variation of 
dynamic pressure with time at points near the 
explosion. Asymptotically, at large distances and 
low overpressures, Kirkwood and Bethe 8 have 
shown that the portion of the dynamic pressure 
corresponding to the positive part of the wave is 
represented by the q** piratic expression 

it (t) - ir,(l - t/ef, t > 0 (13-21) 

This expression involves the same conctant 0 as 
Eq. 13-19 because the durations of positive 
pressure and fonvjird facing particle velocity are 
asymptotically equal. 


The impluse delivered to unit area by the 
positive portion of the shock wave is the area 
under the positive portion of the pressure-time 
curve. For the pressure-time curve of Eq. 13-1 

! P = P, e (13-22) 

which is valid close to the explosion. 

Asymptotically, when Eq. 13-19 applies, then 

= '4P, 0 (13-23) 

If the peak approximation for the dynamic 
pressure is written in terms of a time constant 6' 

_ 1 = I (?l) (13-24) 

B' itM'k.,-0 

analogously to Eq. 13-18, the dynamic impulse 
per unit area is given by an.expression similar to 
Eq. 13-22 

7=7^0' (13-25) 

which is valid close to the explosion. 

Asymptotically, when Eq. 13-21 applies, the 
dynamic impulse for the positive phase of the 
wave is given by 

t u = 2/3^0 (13-26) 

These simple expressions for the impulses 

require a knowledge only of two parameters of 
the shock wave, each of which are evaluated at 
the shock front. At intermediate distances arid 
shock wave amplitudes, the evaluation of 
pressure impulse or dynamic impulse requires 
either additional information on the structure of 
the wave or an interpolation procedure between 
the expressions resulting from the peak 
approximation and those resulting from the 
asymptotic equations. 

13-5 RESULTS OF NUMERICAL 
INTEGRATION OF THE 
HYDRODYNAMIC EQUATIONS FOR 
BLAST WAVES IN AIR 

A complete theoretical development of the 
consequences of a simple model such as the 
spherical shock wave from a centrally initiated 
spherical charge is attended by considerable 
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difficulty. In principle, the theoretical analysis is 
to be based on the partial differential equations 
of hydrodynamics. They are to be solved subject 
to the Hugoniot equaitons which express the 
conservation laws across the discontinuous 
shock front and which implicitly prescribe the 
path of the shock front in space as a function of 
time. The solutions depend upon initial and 
boundary conditions that are prescribed on the 
interface separating explosion products and air. 
The, latter themselves pose a difficult problem 
since the position of the surface and the 
conditions on it depend on the flow of the 
detonation products at all times subsequent to 
the passage of the detonation wave. Now, when 
the detonation wave reaches the surface of the 
explosive and generates the initial shock wave in 
the surrounding medium, a wave is reflected 
back into the explosion products. In the 
spherical case, this wave is again reflected at the 
center and on reaching the interface between 
explosion products and air modifies both the 
position of the interface and the properties on 
it. As the motion develops, a complex set of 
waves is generated, both in the explosion 
products and in the air, and these have to be 
followed in detail in order to construct an exacl 
solution, even for the spherical model. 

The point source model of a spherical shock 
wave is much easier to exploit since the 
complicated conditions on the interface between 
explosion products and air are replaced by a 
single condition specifying the total energy 
released by the explosion. There is theoretical 
and experimental evidence that this model 
reproduces the main features of the explos? rely 
generated shock wave, especially at large 
distances from the explosion, and it provides a 
useful basis upon which to continue our 
descriptipn of the properties of blast waves in 
£jr. A more exact treatment taking into account 
the motion of the explosion products can be 
considered as adding a kind of “fine structure ’ 1 
to the picture obtained from the simpler 
considerations. The point of view appears to be 
valid in the present instance for two reasons, 
namely: ( 1 ) at distances where measurements of 
shock wave parameters are normally made 
experimentally, and where their magnitudes are 
important for practical problems such as 
specification of critical damage radii, the 
so-called fine structure is not resolved by the 


instrumentation employed, and ( 2 ) at distances 
nearer to the explosion where the so-called fine 
structure is more important, the assumption of 
spherical symmetry is an increasingly poor 
approximation to charge configurations usually 
employed. 

Brode 6 ' 7 has obtained the numerical solutions 
of the differential equations of hydrodynamics 
for the point source model of the spherical blast 
wave in air. The computational method 
employed is due to von Neumann and 
Richtmyer 10 in which an artificial viscosity is 
introduced into the equations as a mechanism 
for avoiding shock front discontinuities. The 
artificial viscosity is defined in such a way as to 
replace the shock front with steep but finite 
gradients in the properties of the flow, across 
which the Hugoniot equations are satisfied. 
Simultaneously, as defined, it has negligible 
effect on the flow in all other regions. The 
integrating process then consists of the step-wise 
solution of difference equations which 
approximate the differential equations of 
motion of the gas. 

For the point source model, one can define a 
characteristic length X and time r 

X = (£/p 0 )‘'\r = A/e„ (13-27) 

where E is the total energy transmitted by the 
explosion to the shock wave, and p o and c a are 
the pressure and sound velocity, respectively, in 
the undisturbed air. Then, it is easy to show that 
the solutions of the hydrodynamic equations arc 
similar, i.e., that scaling is preserved, if distances 
are expressed in units of length X and tidies in 
units of the characteristic time r. Thus, the 
point source solutions are independent of the 
nature of the explosive, so long as the energy 
released to the shock wave is properly employed 
in evaluating the scaling parameters X and r. 

The solid line of Fig. 13-7, which is taken 
from Brode’s paper, shows the variation of peak 
pressure with distance for a point explosion in 
an ideal gas in which it is assumed that the heat 
capacity ratio 7 is constant and equal to 1.4. 
The effect of the assumption of ideality is 
shown by comparison with the dashed curve of 
the same figure, which results from calculations 
in which the thermodynamic properties of real 
air were employed and in which account was 
taken of the dissociation of air at the high 
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temperatures associated with strong shocks. The 
curves are qualitatively similar but show the 
importance of the equation of state in the actual 
shock amplitude at a given distance. This figure 
also shows for comparison experimental values 
for TNT. 

These calculations afford a complete 
description of the flow associated with the 
shoe': wave. Brode presents the results in his 
paper by means of graphs and by empirical 
equations fitted to the various curves. The 
results are too voluminous for inclusion in this 
chapter and for them reference is made to the 
original reports. For later reference, however, we 
reproduce in Fig. 13-8 the instantaneous 
pressure-distance curves calculated for isotropic 
air with the point source model. The curves for 
real air are of similar form. 

In the point source approximation, the 
explosion is described by a single parameter, i.e., 
the energy transmitted to the shock wave. The 
results of the calculation are thus independent 
of size, density, or chemical nature of the 
explosive, and, when scaled by a characteristic 
length and characteristic rime determined by the 
energy of explosion, the results are. applicable to 
any explosive. The effect of the parameters of 
the explosive that are neglected by the point 
source approximation is revealed by 
consideration of a numerical integration, carried 
out by Brode, in which the integration is 
continued from the spherical detonation wave of 
Taylor of the case of TNT at initial density of 
1.5 g/cm 3 . It was carried out using the artificial 
viscosity technique of von Neumann and 
Richtmyer. This calculation 1 1 substantially 
more involved than that of the point source 
model, and it does not appear to have been 
repeated for other explosive charges. 
Unfortunately, obsolete \iuation of state data 
for the explosion products and an incorrect 
energy of explosion were employed, so that the 
numerical results are likely to be seme rhat ,in 
error. However, this cslcuJaij >n provides the 
most complete and detailed description the 
air shock wave that in existe *:e. It 1 23 special 
value in providing a test (A tee validity of 
simplified models. 

’Vhen a spheriau shock wave is generated by a 
sphere of gas of finite volume at high pressure, 
the establishment of continuity of pressure and 
radial particle velocity across ti»a contact surface 


between explosion products and air results in a 
rarefaction wave moving toward the center in 
the explosion products. (If the explosion 
products are generated by a spherical detonation 
wave of the type described by Taylor, the 
rarefaction wave moves into and modifies the 
structure of Taylor wave.) In general, as Brode 
points out, when a spherical shock wave of finite 
volume is backed up to an inward moving 
rarefaction wave, the negative pressure gradient 
of the rarefaction joins the positive gradient of 
the shock through a compression which grows as 
a shock as the rarefaction develops. No such 
condition exists for a plane wave in a shock 
tube. Thus, in the numerical calculations, a 
shock wave is seen to follow the rarefaction 
wave into the explosion gases. It starts with zero 
strength and grows as it moves inward through 
these gases. The gases themselves are expanding 
radially at a velocity that is initially high 7 o^uiai 
this shock is swept outward in spars until the 
expansion of the explosion products is nearly 
complete. Then it implodes on the dngm a-rd is 
reflected outward to the contact surface. At the 
time of reaching this surface, the explosion pz-tk 
are douser and cooler than th_ ah- outside; 
Therefore, on passing through die urfcre tVc 
wave establishes a. second shock wr.ee in .the ah? 
and a new inward rarefaction m'/e Ulrich, "Xe 
the initial rarefaction wave, is folimwd by a 
shock wave moving inward. Thissh \ v LtiDlodes 
on the origin, reflects, and propa£.:\ttfr outward 
in the wake of the earlier shocks. The success!an 
of shocks continues in thir maov^r utihi tV- 
residual energy of the extension: prod ic'fc U 
dissipated. 

A rather complicated series r* shock wives 
and rarefactions thus develops* whic.H-sx&cfc the 
motion of the contact surfac* Instead A 
moving ir. on y tonic ally fr*; * t? 
the explf dive to ths? radios at whicH- pxWActe 
ar* at *.est, a series oi c “huriors are 

ubt ,7ed. Fig/XS-O, wideh is taken 
paper, shows tiie up' W -pries, otthe «bock waves 
and of the contact surface. 

By neglecting she *• wave?, jjn the explosion 
products, the specific energy of ^xplusic 
been defined as 

Q 1 ? ‘ (13-23; 

where e o is the specific energy content of the 
intact explosive, and the .pochiv. energy content 
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Figure 13-7. 


Peak Pressure-distance Curves for Shock Waves in Air Calculated With the 
Point Source Model (Brode) 









e of the explosion products is evaluated at 
ambient pressure p o and the entropy s t of the 
Chapman-Jouguet detonation state. However, 
the final entropy is greater than s 1 by the 
increments across all of the shocks in the 
explosion products, so that Eq. 13-28 is an 
overestimate of the energy transmitted to the 
air. It may be retained as a reasonable 
approximation since the energy dissipated across 
the shock waves is a small fraction of the total 
energy released by the explosion. The 
dissipation assumption employed in par. 13-3 is 
that all of the energy of the explosion is 
dissipated in the air as a result of the entropy 
increment across the initial shock. This 
assumption, also, is not strictly correct because 
of the entropy increments associated with each 
of the later shocks. These increments are small 
compared to that across the primary shock and 
consequently the description of energy 


propagation that takes account only of the 
primary shock wave is a good approximation. 

These subsidiary shocks, as is shown by jig. 
13-10, follow the main shock at such a time and 
distance as to be behind the minimum of the 
negative phase. The pressure-distance curves of 
this figure are to be compared with those of Fig. 
13-8, which results from the point source model: 
They show how the structure of the wave is 
aflected by the finite size of the explosive 
charge. Since the subsidiary shocks are located 
in the negative phase of the primary shock wave, 
they cannot overtake and merge with the 
primary shock. It will be noted that the shape of 
the positive portion of the pressure-time curve as 
calculated from the point source model is 
qualitatively quite similar to that from the finite 
charge. 

The variation of peak pressure with distance as 
calculated for the finite charge of TNT is 
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Figure 13-8. Pressure in Atmospheres as a Function of the Lagrange or Mass Position fc? 

the Point Source Solution at Times Indicated (The position is in arbitrary 
units of\/1627.2 and the time is In units ofr.) (Brode) 
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Figure 13-10. Pressure-distance Curves at Successive Times for TNT Blast Waves in Air (Brode) 
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compared with results for the point source 
model in Fig. 13*11. At no distance are the 
results the same, although the slopes at large 
distances are similar. Close to‘the charge, the 
point source curve is, as expected, much higher 
than that for the finite TNT charge. Because of 
excessive dissipation of shock wave erfergy in 
this region, the point source curve falls below 
that for the finite charge releasing the same 
energy. It seems fair to conclude that the point 
source model provides at best only a 
qualitatively correct description of the shock 
wave. At distances of primary practical interest; 
it overestimates the most important of the shock 
wave parameters, the peak pressure. 

Although the numerical integration of the 
basic equations—using the von 

Neumann-Rich tmyer or an equivalent 
technique^irbvides the most detailed and 
probably the most accurate description of the 
shock wave, calculations of this kind are 
fee-consuming and expensive in computational 
cost. They would seem to serve best as standards 
aga ; nst which simpler approximate treatments 
can. be compared. Any simplified theory of 
shock wave propagation will result in a loss in 
the detail with which the phenomenon is 
described. The simplified theory is justified if it 
is able to provide estimates of acceptable 
accuracy of those properties of the shock wave 
that are of practical importance, as for 
example, in the design of protective structures. 

13-6 UNDERWATER AND UNDERGROUND 
EXPLOSIONS 

The rapid expansion of the gas bubble formed 
by an underwater explosion results in a shock 
wave being propagated outward through the 
water in all directions. The shock wave is similar 
in form to the shock wave in air, and it obeys 
the same laws of hydrodynamics. It differs in 
detail, the differences arising solely from the 
differences in the equations of state of the two 
media. Just as in air, there is a sharp rise in 
overpressure at the shock front. The peak values 
for an underwater explosion are much higher 
than at the same distance from the same 
explosive charge in air. The peak overpressure in 
water does not decay with distance as rapidly as 
it does in air. Furthermore, the shock *\ave 
velocity which is always greater than and 


asymptotically equal to the velocity of sound, is 
greater in water than in air, except near the 
charge surface. 

In spite of these differences, an underwater 
shock wave is qualitatively similar to one in air, 
as is seen from the summary of its characteristics 
which follows. The velocity of propagation near 
the charge is several times the limiting acoustic 
velocity, this limiting value being approached 
quite rapidly as the wave advances outward and 
the pressure falls. In water, the acoustic velocity 
is about 5,000 ft/sec. The peak pressure in the 
spherical wave decays more rapidly with 
distance than inversely as the first power of the 
distance, as would be predicted for a disturbance 
obeying acoustic laws. The fate of decay 
approaches this acoustic behavior in. the limit of 
large distances. The nonacoustic decay is to he 
attributed, as in the case of shock waves in air, 
to the dissipation of energy in the water through 
which the shock wavj has passed. However, 
because of the properties of the equation of 
stc.te of water , the enfiopy increment across the 
shock front is very much less in water than for 
shock waves of the same amplitude in sax. 
Indeed, a successful theoretical treatment of 
underwater shock waves has been bused oh the 
approximation that entropy changes across the 
shock front can be neglected with the result that 
the Hugoniot curve for water is approximated 
by the isentrope through the initial state. Thus, 
the nonacoustic decay of shock wave amplitude 
is less important in the theoretical description of 
underwater shock waves than in the case of 
shock waves in air. Finally, as in the case of air, 
the profile of the wave broadens gradually as the 
wave propagates outward. The increase in 
duration is most marked in the early stages of 
the shock wave propagation near the explosive 
charge. Pressure-distance curves for an 
underwater explosion of a 300Tb TNT charge 
are sketched in Fig. 13-12 for three different 
instants of time. In Fig. 13-13, there is shown a 
pressure-time curve for the same charge at a 
single distance. These examples are taken from a 
comprehensive treatment of underwater 
explosions by Cole ia . 

The initio portion of the pressure-time curve, 
to pressures of the order of 30 percent of the 
peak value, is well described by the peak 
approximation, Eq. 13-17. In the later portions 
of the wave, however, the pressure falls off 
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much more slowly than is predicted by an 
exponential law. 

Because of the long duration of the positive 
portion of the pressure-time curve, the 
definition of a limit of integration in order to 
obtain the impulse delivered by the primary 
shock wave is somewhat arbitrary. For example, 
duration of positive excess pressure for a 300-lb 
charge of TNT is about 160 times the time 
constant 30 ft from the charge. An integration 
to this limit poses difficult problems both in 
experimental arrangements and in analysis of 
data. The impulse is actually employed as a 
measure of short-lived transient pressure. For 
these reasons, it has become customary to 
evaluate the impulse from underwater shock 
waves under only the earlier high pressure region 
to an arbitrarily assigned upper limit on time 
which is long enough to include the 
characteristic features of the pressure-time curve 
when the pressures are a significant fraction of 
the initial peak value. One way of specifying the 
time limit of integration is as a constant multiple 
of the experimentally observed time constant 


Cole suggests that the integration under the 
pressure-time curve be carried to a time that is 
five times the experimental time constant. 

In several theoretical treatments of underwater 
shock waves, e.g., that of par. 13-8, it is assumed 
that the pressure-time curve can be represented 
by the peak approximation. This assumption 
imposes a constraint to which the solutions are 
forced to comply. It is found that theoretical; 
time constants so calculated are greater than* 
experimental values but that the impulse, 
calculated by means of Eq. 13-22, is in quite 
good agreement with values obtained from 
experimental pressure-time Curves to the 
arbitrary time limit described above. 

In a spherically diverging shock wave, the 
exterior medium is left with an outward velocity 
following the passage of the shock wave, in 
underwater explosions, this, flow has been called 
the afterflow. In air, the outward flow continues 
past the time at which the pressure has fallen to 
the ambient pressure, and the flow is not 
brought to rest untihafter the : pressure has fallen 
below the ambient value. Thus, in air, the 
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(A) R» 5 ft 


(B) R- 50 ft 
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Figure 13-12. Premre-distance Curves for the Underwater Shock Wave Produced by a 
300-lb TNT Charge 
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Figure 13-13. Pressure-time Curve for the 
Underwater Shock Wave 
Produced by a 300-lb TNT 
Charge 

divergence of the flow results in a negative phase 
of the shock wave. We note that the explosion 
gases are more dense than the exterior air. 

During the first part of the expansion of the 
gas bubble in an underwater explosion and the 
emission of the m£uor part of the shock wave, 
the pressure and density of the explosion gases 
are substantially reduced. The density becomes 
much less than that of the exterior water but the 
pressure remains for a time substantially higher 
than the equilibrium hydrostatic pressure. The 
water in the vicinity of the contact surface has a 
high outward velocity and the diameter of the 
bubble increases rapidly. Because of the inertia 
of the water determined by its relatively high 
density, the afterflow continues for a relatively 
long time. During this period; the gas pressure 
falls below the equilibrium hydrostatic pressure 
while the water pressure approaches the 
equilibrium static pressure from above. 
Ultimately, the pressure differential brings the 
outward flow to a stop, and the bubble begins to 
contract at an increasing rate. This motion 
continues until it is abruptly reversed by the 
compression of the explosion products. Thus, 
the conditions for an oscillating system are 
provided by the inertia of the water and the 


compressibility of the gas. The bubble does in 
fact undergo repeated cycles of expansion and 
contraction. The process is illustrated by Fig. 
13-14. It is seen that the bubble spends most of 
its time in an expanded state. 

A pressure wave is propagated into the water 
by each expansion cycle of the bubble 
oscillations. The primary shock wave and the 
first bubble pulse for the underwater explosion 
of a TNT charge are shown in Fig. 13-15. The 
amplitude of the bubble pulse is seen to be 
much lower than that of the primary shock 
wave. However, the wave is of long duration and 
the impulse delivered by it is comparable to that 
delivered by the shock wave. The bubble pulses 
can thus contribute significantly to the damage 
from an underwater explosion. The time 
constant of the primary shock wave (the time 
required for the pressure to fall to a value of 
P t /e) is of the order of 0.5 msec. In order of 
magnitude, the time of arrival of the bubble 
pulse is 1,000 times the time constant of the 
shock wave. The secondary pressure waves 
described here have their origin in the dynamical 
properties of water. They are not to be 
identified with the secondary shock waves in air 
that were described in the last paragraph. 

A comprehensive discussion of the oscillations 
of the gas bubble and of the secondary bubble 
pulses emitted during the bubble motion is given 
by Cole. It is shown that the theoretical 
description of the phenomenon can .be based on 
the in compressive approximation of the 
equations of hydrodynamics, however, the force 
of gravity cannot be neglected in the description 
of the bubble motion. One result of this 
theoretical treatment is of particular interest. It 
is shown that the period of the oscillation is 
proportional to the one-third power of the 
energy transmitted to the water during the 
bubble oscillations and inversely proportional to 
the five-sixths power of the hydrostatic pressure 

T = KE b m lp* la (13*29) 

where T is the period, E h is the bubble energy, 
and K is a proportionality constant. This result, 
which as been derived by a number of writers, is 
usually known as the Willis formula. This result 
makes possible the determination of the bubble 
energy from measurements of the variation of 
the period with charge depth and charge size. It 
is found that approximately 50 percent of the 
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energy of explosion is transmitted during the 
primary shock wave*, the remainder being 
dissipated during the oscillations of the gas 
bubble. The most precise data are available for 
the underwater explosion of TNT, for which the 
energy of explosion has been evaluated as 1060 
cal/g. From the observed period of oscillation of 
the gas bubble, a bubble energy of 480 cal/g is 
calculated. The difference, 580 cal/g, is the 
energy of the initial shock wave. 

In water, as in air, all of the properties at the 
shock front are determined as functions of the 
peak pressure by the Hugoniot equations and an 
equation of state. The Tait equation of state is 
an expression of simple form that gives a good 
representation T T data. Along an isentrope, 
it can be written 

P = B[(plp 0 f - i] (13-30) 

The exponent k is taken to be 7.15 for sea 
water. The quantity B is a slowly varying function 
of entropy. For sea water at 20° C, it has been 
assigned the value 3.047 kbars. It will be noted 
that Eq. 13-30 has a form similar to that for a 
poly tropic gas. Richardson, Arons, and 
Halverson 11 have employed Eq. 13-30 to 
evaluate the properties of sea water along the 
Hugoniot curve. The shock wave velocity and 
the particle and sound velocities at the shock 
front are shown as functions of peak pressure by 
Fig. 13-16. 

As in the case of shock waves in air, a 
straightforward mathematical approach to the 
theoretical description of the shock wave from 
underwater explosions can be based on the 
numerical integration of the equations of 
hydrodynamics. A calculation of this nature has 
been performed by Penney and Dasgupts 12 for 
TNT. The integration was continued from the 
spherical detonation wave described by Taylor. 
The peak pressure-distance curve obtained by 
this procedure is shown in Fig. 13-17 which also 
shows some experimental values. At distances 
for which experimental data are available, the 
rate of decay of the theoretical curve is closely 
similar to that for the experimental curve. The 


* Not all of the energy transmitted by the primary 
shock wave appears in the shock wave at moderate 
distances from the charge. A portion of the energy ; 
dissipated as heat in the fluid through which the 
shock ivave has progressed (sec par. 4-8). 


low values obtained by calculation are to be 
attributed to the low energy release that was 
assumed in the calculation of the initial 
conditions. It seems reasonable to assume that a 
revision and extension of these calculations, 
employing the more accurate value of the energy 
of explosion that is now available, would give 
results in good agreement with experiment. 

The principal commercial application of 
explosives has been to blasting with the 
explosive detonated underground. An 
underground explosion is very difficult to 
describe qt mtitatively, and the present state of 
knowledge in this area is very limited. In 
practical cases, the terrain is rarely even 
approximately uniform over any considerable 
distance from the charge. Even where uniform, 
the exterior medium cannot be described by any 
simple equation of state. Fipaliy, the explosion 
in a medium of infinite extent, to which we have 
elected to limit the treatment of this chapter, 
does not correspond to the geometry of any 
blasting application of practical interest. On the 
other hand, more recent problems involving 
underground storage of ammunition, and 
simulation of underground nuclear bursts, have 
led to experimental and theoretical work on 
underground detonations in "infinite” 
media 20 ’ 25 . 

In an underground explosion, the pressure 
wave transmitted to the exterior medium is, of 
course, affected by the mechanical properties of 
the medium. If the medium is an elastic solid, 
such as rock, there is a region of plastic 
deformation and permanent displacement in the 
region close to the charge where the pressure is 
greater than the elastic limit of the material. At 
greater distances, both transverse and 
longitudinal elastic waves arc generated by the 
explosion which travel, in general, at different 
velocities and which are modified on reflection 
at free surfaces, such as the ground level or a pit 
face, and on passing from material at one 
density to material at another. In general, it can 
be stated that most of the energy of explosion is 
dissipated close to the explosion in the region of 
permanent displacement, and that the amount 
of energy transmitted by elastic or seismic waves 
is at most a few percent of the energy of 
explosion. If the solid is elastic, It most 
commonly fractures under tension os the result 
of the tension wave produced on reflection of a 
compression wave at a free surface. 
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A considerable amount of empirical 
information has been compiled on the behavior 
of explosives in varying terrains. The selection of 
an explosive and its arrangements for a 
particular blasting job are, as a practical matter, 
entirely dictated by experience. It seems fair to 
state that blasting is at the present time an art 
almost completely without a quantitative 
scientific basis. 


The solution for the propagation of shock 
waves should, of course, be based on a 
continuation of the solution for the spherical 
detonation wave, described in Chapter 9. If we 
here designate by p d the pressure of the 
detonation wave front and by u rf the 
corresponding value of the particle velocity, Eqs. 
13*32 can be written 

%(°o) + 0(P») = u d (13-33) 


13-7 THE INITIAL SHOCK WAVE 
PRESSURES 

At the contact surface between explosion 
products and exterior medium, the pressure and 
normal component of the particle velocity are 
equal on each side of the surface at all tidies. In 
particular, for a spherical explosive charge of 
initial radius a Qi these conditions can be 
expressed by 

P, (a 0 ) = P,( a „). u t (%) = u t ( a 0 > (13-31) 

where p t (a o ) is the initial excess peak pressure 
in the exterior medium, p* (a Q ) is the pressure in 
excess of the initial pressure p o of the explosion 
products on the surface R = a , it (a ) is the 
initial radial shock front particle velocity, and 
u^(a o ) is. the radial particle velocity of the 
explosion products on the contact surface. When 
these conditions are established, a shock wave 
advances into the exterior medium and a 
rarefaction wave recedes into the explosion 
products. The rarefaction wave is initially 
characterized by the fact that the Riemann r 
function (see Chapter 2) is an invariant on a 
particle path, i.e., on the surface R * a Q . This 
condition can be stated in the form 


where r+ P °dD 

°(P) - J f c d3-34) 

Pd 

Using Eqs. 13-31, the Riemann condition can be 
written in the form 


«,(«o) + o(P,) = % (13-35) 


The o-function is to^ be evaluated using an 
equation of state for the explosion products. It 
is necessary to calculate the detonation state; to 
construct the isentrope through this state; to 
evaluate the integrand of Eq. 13-34 along the 
isentrope; and, finally, to evaluate the 
o-function by quadrature. Methods for the 
construction of the isentrope are described in 
Chapter 2. 

The shock front in the exterior medium must 
satisfy the Hugopiot conservation equations (see 
Chapter 2;. Thes^ can be written 


P, = Po\U 
\ = U( 1 - P.VJ 

K-K= p, ("o + u ,)/2 


(13-36) 


r = u + o - constant 



The constant in Eq. 13-32 is fixed when the 
difinition of the o-function is completed by 
specificatioi of a lower limit of integration. The 
integral defining the o-function is along a path 
of constant entropy (which becauso of tire 
entropy transport equation is also a particle 
path). 


in terms of the excess peak pressure p, , where U 
is the velocity of propagation of the shock wave. 
These equations are supplemented by an 
equation of state for the exterior medium. They 
make it possible to express each of the shock 
front properties as functions of any one of them 
(usually in tabular form) for given values of the 
properties of the undisturbed medium, In 
particular, it is possible to express the shock 
front particle velocity as a function of the peak 
excess pressure 

“ x - i< 2 (Pj (13-37) 
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Thus, Eqs. 13*35 £ud 13*36 imply a relation 

«j(P,) + *(P,) = Hi (13*38) 

which can be solved for the initial excess shock 
front pressure p, by numerical or graphical 
methods. 

Kirkwood and Bethe 1 have constructed a 
theory of the propagation of shock waves in 
water in which it is shown that the function 

G * r(w + u 2 /^J 



propagates according to a relation that can be 
written 

G(r,t) * G a (r) (13*40) 

where G g is the value of the function G on the 
contact surface at a time r. If G(r t t) is known 
everywhere in the (V,tj-plane, all of the 
properties of the chock wave can be deduced in 
a straightforward manner. Eq. 13-40 states that 
the function G(r,t) is equal to the value of the^ 
same function on the contact surface at a time 
which is a function r(r t t). Kirkwood and Bethe 
give a prescription for evaluating GJr) and 
r(r y :) t and they have thus formulated a theory 
of propagation of the shock wave. We do not 
wish to describe this theory in further detail but 
only to comment on an implication of Eq. 
13*40. Kirkwood and Bethe show that the time 
r is an increasing function of time for any 
constant value of r. This means that the 
properties of the shock wave, including those at 
the shock front, are determined by properties on 
the < untact surface at times that increase as the 
shock front propagates. We may, therefore, 
picture modification of the wave during its 
projpagation as the result of a process in which 
the wave front is continually destroyed by 
dissipation in response to the finite entropy 
increment across the shock front and in which 
the properties of the wave as it propagates are 
determined by properties on the contact surface 
at successively later times. The process is 
illustrated schematically by the pressure-time 
profiles at two distances of Fig. 13-18, in which 
the dashed curve of the curve at the greater 


distance is intended to represent the portion of 
the earlier wave that has been destroyed by 
dissipation. The Kirkwood-Bethe theory is based 
on an assumption that the flow behind the 
shock front can be considered to be iaentropic, 
as assumption that is valid in water but not in 
air. The picture that it affords of the dissipation 
mechanism, is however, qualitatively true for 
shv'ck w* res in air, where the dissipation of 
ener> ; is more rapid than in water. 

It can be concluded on the basis of the insight 
afforded by the analysis of Kirkwood and Bethe 
that simpler models of the initial state of the 
explosion products can be employed to calculate 
the initial shock wave pressure, provided the 
energy of the explosion is correctly specified. 
The shock wave parameters are seen to be 
relatively insensitive to the initial shock wave 
pressure. It is, therefore, frequently assumed 
that the explosion can be adequately 
approximated by assuming that it takes place 
instantaneously at constant volume. One then 
defines the o*function by 

p + t> o 

0(P) r j % (13-41) 

Pa 

where p t is the pressure of the constant volume 
explosion state. The constant of Eq. 13-32 is 
then zero and the expression corresponding to 
Eq. 13*38 is 

^(P,) + oiP,) * 0 (13-42) 

which can be solved for the initial excess shock 
front pressure by numerical or graphical 
methods. 

13-8 AN APPROXIMATE THEORY OF 
SHOCK WAVE PROPAGATION 

In the analysis of damage to structures by 
blast waves in air or underwater explosion 
waves, and in the establishment of an order of 
merit among explosives with respect to d;image 
power, the pressure-time cutves and peak 
pressure-distance curves of the shock lyaves 
produced by the explosives ve or primary 
importance. While experimental techniques have 
been sufficiently developed so as to lead to the 
accumulation of a large body of reliable data, 
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there exists a need for more flexible and 
convenient theoretical methods of analysis of 
the problem. 

The theoretical analysis of explosion waves in 
air, water, or in other media characterized by a 
well-defined equation of state, involves the 
integration of the hydrodynamic equations 
subject to initial conditions determined by the 
explosive source and subject to the Hugoniot 
conditions at the shock front. It has been seen, 
for the case of blast waves in air, that the point 
source model is insufficiently exact for a 
quantitative description of the shock wave and 
that a more realistic model of the explosion 
must be employed. A straightforward attack on 
the mathematical problem can be based on the 
numerical integration of the hydrodynamic 
equations. The complexity of this approach has 
thus far limited the procedure to a few special 
applications. The need for a more rapid and 
flexible theoretical method, based on 
well-defined approximations as necessary, is 
therefore dear. In the case of underwater 


explosions such a method, which has been 
extensively applied, has been developed by 
Kirkwood and Bethe*, Brief reference was made 
to their theory in par. 13-7. It is described in 
detail, with the results of calculations, by 
Cole 13 . 

Underwater explosion waves are simpler to 
treat than blast waves in air since the relatively 
small entropy increment produced at the shock 
front permits the use of the approximation of 
adiabatic flow. This approximation cannot be 
employed for blast waves in air. Kirkwood and 
Brinkley* have described a theory of 
propagation of one-dimensional waves—i.e., 
plane, cylindrical, or spherical—that takes proper 
account of the finite entropy increment in the 
fluid resulting from the passage of the shock 
wave. It also permits the use of the exact 
Hugoniot equation of the fluid and is in this 
respect superior to treatments for air based or 
the use of ideal gas isentropes with constant heat 
capacity, an approximation that fails badly near 
the explosion. The treatment is based upon a 
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Figure 13-18, Pressure-time Curves of Shock Wane in Water } Showing Dissipation at the 
Front as Described by Kirkwood and Sethe 
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similarity restraint imposed upon the 
energy-time curve of the wave. The theory 
results in the formulation of a pair of ordinary 
differential equations which can easily be 
integrated by numerical procedures. A similar 
approach has been employed by Kirkwood arid 
Brinkley 3 for the shock wave generated in an 
infinitely, long cylindrical charge with a 
detonation wave progressing at constant velocity 
in the axial direction. In this paragraph the 
theory will be described for the spherical wave. 

The equations of hydrodynamics for radial 
flow in the absence of viscosity or heat 
conduction can be written in the usual Eulerian 



1 /dp\ jP AAdu _ 2n \ 

Pc 2 W + Po w° ~ r 

(13-47) 

bu / r 2 \8p _ 1 

dt \P 0 r^jtZ ° ' 

where we now understand the independent 
variables to be r o and t. Eqs. 13-47 are of hybrid 
form in that the Eulerian form of the equation 
of continuity is retained. They are supplemented 
by the entropy transport equation and by the 
equation of state of the fluid, and they are to be 
solved subject to initial and boundary conditions 
specified on a curve in the Yr 0 ,fJ-pTane and to 
the Hugoniot conditions, Eqs.-13-36 

P, = Po H u 

u x = U {1- p Q v x ) (13-48) 


where p is the excess pressure, u is the particle 
velocity, p is the density, and r is the radial 
space coordinate whose origin is at the center of 
the explosion. The sound velocity c is defined 
by c 2 = {bp)bp) t . These equations are 

supplemented by the entropy transport equation 
which we do not employ explicitly. The 
conservation of mass for radial flow requires 
that 

r(r 0 ,t) 

r Z 0 P Q = 4tt J p(r\t)(rf dr' (13-44) 


where r(r o ,t) is the Eulerian space coordinate of 
the material particle whose Eulerian coordinate 
was r o at t = 0, and where p o is the constant 
density of the fluid at t * 0. Differentiating Eq. 
13-44 with respect to r o at constant f, we obtain 
the Lagrangian equation of continuity for 
spherical symmetry 

IB©’ 


Also, by definition 


In terms of the Lagrangian space coordinate r 0 , 
Eqs. 13-43 can be written 


~ •'lo = (P,/2)(l>„ + Uj) 

(p is the pressure in excess of the pressure p Q of 
the undisturbed fluid) which are to be satisfied 
at the shock front. Eqs. 13-48 are compatible 
with Eqs. 13-47 and specified boundary 
conditions only if the shock front follows an 
implicitly prescribed curve R(t) in the 
(r c ,t;-plane. 

We denote a derivative in which the shock 
front is stationary by 



where the subscript unity means that the 
quantity so designated is to be. evaluated at the 
shock front. If this operator . applied to the 
first of Eqs. 13-48, one, atains the relation 



where the partial derivatives are to be evaluated 
at the shock front and where the function g is to 
be calculated from the Hugoniot relations. 

When specialized to the shock front r = r o ~ 
12, Eqs. 13-47 become 
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^1 /3tA 1 /3p\ 

Po'^Vi Pl C l\ 9t y/l 



2^ 

£ 


(13-51) 


Eqs. 13-50 and 13-51 provide three relations 
between the four partial derivatives —p/3£ 3p/3r, 
3u/dt, and 9«/3r—all evaluated at the shock 
front, with coefficients that can be expressed as 
functions of excess peak pressure alone for given 
ambient conditions, by means of the Hugoniot 
equations and the equation of state of the fluid. 
If they could be supplemented by a fourth 
independent relation, it would be possible to 
solve algebraically for each of the partial 
derivatives as a function of p and R and, with 
the aid of Eq. 13-19, to formulate an ordinary 
differential equation 

= F(p,R) (13-52) 

for the peak pressure p A of the shock wave as a 
function of the distance R and also to obtain the 
initial a?ope of the Euler pressure-time curve 
of the wave. 

It it>, of course, futile to seek such a fourth 
relation that does not itself involve an integral of 
Eqs. 13*47. It is possible, however, to formulate 
a relation of the desired type that requires only 
a knowledge of the form of the energy-time 
curve of the shock induced flow and that is 
insensitive to changes in form attending the 
propagation of the wave. By imposing a 
similarity restraint on the energy-time curve, an 
approximate theory :>f propagation is obtained. 

The physical basis for the supplementary 
relation derives from the fact that the 
nonacoustic decay of waves of finite amplitude 
is closely associated with the finite entropy 
increment experienced by the fluid in passing 
through the shock front and the resulting 
dissipation of energy. As the shock wave 
propagates through the fluid, it leaves in its path 
a residual internal energy increment determined 
by the entropy increment produced in it by the 
passage of the shock wave. In consequence, the 
energy propagated ahead by the shock wave 
decreases as the distance it has traveled from the 
source increases. 


A ^ /3p\ 1 /3p\ 

dR = \prj 1 * u \at/ 


In par. 13-3, it was shown that the shock wave 
energy E(R), defined by Eq. 13-15 

E(R) = 4?r / r 2 pudt (13-53) 


(in this paragraph p denotes the excess pressure) 
is related to the Hugoniot properties at the 
shock front by the ordinary differential 
equation 

dD 2 . 

— =-4*R i p 0 Ahip 1 ) (13-54) 

where Ah(p - ) is the specific enthalpy dissipated 
at a shock front whose peak pressure is p . The 
integral of the energy-time curve is expressible 
through Eq. 13-54 in terms of the peak 
pleasure-distance curve of the shock wave for 
distances beyond R by Eq. 13-54. The 
dissipation assumption does not violate 
conservation of momentum since, through 
spreading of the wave, the total momentum can 
remain finite while the particle velocity 
everywhere and the total kinetic energy tend to 
zero. The dissipation assumption breaks down if 
the first shock wave can be overtaken by 
secondary shocks built up in its wake. This will 
not occur if the pressure-time curve is initially 
monotonically-decreasing with asymptotic value 
p o . If the excess pressure has a negative phase, 
second shocks may develop in the negative 
portion of the wave but they cannot overtake 
the initial positive shock. In this case, the theory 
will apply to the positive portion of the wave if 
the line integral of Eq. 13-53 is extended to the 
time at which the excess pressure vanishes, 
instead of to infinity. 

The energy-time curve can now be expressed 


} (13-55) 


in reduced form as follows: 

£(/*) - 4 wR 7 p, u l pe 

“ I-. 


u«> 

l /dA _1 /bu\ 

P, W, «! \3f/, R 


i 


/(K,r)dT 


r - If - t m (R)]lp 

f(R.T) " r'pu/^P'U^ 
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The function f(Rj ) is the energy-time 
integrand, normalized by its peak value at the 
shock front, expressed as a function of R and a 
reduced time which normalizes its initial slope 
to -1, if p does not vanish, i.e., 

f{R, 0) = 1 
(a//ar)^ 0 = -l 

We assume f to be a monotonically-decreasing 
function of r. Elimination of p between the first 
two of Eqs. 13-55 yields the desired 
supplementary relation between the partial 
derivatives at the shock front. It, of course, 
involves integrals of Eqsi 13-47 for a knowledge 
of the reduced energy-time function. However, 
if f(a o /r )-u o is initial charge radius—is initially a 
monotonically-decreasing function of r, f(R'j) 
will remain so and will, at large R, become 
asymptotically a quadratic function of r 
corresponding to the linear form of the 
pressure-time curve shown by Kirkwood and 
Bethe 8 to be asymptotically stable. This means 
that e is a slowly varying function of R for 
which a sufficiently accurate estimate can be 
made without explicit integration of the 
equations of hydrodynamics. 

The initial pressure-time curve and energy-time 
curves of an explosion wave are rapidly 
decreasing. An expansion of the logarithm of the 
function in a linear Taylor series in the time, the 
peak approximation, is appropriate for an initial 
estimate of e. This corresponds to an 
exponential f(r), independent of.R 

f = e~ r , e = 1 

For the asymptotic energy-time curve of 
quadratic form corresponding to a linear positive 
portion of the pressure-time curve 

f » <1 -r/2) 2 , r < 2 
f = 0,T > 2, 6 = 2/3 

As an empirical interpolation formula between 
these two limiting values, Kirkwood and 
Brinkley 3 have employed the relation 

e(p) =1-1 exp[- p/p 0 ] (13-56) 

3 

When the four relations expressed by Eqs. 
13-50, 13-51, and 13-55 between the four 


partial derivatives bp/bt, bp/br, bu/bt, and bu/br, 
all at the shock front, are combined with Eq. 
13-52; we obtain an ordinary differential 
equation 

dp d eR 2 

+ j m (p,) = - 4 IT — p , 2 n(p,) 


where 
m(p,) = 

n(p,) = 


(13-57) 


2G(1 -Pq/Pj .) + 4p 0 /pi 
2(1 +J -G 

G(1 “ Pol Pi) 

2(1 + g) - G 


G - 1 - ( p 0 U/p lCl )* 

which is to be solved simultaneously with Eq. 
13-54. The constants of integration are the 
initial value of the peak pressure, the evaluation 
of which is discussed in par. 13-7, and the 
energy E(a Q )delivered to the shock wave; For a 
shock wave in air, this quantity may be taken 
equal to the energy of explosion since 
substantially all of the explosion energy is 
dissipated by the shock wave. For an undemater 
shock wave, it can be .assumed for a priori 
calculations that 50 percent of the energy of 
explosion is transferred to the initial shock 
wave, the remainder being transmitted as 
secondary pulses by the oscillation of the 
bubble. These equations can also be employed 
to extrapolate an experimental peak 
pressure-distance curve to distances nearer io or 
farther, from the explosion than thcee covered 
by the experiments. In this application, the 
constants of integration are chosen from 
experimental Values of p, and of dp, /dR at 
some value otR. 

The Eulerian time constant 0 of the 
pressure-time curve is 


_ 1 f/ W\ ~ 

- V U* AL 


1 /3p_\ _ Uj/pA /3p 
P, Ut V P, Uo ) l & 


(13-5(i) 


Using Eqs. 13-50, 13-51, and 13-55, we obtain 
^ «fr.) + 4ir 6/p,/ (13-59) 
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“(P,) = b(p,) 


2(P„/P,) ' 1 


fl- U-* 

* \7o < 


+ l)(c 0 J 3-Po) 


F(g) = I - £ —1 

£ 7o'+l l£ W7 J L 2 d +g) - G J 


(1 - P./Pi)[2(l + g) - G) 

b( . = (Pi/PcKX + g) ~ (Pi/Po - 1)0 
P> 2 (1 + «; - g 

For the peak approximation, the positive 
impulse I is given by Eq. 13-22 

/ = p,6 (13-60) 

For the asymptotic linear pressure-time curve, 

the positive impulse / is given by Eq. 13-23 

i = i P ,e (i'3-6i) 

Kirkwood arid Brinkley 3 have interpolated 
between these limiting values by means of the 
empirical formula 

/ = {1 - ~ exp [- p,/p„]jp,6 (13-62) 

an expression that has no theoretical 

justification and of which the form was chosen 
to give agreement with experimental values of 
the positive impulse. 

It is convenient for shock waves in air to 
express the excess peak pressure in units of p Q 
arid the distance in units of the initial charge 
radius a . Therefore, we/define 

O f 

£ = P/Po 

(13-33) 

& = R.K 

We also define a reduced energy variable U by 


_ 12 72 M( £ ) 
f(£} 7 0 +l[c?£ a . 

and where we have already defined 


m(j>) = 


■ 2G(1 - PolO i)> 4p 0 / Pl 
2(1 + g) - G 


G = 1 - 


The normalization of these functions has been 
so arranged that 

Lim (£ -» 0) m(p) m 1 1 

Lim (2 -> 0) F(£) - 3/2 j (13-66) 

Lim (£ - 0) f(£) - 1 J 

For shock waves in water, it is convenient to 

retain the definition of the reduced distance Jt 
but to define 


£ = P,/B 


+ 1) \p’ nJ Po/ 


where c o and 7 o are the sound' velocity and heat 
capacity ratio, respectively, of the undisturbed 
air. With these definitions, Eqs. 13-54 and 13-57 
can be written 

§-+| m <£) - - F(PJ (^ 5 > 

f = - i'SVfe) 


where B iuid k are parameters of the Tait 
equation of state 

P “ [B (pip 0 f - l] 


With these definitions, Eqs; 
reduce to Eqs. 13-65 with 
replaced by the quantity x. 
normalization leading to Eqs. 

The propagation equations 
another reduced form that is 
for the discussion of scaling. 


13-54 and 13-57 
the quantity y o 
In this form, the 
13-66 is preserved, 
can be stated in 
particularly useful 
We have defined a 
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characteristic length X by Eq. 13-27, which we In view of Eqs. 13-66, and recalling that e-*2/3 
write in the form asp -* 0, the asymptotic form of Eqs. 13-73 is 


X = ( Wq'/Po ) 1/3 


(13-68) 


where W is the weight of the explosive charge 
and q' is the energy released by unit weight of 
explosive. We also define a new reduced energy 
variable K by 


* - $ 


n = 


3 y‘i 


ir(7o + 1 ) 


w 


(13-69). 


dP _ 

dx Q 



Their solution can be written 

P = P, [Zn(R/R,)]' in 


(13-74) 


In terms of a reduced distance Z = R/\, the 
propagation equations can be written 


± + £. 

dZ Z 

dK _ 
dZ ~ ' 


m(g) = - 
Z 2 £* f(g) 


eZ 2 g* 

K 


F(Z) 


(13-70) 


For the shock wave in ai;, where all of the 
energy of explosion may be assumed to. be 
dissipated in the shock wave, the initial value of 
K can be calculated with D/(Wq’) * 1. For an 
underwater shock wave, an approximate initial 
value can be obtained D/(Wq') » 1/2 (and with 
y o replaced by k). 

For numerical integration, it is convenient to 


P = Rg 

Q = D/(Rg) 
or 

x - inZ 

P * Zg 

Q = KI(Zg) 

Then both Eqs, 13-65 and Eqs. 13-70 can be 
written 

dZnP P 2 

— =i- m(e)- — ff(£) 

(13-73' 


(13-71) 

(13-72) 

/ 


d$nQ 

dx 


m(p) - 1 +-^- - f<£) . 


Q= ZP 2 

where R, and P, are constants These results are 
in accord wi th those obtained by Kirkwood and 
Bethe 8 for the asymptotic nonacousticai decay 
of spherical waves of finite amplitude. 

In terms of the reduced distance fi and ths 
reduced energy variable £> the first of Eqs. 
13-59 can be written 


where 

A(g) - (u 1 /c 0 )q(g) 

S(E> = b( £ ) 

In terms of the reduced distance Z and the 
reduced energy variable K, the same equation 
has the form 

< 13 - 76 > 

where r is the characteristic time that has been 
defined by Eq. 13-27 . These expressions are 
applicable to shock waves in water if the heat 
capacity ratio y o is replaced by the exponent k. 

Kirkwood and Brinkley 8 , in a calculation 
cited by Cole 13 , have employed the propagation 
theory described in this paragraph to extrapolate 
the experimental peak pressure-distance curve, 
shown in Fig. 13-17, for the underwater 
explosion of TNT, to distances closer to the 
charge. The results of the calculation are shown 
in Fig. 13-19. The calculated peak pressures are, 
as is to be expected, in good agreement with the 
experimental values, although it is significant 
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that the theory is able to reproduce the 
experimentally observed rate of decay of peak 
pressure over the whole experimental range. The 
extrapolated value of the shock wave energy at 
the surface of the explosive is 561 cal/g, which is 
in excellent agreement with the experimental 
value of 580 cal/g and which constitutes a 
significant test of the reliability of the theory 
Tor underwater shock waves. 

Kirkwood and Brinkley 3 and Makino 15 have 
employed the theory to carry out a complete a 
priori calculation of the shock wave parameters 
for the blast waves produced by TNT and 
Pentolite. Their calculations employed a 
Hugoniot curve for air that has been made 
obsolete by more accurate thermodynamic data 
and, in consequence, their results are somewhat 
inaccurate. The calculations have been repeated 
by Shear and Wright 16 , using an accurate 
Hugoniot curve for air. Unfortunately, these 
authors evaluated only the peak 
pressure-distance curve and do not report values 
of the impulse. In Figs. 13-20 and 13-21, we 
reproduce the peak pressure-distance curves for 
TNT and Pentolite that were calculate d by Shear 
and Wright 16 .- For illustrative purposes, we 
reproduce the impulse-distance curve of 
Makino 18 for Penolite, Fig. 13-22, even though 
the experimental data shown in that figure are 


not the latestvaiues and the theoretical curve is 
not based on the same Hugoniot curve as that 
employed by Shear. and Wright. These curves 
have not been adjusted in any way by the 
experimental data and the good agreement 
between experiment and the theory indicates 
that the approximate propagation theory 
provides a description of the shock wave that is 
of acceptable accuracy. 

13-9 SHOCK WAVE SCALING 

Three different types of scaling procedures are 
involved in the application of theoretical or 
experimental determinations of s'- **•. wave 
parameters to the prediction of actuad 
effects of explosives. These involve scaling as to 
the size of the explosive charge, as to the 
ambient conditions of the undisturbed medium, 
and as to the nature of the explosive. Ruins for 
the first are easily derived from the fundamental 
hydrodynamic equations. Rules fPr the second 
and third cannot be deduced apart from a 
description of the explosion. If it can be 
assumed that the approximate propagation 
theory is of adequate accuracy, the discussion is 
simplified since the propagation theory defines 
the information that is required about the 
explosion. In this paragraph, we assume it to 



Reduced Dietance, R/a 0 


Figure 13-19 . Peak Pressure-distance Curve for the Underwater Explosion of TNT as 
Calculated by Kirkwood and Brinkley 


13-33 























AMCP 706-180 


have been established that the point source 
model of the explosion is insufficiently accurate 
i for shock waves generated by chemical 
explosives and that the approximate propagation 
theory described in the preceding paragraph 
provides a description of the shock wave that is 
sufficiently accurate fof ^practical purposes. 

The solution of Eqs. 13*65 and 13*75 can be 
represented by the expressions 

p, = pJ.IR ;£ <“o), U <a 0 );Po,To) 

D = alf 7 [£ (aj, U MiPoJo ] (13-77) 

9 * “ofilR M> D i'«J.'Po,7’o] 

and it follows that the impulse is of 'he form, 

/ = a 0 p 0 f 4 lR;£(a 0 ),UK);Po,T 0 ] (13-78) 

where A, f 2 , etc., are functions whose form is 
determined by the. actual solution of the 
equations, and where we indicate the 
dependence of the shock wave parameters on (1) 
the reduced distance fl = R/a o ; (2) the constants 
of integration * the initial reduced excess peak 
pressure £ (a o ), and reduced shock wave energy 
£ (a o )-, and (3) the ambient conditions of the 
medium which we describe by the ambient 
pressure p o and temperature T q . Alternatively, 
the solutions of Eqs. 13*70 and 13-76 can be 
symbolized by 

Pr- p 0 g\[Z;ji( a o);Po>To\ 

D = Wq' g 2 [Z i£(a 0 );p 0y T 0 ] 

e = (Wq'/Po) lls Co 1 ^3 
[Z ;£(a 0 );p 0 ,T 0 ] 

and it follows that the impulse is of the form 

I-M ) 1/3 p™ c* g<[Z; E (a 0 );p 0 ,T 0 }( 13-80) 

where g v g , ± , etc., are also functions whose form 
is determined by the actual solution of the 
equation, but where we need to indicate their 
dependence only on the integration constant 
£(a o ), since the initial value of the reduced 
energy variable K can be taken to be a constant. 

For shock waves from explosive charges of 
different n \ze but of the same explosive in the 
same medium at the same ambient conditions, 



these solutions can be symbolized by the 
simplified expressions 

Pr F,(RM * G(R/W 113 ) 

D= a*F 2 (R/a 0 ) = WG(R/W 113 ) 

6 = a 0 F a (R/a 0 ) « W 1 * G(R/W 113 ) 

I = a 0 F 4 (R/a 0 ) - W 1/3 G(R/W 113 ) 

Eqs. 13-81 are a statement of the usual rules for 
geometrical scaling. They state that the 
quantities p t , D/a 3 , Q/a o , and I/a are similar 
when presented as functions of ?he reduced 
distance R/a , or alternatively that the 
quantities p° D/W, 0/W ll3 t and I/W 113 are 
similar when presented as functions of the 
distance variable R/W 113 . 

The functions on the Hugoniot curve in the 
integrands of Eqs. 13-70 and those defined in 
connection with Eq. 13-76 are functions riot 
only of the reduced excess peak pressure £, but 
also, in general, of the ambient state of the 
medium which we have designated by p o and 
T 0 . If the medium is a polytropic gas or if it can 
be described by an equation of the form of the 
Tait equation, as is the case for water, it is easy 
to show that the functions on the Hugoniot 
curve of Eqs. 13-70 and 13-76 are universal 
functions of the reduced excess peak pressure p 
and do hot depend explicitly on the ambient 
state of the medium. Tn this event, Eqs. 13-79 
and.13-80 can be simplified to 

p,= Pogilz;£(<>o)] 

D= Wq'g 2 {Z ;£i (a 0 )\ 

) (13-82) 

e = (Wq'/pJ 113 c; 1 g 3 [Z;£(a 0 )] 

I = (Wq‘) ll3 p™c2 gi lZ;£(a 0 )) 

Since the Tait equation provides a satisfactory 
equation of state for water, the scaling implied 
by Eqs. 13-82 can evidently be employed for 
shock waves in water. It has been shown by 
actual calculation that the propagation 
equations for shock waves in air can, as a good 
approximation, employ a polytropic equation of 
state to evaluate the functions appearing in Eqs. 
13-79 and 13*80, provi^ 1 the evaluation of the 
constant of integratioi. J /fo o ) is based on the 
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actual Hugoniot curve for air. This result, which 
can properly be termed a “numerical accident”, 
means that the scaling implied by Eqs. 13*82 is ? 
good approximation for shock waves in air. 

It is a widely adopted practice to represent the 
shock wave parameters for some particular 
explosive by defining an “equivalent weight” of 
a reference explosive, usually TNT. It is then 
assumed that the shock wave parameters of the 
explosion of interest are those for the explosion 
of the equivalent weight of the reference 
explosive, in the same medium at the same 
ambient conditions. If peak pressures are shown 
for the explosion of interest, the equivalent 
weight may be evaluated by matching such 
pressures with those for a fixed weight of the 
reference explosive. The equivalent weight is 
properly defined by energy considerations based 
on Eqs. 13-82. 

The description of the shock wave from an 
explosion by the statement that it can be 
represented by the shock wave from an 
equivalent weight of a reference explosion 
assumes that Eqs. 13-82 can be approximated by 


the relatively smaller dissipation of energy at the 
shock front. The range of utility of the concept 
of a weight equivalent of another explosive is 
correspondingly more limited. 

Sachs 14 has based a procedure for scaling 
shock waves in air to different ambient 
conditions on the assumption that the blast 
wave parameters depend dominantly on the 
energy of explosion. This scaling procedure is 
also implied by Eqs. 13-83. However, the initial 
shock wave pressure 2i a 0 ) ]S not > e?/er * 
approximately, independent of the ambient 
conditions, and Eqs. 13-83 are not, strictly, a 
good approximation to Eqs. 13-82 for scaling 
explosions with the same explosive as to changes 
in the ambient conditions of the medium. 

In spite of this conclusion, Sachs scaling is 
experimentally verified as a procedure having 
asymptotic validity. This asymptotic validity is 
the result of the insensitivity of the shock wave 
parameters to the initial shock wave pressure. At 
points close to the explosion, deviations must be 
anticipated from the predictions of the Sachs 
scaling procedure. 


P, = Pogl(Z) 

D - Wq'g 2 (Z) 

6 - (Wq'/pj 1 ' 3 c? gl (Z) 

I » (Wq‘)'l* pi* c* Si (Z> 


(13-83) 


This approximation is valid if the value £(a o ) is 
the same for both explosions or if the shock 
wave parameters are insensitive to this constant 
of integration. Because of the phenomenon of 
dissipation at the front, discussed in par. 13-7, it 
turns out that the parameters of the shock wave 
in air for shock waves of equal energy are quite 
insensitive to the value of the initial shock wave 
pressure. Eqs. 13-82 are thus a reasonably good 
approximation to Eqs. 14-82 provided the initial 
shock wave pressure of the explosions being 
compared are of the same order of magnitude. 
For such cases, the description of the effect of 
the explosion by that of an equivalent weight of 
a reference explosive is then a valid procedure. 
The procedure becomes invalid for widely 
different values of the initial shock wave 
pressure. For shock waves in water, the shock 
wave parameters are much more sensitive than in 
air to the initial shock wave pressure because of 


13-10 EXPLOSIVELY-PRODUCED SHOCK 
WAVES IN SOLIDS 

There is an extensive literature covering the 
response of solids to explosive loading. Reviews 
have been given by Duvall 2 ^ and by 
McQueen 27 . In most of the work the explosive 
has simply been used as a tool to provide loading 
of the solid at high stresses and high strain rates. 
The development of explosive plane wave 
generators has made it possible to produce plane 
detonation waves in solid explosives, and these 
plane detonation waves have been used to 
produce shock waves in solid samples under 
conditions of uniaxial strain. When the explosive 
is in direct contact with the solid, shock wave 
pressures of the order of 10 6 atm and strain 
rates of the order of 10® sec -1 are typically 
produced in a solid. The simple uniaxial strain 
conditions make it relatively easy to calculate 
the developing shock waves and flow fields, 
using the standard computational techniques 
discussed earlier and in Chapter 14, e.g., the 
artificial viscosity method of von Neumann and 
Richtmyer 10 . 

The detailed response of a solid to explosive 
loading is, of course, a function of the material 


j 1 
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properties. In general, the constitutive equation 
for the material must be known, and this 
depends in tum on the microscopic properties of 
the material. For example, in a metal the stress 
histoty due to explosive loading with a given 
explosive will depend on i .^cb things as the stress 


dependence of the mobile dislocation, density 
and mobility 28 . 

Thus, explosively-produced shock waves are 
currently serving as productive tools for 
investigating both macroscopic and microscopic 
behavior of solids undergoing rapid loading. 
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CHAPTER 14 COMPUTER PROGRAMS FOR EXPLOSIVE CALCULATIONS 


14-1 INTRODUCTION 

A great many large-scale computer programs 
have been developed for handling explosive 
calculations. This chapter presents a discusston 
of tne types of problems solved and some of the 
techniques used to solve them. The relative 
advantages of the techniques are described and 
several general-purpose computer programs, or 
codes, are referenced. 

Stress wave computations analyze the 
detonation of an explosive, expansion of the 
products, and propagation of resulting stress or 
shock waves into adjacent materials. Three 
elements are required for these calculations: (1) 
hydrodynamic* calculations-a procedure for 
following the progress of a shock or stress wave; 
(2) equation of state of the reacted, unreacted, 
and inert materials; and (3) a mathematical 
model of the reaction process—a procedure for 
following the transformation of the explosive 
from unreacted material to explosive products. 
These three elements will be described 
separately in the chapter, although they may be 
interwoven in computer programs. Computer 
programs are available which handle all three 
aspects of wave propagation; others deal only 
with the construction of an equation of state for 
the explosion products. 

14-2 METHODS OF HYDRODYNAMIC 
CALCULATIONS 

14-2.1 INTRODUCTION 

A number of well-developed procedures are 
available for solving problems of wave 
propagation. Each is a technique for integrating 
the governing set of differential equations. These 
equations are the flow equations, representing 
conservation of mass, momentum, and energy, 

* “Hydrodynamic'* rcfera here to computations 
providing for the conservation of mass, momentum, 
and Gnergy in the flows. Originally, these 
computations dealt with pressure, not stress, and so 
were hydrodynamic. Mure recently material strength 
has been added to many calculations, but the name 
has not changed. 


plus the associated equations of state and the 
reaction mechanisms. 

The two most popular techniques are the 
methods of characteristics and of artificial 
viscosity. Several subcategories are available 
under both of these methods. The procedures 
are outlined in the discussion which follows and 
their appropriateness for certam types of 
problems is discussed. The description is not 
given in sufficient detail for guiding a 
computation, but is only intended to indicate 
the nature of the computation, point out 
inherent weaknesses of the methods, and 
anticipate some of the difficulties in each 
approach; the references contain details of the 
procedures. 

14-2.2 METHOD OF CHARACTERISTICS 

In the method of characteristics the governing 
differential equations are integrated along 
certain preferred^ines, called characteristic lines, 
in the distance-time (x,f)-plane for 
one-dimensional flow. The characteristics are 
surfaces for problems depending on two space 
dimensions and the time, and hypersurfaces for 
three space dimensions. The characteristics 
derive their import mce from the fact that the 
governing set of equations may be converted 
into an equivalent set, each member of which 
contains only derivatives in one of the 
characteristic directions. Hence, problems in 
wave propagation can be solved by integrating 
this second set of equations along the 
characteristic lines. The lines correspond to the 
motion of wave fronts or particles in the 
(x,U-plane and therefore have physical as well as 
mathematical significance. Shock waves do not, 
in general, travel along characteristics; therefore, 
a separate treatment is usually required for 
shocks. A complete solution is produced by 
combining the characteristic and shock 
calculations. 

We collect here—from Eqs. 2-113, 2-104, 
2-103, and 2-108—the moss and momentum 
equations for one-dimerisional plane flow, 
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expressed in Eulerian* variables, together with 
the equations that depend only on material 
properties but not on geometry: 



■ 0 for iMnUopk: flow 


p " p(p.r ,J 


in**) (14-1) 

(momentum) (14-2) 
(wergy) (14-3) 

(reaction) (14-4) 

(entropy) (14-5) 

(eq.oftuto) ( 14 - 6 ) 


where x is the Eulerian space coordinate, u is the 
particle velocity, R ( is the reaction rate, p f is the 
chemical potential, n ( is the mole number, and S 
is entropy. The total derivatives refer to 
differentiation along a particle path. 

As noted in par. 2-7' the three characteristic 
directions are 

— * u +c; — * -c = u (14-7) 
dt dt dt 1 1 


where c is the isentropic sound speed. The 
differential equations along the first two 
characteristic directions are obtained from Eqs. 
14-1 and 14-2 (see Courant and Friedrichs 1 , p. 
82)** 



* Eulerian variable* form a fixed {rrid In sp«\ce; the flow 
moves put tfcvm. By contrast, a Lagranglan 
coordinate system moves with the particles of the 
flow. 


Here p, the pressure, is related to p and c by 

(14-9) 


....... 


The X ; is a reaction coordinate, varying from 0 
to 1 as the j-th reaction goes to completion Eqs. 
14*3 through 14-6, together with the path 
relations, Eqs; 14-7, comprise a complete set for 
the solution of reactive flow problems in the 
absence of shocks. The shock fronts are treated 
using the Hugohiot jump conditions, Eqs. 2-133 
and 2-1341, together with the equation of 
state. Two numerical procedures for integrating 
the equations and solving for the flow are 
presented: theMassau and the Hartree methods. 
The discussion here pertains only to points 
within the flow, not along the initial 
characteristic or on boundaries. (The reader is 
referred to Courant and Friedrich/) 1 , CJhou, 
Karpp and. Huang 2 , * Hartree 3 , and Meyer* for 
more complete treatnrent.) 

The Magsau computational procedure (see 
Meyer 4 ).is explairtij u with >;refe?<jncc'to Fig. 14-1, 
a set of time>&tunce diagra&u for flow. 
Lines w/lth positive slope irj fig. 144(A) are 
characteristics for which dxMi,t = u ~ c\ the 
others are for u -c. The so ’• is obtained at 
the intersection points these two 

characteristics. Because the sla^tf depend on the 
flow variables, the grid is cuti* sucted (in the 
numerical order of the points) coi :cr rantiy with 
the computation. Fig, 14-1(B) slip) U typical 
intersection at point D of all three 
characteristics. An iteration scheme is adopted, 
to define the location (x, t) and thermodynamic 
state (p, u, c, c) at point D. First, u and c are 
estimated at D; X D and t D are computed and 
the thermodynamic properties at B are found by 
interpolation between those at A and C. Then 
the characteristic equations (Eqs. 14-8), energy 
equation (Eq. 14-3), and reaction rate equation 
(14-4) are integrated, taking into account the 
equation of state (Eq. 14-6), to obtain improved 
values of the six quantities at point D. This 
integration is repeated until the differences 


**The reaction terms on the right hand side are 
obtained from works such as that of Stanyukovlch 62 . 

■j* If the reaction is presumed to occur at the shock 
front, the energy equation becomes 


e i =e o+T<Pl + Po>( V o- L \>+ «• 
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between the quantities on two successive cycles 
are less than a desired limit. 

One disadvantage of the Massau technique is 
the lengthy iteration in-space and time to locate 
the intersection point D. The Hartree 3 
technique simplifies this problem by choosing all 
the grid points on constant time lines as shown 
in Fig. 14*2. The known points are A, B, and C. 
The point D is on the particle path from B. 
Points A' and C' are found by extending the 
estimated characteristic lines back to the time 
associated with A % B, and C. After locating 


points D t A' andC' approximately,,^ iteration 
proceeds as in the Massau technique. The 
Hartree method has two distinct advantages over 
Massau’s: 

(1) Computations oc^ur at constant 
times, thereby imposing a natural order on the 
computations. 

(2) Information is obtained along particle 
paths. These data are directly comparable to 
records from embedded gages which move with 
the material. 

Comparison computations suggest that the 



(A) GRID FOR A RIGHT-MOVING WAVE 



(B) GRID FOR MASSAU COMPUTATION SCHEME 

.Figure 14-L Typical Characteristic Grids in the Distance - time Plane 
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errors from the two techniques are similar (see 
Chou^ Karpp, and Huang 2 ). 

If shocks occur* their trajections in the 
(x, 0-plane must be constructed during the 
computation. Thermodynamic state variables on 
either side of the shock liner are computed from 
the Hugoniot jump conditions. Normally, the 
starting point of each shock trajectory must be 
anticipated by the programmer; special provision 
must be made for each possible occurrence and 
disappearance of a shock front. If the 
computation begins with a strong shock, as in ah 
impact, the shock is easily followed. If a shock 
develops or disappears, as in a transition from 
deflagration to detonation, then the 
computations are much more difficult and the 
shock location is established by trial. 

For computational purposes, a shock is 
assumed to be initiated at a point where two 
successive characteristic lines of the same sign 
intersect. To avoid the computational 
difficulties associated with the presence of 
shocks, approximate procedures are sometimes 
used to eliminate these intersections. In the NIP 
code of Lamboum and Hartley 6 the lower 
pressure characteristic is simply discarded. 
Another approach is to. average the sound 
velocities of the intersecting characteristics to 
produce a pseudo-characteristic; this is the 
weak-shock analysis of Friedrichs 6 , Whitham 7 , 
and Blackstock 8 . 


Because of the inherent complexities 
introduced by the presence of shocks, a quite 
different technique for using the method of 
characteristics has been developed. In this 
approach, exemplified by the Stress Wave 
Analyzing Program (SWAP) computer program 
(see Barker 9,10 ), all waves are represented by a 
series of shock waves. Hence, the Hu&dniot jump 
conditions are used throughout the fotj-plane, 
replacing the differential equations for 
continuous flow, Eqs. 14*1 to 14-8. The grid 
used is similar to that for the Massau technique. 
The isentropic sound speed c is replaced by 
shock speed U for defining the directions of 
characteristics. SWAP is rare among 
characteristics codes, because it is designed to 
treat a wide variety of one-dimensional problems 
(radiation deposition, plate impact, and 
detonation). Shock trajectories are located by 
the program; they do not need to be 
pre-positioned by the programmer. The current 
program (SWAP-9) does hot handle 
rate-dependent phenomena; hence reaction 
mechanisms are excluded, although a C-J 
detonation is permitted. 

For simplicity, this discussion has been limited 
to planar one-dimensional flow. However, 
characteristics have been used for cylindrical and 
spherical one-dimehsional problems (see Chou, 
Karpp and Huang 2 ), in two-dimensional planar 
problems (Barthel and Strehiow 11 ), in 



Figure 14-2. Characteristic Grid forHartree Computation Scheme 
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two-dimensional axially symmetric calculations 
(Richardson 12 ), and in three-dimensional flows 
(Chushkin 13 ). 

14-2.3 METHOD OF ARTIFICIAL VISCOSITY 

One approach to calculating wave propagation 
is to simply put the governing differential 
equations in finite difference fo'.m, and integrate 
numerically. Computations of this type 
generally lead to fictitious pressure oscillations 
near discontinuities such as shocks. The 
amplitude of these oscillations may increase 
indefinitely with time, thus effectively 
terminating the computation. To reduce these 
oscillations and produce a stable scheme which 
could account for shocks, von Neumann and 
Richtmyer 14 suggested adding an artificial 
viscosity. The viscous stresses are significant 
only at shock fronts, and they act to smooth the 
shock fronts over several cells of the finite 
difference grid and reduce oscillations at the 
wave fronts. The artificial viscous stress is 
intrepreted physically as the difference between 
mechanical or external stress (which follows the 
Rayleigh line*) and thermodynamic stress 
(which lies on the equation-of-state surface) as 
shown in Fig. 14-3. 

Many types of artificial viscosity have been 
introducedf but in one-dimensional problems 
only the linear 16 and quadratic 14 forms are in 
general use. 

The linear and quadratic artificial stresses are 
given by 

q L = -pC L c (|~)AX 


q 9 + pC% (fa) AX 2 

* The Rayleigh line is a straight line in the fi’.vj-or 
fP.uj-pianes connecting the initial state to a final 
shocked state on the Hugoniot curve. It is the locus 
of P t v or P,u states consistent with a single shook 
velocity. 

| Forms of von Neumann and Richtmyer 14 
Landshoff 16 , Langley 16 , and Lax and WendrofC 1 1 
are discussed by Frank and Lazarus 18 and by A.F. 
Ei,\ery 19 . Richtmyer and Morton 20 describe the 
effective viacoaity form of Godunov 21 and some of 
the above. Additional, more complex forms.are used 
for two- and three'dimensional problems 22 . 


Pi. <o (14-10) 


<h = - 0 g- > 0 (14-11) 

where p and c are density and. sound velocity, 
respectively; u is particle velocit/; and A,X is the 
grid spacing. The dimensionless coefficients, Q, 
and Cq> which govern the amount of viscous 
dissipation, normally have values around 0.1 and 
2.0, respectively. The quadratic term provides 
dissipation only very near the shock front but is 
not very effective in eliminating small and 
low-frequency oscillations. Since the linear form 
does damp out oscillations but increases rise 
time excessively, it is usually advantageous to 
use a combination of both forms. Examples of 
the use of each form in impact calculations are 
shown in Figs. 14-4(A) and (B); note that the 
wave front remains steep with quadratic 
viscosity, while the oscillations die out quickly 
with the linear form. 

Finite difference computations have been 
based on Eulerian, Lagrangian, and hybrid 
formulations of the flow equations, and have 
treated one-, two-, and three-dimensional 
problems. For simplicity, the discussion of 
details of the computational procedure is 
restricted to one-dimensional, planar Lagrangian 
coordinates. For this geometry the materia may 
be considered discretized into, a large number of 
-cells in the directions of motion and with unit 
cross-sectional area. The computations then 
treat motion through this grid or array of cells. 
For the most stable and accurate results, the 
numerical integrations are not based on the 
differentia equations, but on integral forms of 
the conservation relations. These conservation 
relations are, in finite difference form: 

-V, ■ X Q f U&t (velocity) (14-12) 

°1 " (maw) (i4-13) 

U, » U 0 * ~ | 4(S , ♦ Qij Ai (momentum) (14-14) 

£, • E q ♦ tS + Qin/Du-VDt)*! ^p t R, (energy) (14-1B1 

where Z is the constant mass per unit area of a 
cell; X and U are position and velocity of the 
cell boundaries, respectively; AX is the current 
distance between adjacent cell boundaries; D 
and E ore density and internal energy, 
respectively; and S and Q are thermodynamic 
and artificial viscous stresses, respectively. The 
subscripts o and 1 refer to time t u and (t a + Af), 
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Figure 14-3. Paths Traversed by Thermodynamic and Mechanical Stress Through a Shock 
Front; Definition of Artificial Viscous Stress 


respectively. The quantities used for 17, D , £>, 
and Q, AS, AQ, and At are chosen to provide 
ah accurate representation of the conservation 
laws; the differences between methods lie in 
these choices. 

The progress of computation is illustrated in 
the distance-time plane in Fig. 14-5 which shows 
coordinate points (iabeled C and 0) and other 
points (labeled H and A). The flow and 
thermodynamic variables are computed at some 
or all of these points. Calculations proceed from 
left to right, one coordinate (set of A , C, H 
points) at a time, updating X, C7, D t etc., to the 
hew time, t Q + At. When the right boundary is 
reached, computations begin again at the left for 
the next time increment. The simplest 
computation scheme is the leapfrog method of 
von Neumann and Richtmyer 14 in which 
density, energy, and stresses are computed at H 
points, particle velocity at coordinate C points, 
and X at A points. With this layout, the 
computed velocity equals U (the average 
velocity between times associated with X Q and 
X ) in Eq. 14-12, the two derivatives in Eq. 
14-14 [hU/bt and 3 (S + Q)/3X] are centered at 
the same point, and the density calculation of 
Eq. 14-13 os exact. The stress quantities in Eq. 
14-15 are averages at two H points for successive 


times, hence the stress at (t o + At) must be 
known to integrate Eq. 14-15. For equations of 
state in which density is linearly related to 
energy, Eq. 14-15 can be solved simultaneously 
with the equation of state; For more complex 
equations of state, E and D are found by 
iteration (see Brodie 23 for an example). 

Another integration procedure is typified by 
the two-step Lax-Wendroff method of 
Richtmyer and Morton 20 . In that, all flow and 
thermodynamic quantities are computed for 
both C and H points. The H points are treated as 
subsidiary, so the difference equations (Eqs. 
14-12 to 14-15) for those points are not 
required to be centered. The energy equation 
(Eq. 14-15) is directly integrable because (S + 
QJ-term is taken as the average of the stresses 
one-half time step earlier, and these are known 
at the time of integration. Hence, for complex 
equations of state, this two-step method has ah 
advantage over the leapfrog method. Because 
there are twice as many hydrodynamic 
computations in the two-step as in the leapfrog 
method, the computing tifne is longer for simple 
equations of state. 

Besides the leapfrog and two-step 
Lax-Wendroff integration schemes, there are 
several others which have been used successfully. 
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Among these are schemes due to Lax 24 (a 
method which uses second derivatives and only 
C points in Fig. 14-5), Lax and Wendroff 17 - 20 
V one-step with second derivatives), Godunov 21 , 
arid Seaman 28 (a double-leapfrog scheme 
combining, features from the two-step 
Lax-Wendroff and leapfrog methods). The 
double-leapt jog method allows direct integration 
of the energy equation, yet remains stable in the 
presence of boundaries and high density 
jpaoie'nts, unlike the two-step Lax-Wendroff 
method. Wilkins 22 developed a two-dimensional 
version of the leapfrog scheme; this version is 
the basis of the general-purpose codes HEMP 
and PIPE* 6 , Other practical two-dimensional 


schemes are those of Trulio 27 , Lax 24 > 
Rusanov 28 , and Herrmann 26 . 

In setting up the integration schemes for a 
computer program, the following general rules 
should be followed to avoid stability problems: 

(1) Centered, first order differences 
should be used to represent first order 
derivatives. 

(2) The time increment must be less than 
AX/C for all cells (the Courant-Friedrichs-Lewy 
conditions 20 ); It should be much smaller (e.g., 
0.02 AX/C) for the first few cycles, and should 
be allowed to increase only gradually (e.g., 20 
percent) at any step. 

(3) The artificial viscosity must be 



Figttre 14-4(A). Stress Histories Generated in Tungsten by an Impact With C-7 Epoxy: 
Quadratic Artificial Viscosity Only , With a Coefficient of 4.0 
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sufficient to force the mechanical stress to 
follow the Rayleigh line f but not so large that 
the stress-volume path is markedly concave 
downward. 

(4) The computation scheme in a 
two-step method should exhibit sufficient 
feedback in the computation of velocity and 
stress to maintain stability; i.e., the equations 
must be so arranged that an overestimate in 
velocity on one cycle will lead immediately to a 
stress gradient which will correct the velocity on 
the next cycle. The double-leapfrog scheme* 5 
features this feedback, and therefore is usable 
with high density gradients, seriously 
mismatched materials, and equations of state 
with regions of imaginary sound speed. 


For bach problem, a grid or cell size must be 
selected which is appropriate to the materials 
and to the detail required in the results. 

Normal values of artificial viscosity will smear 
shock fronts over three or four cells; the cell size 
should be chosen with this in mind. At 
interfaces between materials the cell thickness, 
AX 1 and should be chosen for equal 

crossing times, ne., 


A*! AX 2 

C 1 c 2 


(14-16) 


where c is the relevant wave or shock velocity. 

The artificial viscosity method is well suited to 
the construction of general purpose programs, 
tihock formation and disappearance, and shock 
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Figure 14-4(B). Stress Histories Generated in Tungsten by an Impact With C-7 Epoxy: 
Linear Artificial Viscosity Only , With a Coefficient of 0.5 
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fronts are provided for naturally in the 
computations, without requiring that the 
program or programmer know in advance the 
locations of these phenomena. After a stable 
scheme for handling tht hydrodynamic 
integrations is produced, arbitrarily complex 
equations of state, strain-rate-dependence, 
combustion reactions, radiation deposition, heat 
conduction, fracturing, and other capabilities 
may be readily added. For this reason, many 
artificial viscosity computer programs can 
handle wave propagation initiated in three ways: 
by impact, radiation deposition, and detonation. 
The method is also.readily extended to two- and 
three-dimensions. 

The principal difficulties with the artificial 
viscosity method are the erosion of wave fronts, 
and the computer times required. The wave 
front erosion is serious if details of the wave 
front, such as time-dependent precursor decay, 
are of interest (see Fig. 14-6 for a comparison of 
precursor decay from a viscosity calculation 
with that obtained from an analytical 
calculation). For attenuating waves, the viscosity 
augments the rate of dissipation. Computing 
times are usually much longer than for 
characteristics codes for comparable problems. 
For multi-dimensional problems, the computing 


costs can be very high. To minimize costs, the 
grid is usually very coarse on these problems; 
then the results are also coarse. 

Many computations are not suited to the 
Lagrangian formulation. Lagrangian is most 
appropriate if the motions and distortions of the 
material are sufficiently limited for the cells to, 
retain their basic shape (e.g., a square ce r a 
stretched to a long rod no longer represente the 
material very well). During some computations 
the distortion is eliminated periodically by 
“rezoning”, i.e., redefining the Lagrangian cells; 
When there are large distortions, however, such 
as in a fluid flow problem, Euierian (nonmoving) 
variables are probably appropriate. The Euierian 
approach is often faster thim Lagrangian, but is 
less accurate for solids, and requites extensive 
programming to handle material interfaces and 
elastic-plastic behavior, the OIL code 30 is one 
example of an Euierian program. 

In an effort to combine the advantages of 
Euierian and Lagrangian variables, many 
programs have been written with a mixture of 
the two types of variables. Frank and Lazarus 13 
treated a two-dimensional problem in-which the 
variables were Euierian in one direction* 
Lagrangian in the other; this technique is 
appropriate for many laminar flow problems in 
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Figure 14-5. Grid for Depicting Coordinates and Time Increments 
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which the motion is primarily in one direction. 
The STRIP code was developed by Trulio 31 to 
handle two-dimensional spherical problems with 
the radial variables being Lagrangian, but 
variables in the 0 direction being Eulerian. 
Noh 32 wrote the CEL code for fluid flow past 
solid objects; for that problem it was convenient 
to use Lagrangian variables for the solid, and 
Eulerian for the fluid. In the AFTON codes 
Trulio 83 attempted to follow the flow with 
Lagrangian or other moving variables and to 
rezone frequently to reduce grid distortion; the 
rezoning tended to erode wave fronts 
excessively. More recently he has developed a 
moving coordinate system 3 * which emphasizes 
(with a fine mesh) the wave fronts. The moving 
coordinates were designed specifically for the 
problem of radiation deposition in a thin surface 
layer; at eariy tiroes, very fine cells are needed in 
that surface layer, later the small cells are 
needed elsewhere and the surface layer can be 
represented by large cells. For the 
two-dimensional radiation problem it has been 
appropriate to use an Eulerian or PIC (discussed 
later) computation during the eariy, violent 
motion, and.a Lagrangian grid later. Evidently, a 


grid system appropriate to the problem at hand 
can usually be found and used successfully. 

The preceding artificial viscosity formulations 
are ail of the explicit type, except for iterations 
associated with the equation of state. This 
approach, in which the variables at each time are 
determined by extrapolative formulas from the 
previous time, is by far the most common. By 
contrast, in implicit methods 29 the variables at 
each time are a function of all other variables at 
the new time as well as those at previous times. 
The flow equations are solved by “closed" 
numerical integration schemes. .Implicit methods 
may be designed so as not to require short time 
steps like those needed for explicit methods. 
Therefore, if details of the wave fronts brother 
information requiring short time steps are hot of 
interest, an implicit scheme may be 
advantageous. The solution at each time 
increment is produced by iteration, the tint set 
of values being obtained from equations of 
“open” type, and the later values from “closed" 
type equation* A code based on an implicit 
method was derived from an integration of the 
flow equations along approximately 
characteristic lines by Muller 3 6 for the 



Figure 14-6, Stress Profiles Following Impact in a Material Represented by Simple Aneiastic 
Model 
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computation of nonlinear acoustic flow without 
shocks. 

14*2.4 PARTICLE-IN-CELL METHcO 

The particle-in-cell (PIC) methoa 36 * 37 is a 
mixture of Lagrangian and Eulerian techniques, 
and generally requires a computer with both a 
large memory and high speed. It is especially 
useful for problems in which there are large 
distortions. The fluid may be visualized as 
discretized into small lagrangian particles with 
mass, velocity, and energy, but no shape. During 
the computation, these cells are passed through 
a fixed Eulerian grid. During each time step, two 
types of calculations occur: a computation of 
pressure and energy in the Eulerian cell based on 
the number of particles in the cell, then a 
determination of the motion of each Lagrangian 
particle from the pressure gradients on the 
particle. The stability of the computations 
arises, according to Harlow* 6 , from an artificial 
viscosity introduced unintentionally in the 
averaging process. Some of the disadvantages of 
the method are ito high computing cost 36 , the 
jumps in pressure associated with quantized 
changes in density, and difficulty in handling 
elastic-plastic properties. Harlow presented 
figures from two-dimensional PIC computations 
of a crater formed by the explosion of a 
spherical charge on the surface of the ground; 
this exemplifies well the la; je distortions treated 
in PIC problems. 

14*3 EQUAT10NO F-STATE COMPUTATIONS 

An equation of state is a relationship between 
thermodynamic variables which describe 
equilibrium states of a material. The relationship 
can bo visualized as a multidimensional surface 
whose coordinates are the thermodynamic 
variables. In an equilibrium process, the material 
state moves across the surface; in a shock or 
reaction process, the end points are on the 
surface but intermediate points may be off the 
surface. An example of Bugoniot curves on 
equation-of-state surfaces is shown in Fig. 14-7. 
In the shock front the material state follows the 
Rayleigh line from 0 to A. In the subsequent 
reaction, the state follows the Rayleigh lit 
from A to the C-J point. 

In this paragraph, computer codes are 
discussed which develop the equation of-state 


relationships for reaction products, given the 
equations of state of each constituent; i.e., these 
codes could be used to develop the upper curve 
in Fig. 14*7. The computations generally follow 
the analyses in Chapter 2 and Appendices A, B, 
and D. Examples of these codes are the 
STRETCH, BKW 3g , RUBY**, and TIGER 40 . 
The TIGER code was constructed with the aid 
of experience gained from the earlier two; its 
characteristics are described in the paragraphs 
which follow. 

The TIGER computer code calculates the 
composition and thermodynamic variables 
associated with equilibrium states of reaction 
products. The user supplies the chemical 
formula (or formulas, for a mixture) of the 
condensed explosive and specifies the state 
points of interest State ooints which are 
obtainable are the C-J point, the constant 
volume explosion point, a series of Hugoniot 
points, a series of points on an ben trope, or any 
arbitrary point for which two thermodynamic 
variables are specified. The program uses the 
analysis of Chapter 2 to satisfy the 
stoichiometric and chemical equilibrium 
conditions, and the equations of state of each 
constituent—combined with the Hugoniot, 
isentropic, and C-J conditions—to find-the state. 
The printed output for each state point includes 
the constituents, the thermodynamic variables, 
and derivatives—such as the specific heat, the 
thermal expansion coefficient, and the adiabatic 
exponent. For each point the constituents may 
be represented by either a perfect gas law or a 
Becker-Kistiakowsky-Wilson equation of state. 
The resulting states are equilibrium states and, 
therefore, do not represent a reaction process. 
To be able to estimate properties of 
nonequilibrium states, points may be computed 
with the constituents either frozen to those of a 
prior equilibrium state, or free to assume u new 
equilibrium configuration. The transient stids 
may be presumed to lie between these two 
states. 

Within the TIGER program there is a basic 
thermodynamics routine (THERMO) which 
solves for equilibrium composition given two 
cquation-of-state variables. Within THERMO the 
basic variables are the n f (mole numbers for cdl 
gas phase constituents), r} k (parameters related 
to chemical poten ials—one per element present), 
temperature T, and a pressure-related variable 
P r Because of the hi'frly nonlinear relations 
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among these variables, a two-level iteration 
procedure was devised. To start the procedure 
the n t are estimated; the may be taken as 
equal for all constituents. This estimate serves as 
a basis for determining the T, and P 1 values 
from the stoichiometric conditions (which 
require conservation of each element in a 
reaction, see Eqs, .2-5 and 2-10) and the 
equation of state. With fixed tj*. T, and P ; the 
n t are determined from the chemical equilibrium 
conditions (Eq. 2-30) in the inner iteration loop 
by the Newton-Raphson method; With l,z w 
values for the n f ; the t?., T, and P t are 
determined in the outer iteration loop. The 
inner and outer loops are repeated in order until 
values computed in successive cycles meet the 
convergence criteria. 

Hugoniot points, the C-J points, isentropes, 
etc., are calculated by repeated calls to 
THERMO. For .example, to compute the C-J 
point, the constant volume explosion state is 
first computed by providing THERMO with two 


state variables, the energy of formation and 
initial specific volume. The first approximation 
to the C-J point is obtained by providing 
THERMO \rith T o and V 1 where T o is the 
temperature at the constant volume explosion 
point and 



V o and k q are specific voiume and adiabatic 
exponent, respectively, of the constant volume 
explosion point. The equation for Y v is derived 
f/om the C-J condition. By use of this initial 
approximation, the iteration procedure finds 
improved values of pressure and specific volume 
which are used in the next call to THERMO. 

In wave propagation programs the principal 
thermodynamic variables are pressure, internal 
energy, and specific volume (or density). In the 
artificial viscosity codes, the equation-of-state 
subroutines are provided with energy and 
density und expected to yield values of pressure. 



Figure 14-7. Hugcniots and Paths for Steady-state Shock and Reaction in a Homogeneous 
Explosive 
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Therefore, for use in wave propagation 
calculations, the most convenient equation of 
state is one in which pressure is an explicit 
function of energy and density. An example of 
the transformation which may be required to 
put an equation of state in tractable form is 
given by Zemow, etal. 41 . Initially, they used the 
equation of state to compute pressure for a grid 
of points in (E,p )-space, and then interpolated in 
this grid for the wave propagation calculation. 

14-4 REACTION ' MECHANISMS FOR 
COMPUTATIONS 

The reaction mechanism is the process by 
which the unreacted material bums or detonates 
to become the reaction product. If the reaction 
process is not of interest, then a very simple 
computational scheme can be used. However, 
for a study directed toward determining the 
induction time, initiation and fadeout of 
detonation, and other phenomena governed by 
the reaction zone; the reaction process is 
modeled more carefully. For a homogeneous 
explosive the Arrhenius equation for the reacted 
fraction/is used 41 ’ 42,43 

gf = A(l-f) i exp E*/(RT^ (14-17) 

where A is the frequency factor, E* is the 
activation energy, R is the gas constant, and X is 
the order of the reaction (either X - 0 or 1 is 
used). While the material is reacting, part of the 
material is obeying the product equation of state 
and part the explosive equation of state. The 
products are in pressure equilibrium but not 
necessarily in thermal equilibrium. Possible 
computational treatments of this two-phase 
problem are given by Petrone 4 2 and by Zernow, 
et al 41 . 

For an inhomogeneous (condensed) explosive 
Warner 44 and Boyer 4 ® have suggested methods 
for describing the hot-spot initiation, burning of 
adjacent material, and detonation. Warner let X 
•“ 2/3, corresponding to a process depending on 
surface area rather than volume, and made T the 
temperature of the reacted gas. Boyer 4 6 
considered the condensed explosive to consist of 
two phases, one of which would detonate by an 
Arrhenius law (the hot-spot part), and the other 
would bum by a law like Warner's with X = 2/3. 
Both Warner’s and Boyer’s methods were able to 


model an underdriven detonation, with 
subsequent build up of reaction and production 
of a steady C-J wave front. 

Where details of the reaction process are 
unimportant, simple reaction mechanisms have 
been employed, for example, an instantaneous 
conversion to the G-J state of the explosive at 
the front of the detonation: wave. This 
mechanism, available in TOODY 29 and in 
NIP 46 may be adequate when the explosive 
propels a flyer plate, and only the terminal 
velocity of the plate is of interest. For a-little 
more fidelity to the reaction process, Wilkins 2 2 
has suggested two computational mechanisms: 

(1) The detonation is required to travel at 
the known detonation velocity D, and the time 
of arrival of the wave at each.cell is calculated in 
advance. When the detonation time is reached at 
a cell, the heat of reaction is added to the 
internal, energy of the cell over several time 
increments. As with the simpler mechanism 
previously described, the detonation wave is 
forced to reach the C-J velocity and achieve the 
C-J pressure. 

(2) An alternate possibility is to set the 
burn fraction f to 

1 - V/V a 

f ° 1 - V C j/V,'o (14 ‘ 18 - 

where V, V CJ , V q are the conent* C-J, and 
initial specific volume, respectively. With this 
mechanism, the detonation wave i c allowed tc 
establish itself. 

Wilkins has found that the second mechanism 
does not establish a steady state very rapidly. To 
eliminate this problem and also to allow for an 
overdriven wave, he recommends computing f as 
the maximum from the two mechanisms. 

14-5 SUMMARY OF CALCULATIONS OF 
WAVE PROPAGATION WITH REACTIVE 
MECHANISMS 

The preceding paragraphs have contained 
descriptions of the three basic elements of wave 
propagation in reactive flow: hydrodynamics, 
equations of state, and reactive mechanisms. 
Here, some of the ways in which these elements 
have been combined are mentioned, and the 
nature of the resulting solutions are discussed. 

One example of a method of characteristics 
calculation with reactive flow is that of Barthel 
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and Strehlow 11 to study the effect of transverse 
waves on one-dimensional flow. Another is the 
study of Osborn 47 on the thermal 
decomposition, induction, and burning of 
propellants. 

Unsteady aspects of detonation waves have 
been considered by Warner with artificial 
viscosity computations. The initiation, 
induction, and gradual build up to the steady 
state, instability, and fadeout were treated from 
a continuum mechanics viewpoint. The details 
of hot-spot and bubble collapse mechanisms for 
initiation have been studied by Mader 48,49,50 
who treated the hot spot in detail. 

Without treating the reaction process in detail, 
Wilkins 51 has performed multiple detonation 
computations to determine the equation of state 
of reactant products. The equation of state was 
altered and the calculations were repeated until 
there was satisfactory agreement between 
computed and measured motion of the explosive 
casing. The preceding references only hint at the 
variety of problems which have been tackled 
with wave propagation codes. 

Before constructing a code for wave 
propagation calculations, it is well to decide on 
the nature of the results desired, whether the 
code must be general-purpose, etc. Some of 
these code characteristics have been discussed 
previously; three more will be mentioned here. 

First, the code should be easy for the user to 
understand and even modify. Normally, this 
requirement lengthens the program and extends 
running time somewhat, but it saves programmer 
time and encourages people to use the code. If 
possible, the code should be modular, i.e., with 


separate routines for hydrodynamics, equations 
of state, reaction mechanisms, input and output; 
this simplifies code modification. 

Second, an estimate of the number of 
computations required in a given project 
depends strongly on the role that the 
computations are to play. If the observed 
detonation velocity or fracture lines are 
pre-planned for the computation, the computed 
results serve mainly to correlate the 
experimental data. Then there may be one of 
two computations per experiment. On the other 
hand, if the computed detonation velocity is the 
result of hydrodynamic and reaction rate 
calculations, then it is properly termed a 
theoretical prediction. With such a code, a 
variation of parameters is usually helpful, this 
will require a large number of computations. 

The third item is accuracy. With all 
computations there will be some errors and, in 
wave propagation, these tend to grow with time. 
One aspect of accuracy has been discussed, 
namely, the comparison of computed results 
with an exact analytical prediction. Normally, 
this type of error is of less interest (and smaller) 
than those associated with uncertainties in the 
parameters of the reaction process and the 
equations of state. In most of the foregoing 
computations these parameters are not known 
closely so that the computed results are 
primarily of a semi-quarititative .nature* although 
the results may be relied upon to indicate the 
relative importance of input parameters. In spite 
of this drawback, the computations are useful 
for extending our understanding of the 
detonation process. 
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APPENDIX A EVALUATION OF THE THERMODYNAMIC PROPERTIES 


A-1 INTRODUCTION 

The thermodynamic relations of general 
validity, summarized in par. 2-4, provide the 
basis for the evaluation of the thermodynamic 
properties of a system. Since it is a 
characteristic of these relations that they are in 
differential form, it is necessary to integrate 
them in order to obtain expressions that can be 
employed for numerical work. Furthermore, 
since they are characteristically relations 
between partial derivatives, the integral 
expression* are most conveniently stated in 
terms of lia integrals. Physically a line integral 
is a way of expressing the change in some 
property during a process between two different 
states. In the present application, one state is 
taken to be that of the system of interest and 
the other that of a reference system whose 
properties are known. If the reference state is 
properly defined, the line integrals needed to 
evaluate the thermodynamic properties of real 
systems can be made to involve only properties 
of the system that are determined by the 
equations of state of its constituent phases. 

In successive paragraphs of this Appendix, 
expressions are deduced for the thermodynamic 
properties of pure condensed phases and of a gas 
mixture. Relations are then given for the 
properties of a general heterogeneous system. It 
is assumed that the composition of each phase is 
given. A procedure for the determination of the 
composition at equilibrium (which is the only 
composition uniquely determined by 
thermodynamic considerations alone) is given in 
Appendix B. 

A-2 THERMODYNAMIC PROPERTIES OF 
PURE CONDENSED PHASES 

In the interest of simplicity of notation, we 
dispense in this paragraph with the component 
index that has been employed in Chapter 2 to 
identify the chemical species of which the phase 
is composed, and with the prime-notation that 
has been employed to distinguish a condensed 
phase from a gaseous phase as in Eq. 2-11. 

We asaume that the molar volumo of a pure 
condensed phase is a known function of pressure 


and temperature, V = V(p,T). Writing the second 
of Eqs. 2*65 and integrating, we obtain an 
expression for the molar enthalpy H of the 
phase 



(A-1) 


where H* is the molar enthalpy in a reference 
state at one atmosphere. The quantity H* is a 
function of temperature only, H* * H*(T), and* 
the integral is along a path of constant 
temperature. The quantity H* is undefined to 
the extent of an additive constant, the 
specification of which can be arbitrary. The 
specification of this constant is equivalent to the 
selection of a standard state or datum base in 
terms of which the enthalpy is to be ,'easured. 
The standard state is defined by a reference 
temperature, reference pressure, and reference 
state (liquid or solid) of each element. We select 
absolute zero and one atmosphere as the 
reference temperature and pressure. The 
reference state is the phase which is stable at 
room temperature and atmospheric pressure. 
The quantity H * may then be defined formally 
by 

H* VC 


where (H% - ) is the enthalpy function in the 

reference state at temperature T measured 
relative to the same state at a temperature of 
absolute zero and A f H* is the molar heat of 
formation of the materials from the elements at 
absolute zero and at a pressure of one 
atmosphere. The quantities and A,#* 

are listed in standard tables of thermodynamic 
properties 1 . The standard state here defined is 
consistent with that employed for gas mixtures. 
The molar energy is obtained from the 
definition of the enthalpy 


E » H* - pV + 




dp 


(A-2) 


The heat capacities can be obtained by 
differentiation of Eq. A-1 and the use of Eq. 
2-69 
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where c* - dH*/dT ~ c*(T) is the molar heat 
capacity at constant pressure in the reference 
slate of unit pressure. It can be obtained from 
standard tables of thermodynamic properties. 

The chemical potential (equal for a pure phase 
to the molar Gibbs energy) is expressed by a 
relation obtained by integrating the first of Eqs. 
2-67 

p 

V- = M* + j~ Vd P ( A '4) 

i 

where p* is the chemical potential in the 
reference state of unit pressure. This quantity is 
a function of temperature only, p* - p* /?) t 
that is tabulated in standard tabled of 
thermodynamic properties. The entropy can be 
obtained from the relation 


E* y p ~ p*. This approximation is valid for 
systems in which a condensed phase is in 
equilibrium with a gas phase if npV/RT < < 1, 
where n is the number of moles of condensed 
phase per mole of gas phase. For the explosion 
products of a condensed explosive for which—as 
we shall the density of the gas phase is of 
the order of the densities of normal solids—this 
approximation is not valid even if it is possible 
to assume that the condensed phase molar 

volumes are constant. _ 

A second approximation may be obtained by 
assuming that the coefficient K p of isothermal 
compressibility 



and the coefficient K r of isobaric thermal 
expansion 

are constants independent of temperat re and 
pressure. With these assumptions the 
pressure-volume-temperature equation of state is 

V = V 0 exp[K T T] exp[K p (l-p)j 


S = (If - p)/T (A-5) 

which results from the definition of the Gibbs 
free energy. 

As a first approximation, the molar volume 
may be assumed to be a constant, independent 
of p and T. With this assumption 

H * H* + V(p - 1) ' 

E = E* 



ji = p* + (p - l)V * J 

where E * and c* denote the molar energy and 
molar heat capacity at constant volume, 
resp r,lively, in the reference state at 1 atm. At 
low pressures, it is possible to simplify these 
expressions still further by neglecting the 
product pV compared to E* and p* so that/f » 


where V 0 is the molar volume at a temperature 
of absolute zero and a pressure of one 
atmosphere..Then Eq. A-1 becomes 

H = H* + (1 -TK t )^1 - expjjr.d—p)J[ j(A-7) 


where V* = V Q exp [K T T], and the expression 
for E follows directly by adding pV to the right 
hand side. Differentiating Eq. A-7 with respect 
to temperature at constant pressure and 
combining the result with Eq. 2-69 gives the 
following expressions for the heat capacities, 


TK\ V* 


1 - 



(A-8) 


= C* 




For the chemical potential, we obtain the 
expression 


A-2 
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± V*i *) 

M A + „ U “ exp[iC (1 - p)] (A-9) 

/> \ 1 

A-3 THERMODYNAMIC PROPERTIES OF A 
GAS MIXTURE 

In this paragraph, we present expressions by 
means of which the thermodynamic properties 
of a phase consisting of a gas mixture can be 
evaluated in terms of certain thermal properties 
of-its constituents and an equation of state of 
the mixture. A comprehensive account of these 
matters is given in a review by Beattie 2 . 

Our procedure is to define a reference state of 
the mixture and to calculate the change in the 
various thermodynamic properties of the 
mixture during a process that transforms the 
mixture in the reference state into the mixture 
in the actual state of interest. If the 
thermodynamic properties of the mixture in the 
reference state are known in terms of the 
properties of the pure constituents, the 
properties of the mixture in the actual state are 
then known. It is not necessary that the 
reference state have physical existence; it is only 
necessary that it be possible to. determine its 
properties and to perform an accurate 
calculation of its change in the process resulting 
in the actual stato of interest. The reference 
state may, therefore, be an hypothetical state 
and its definition may be arbitrary. 

As reference iitate, we select the hypothetical 
perfect gas mix ture of the same composition at 
the pressure arid temperature of the actual 
system or, alternatively, at the volume and 
temperature of the actual system. The data for 
the mixture are taken to be the thermal 
properties of the pure constituents when they 
are in an hypothetical ideal gas state at a 
pressure of one atmosphere. For a constituent i in 
this state, we let E° be the molar energy and Sj 
be the molar entropy. By definition, E? and S/ 
are functions of temperature only 

£,°= E?(T)$=S?(T) 

From a knowledge of the energy states and 
structure of the molecules of gaseous substances, 
the methods of statistical mechanics have been 
employed to calculate the quantities E° T - E° o 
and S®, for pure substances regarded as ideal 
gases at atmospheric pressure. E? r and S° are the 
molar energy and entropy, respectively, at 


absolute temperature T; E° is the molar energy 
at T = 0°K; and the statistically calculated 
quantity 5° = 0 when T = 0. 

We may now complete the specification of the 
£?and S” by defining 

S?= (4). 

£ ,°= (4 - <>, + (VO, <A ’ 10) 

where is the heat change of the 

hypothetical reaction at atmospheric pressure 
and zero absolute temperature (equal at absolute 
zero to the energy absorbed) that produces one 
mole of substance i from the elements, the 
elements being assumed to be in the state of 
aggregation that is stable at room temperature 
and atmospheric pressure. More briefly, (A/ 
Kh is called the heat of formation at zero 
temperature. Thus, the energy E° is measured 
relative to a datum base or standard state 
consisting of *he elements at absolute zero. The 
entropy S u is measured relative to the same 
standard state because the entropy of the 
elements in their standard states is zero. It may 
be noted that the specification of a standard 
state independent of the composition of the 
mixture is essential if changes in the 
composition are to be considered. The quantities 
E° - E° o , A f if, and are listed in standard 
tabulations of thermodynamic data. 

The ideal gas pure components satisfy the 
equation of state 

pVf = RT (A-II) 

where R is the molar gas constant and V° ( is the 
ideal molar volume of substance i. The ideal 
molar enthalpy of substance i at one atmosphere 
pressure is 

/^=^+p^=i^+i?T=/^r) (A-12) 

and the ideal molar Gibbs free energy (chemical 
potential) of substance i at a pressure of one 
atmosphere is 

- T.S; - E? + XT - TS; = (A-13) 

The ideal heat capacities of substance i at a 
pressure of one atmosphere are the functions 


A-3 
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c°*dE;/dT*c°(T) 

(A-14) 

c° P( - dHf/dT^m 

Evidently, c° P( - c£ f - R. From Eqs. 2*66. we 
have 

d^m/dT » - rf/T 1 (A-16) 

From Eqs. 2*64 and 2-66, written for one mole 
of a substance /, we find that for a substance 
obeying Eq. A-ll 

(3tf,/3 p) T « 0; (dS ( /dp) r = - R/p 

Integrating these expressions between p « 1 and 
p * p at constant temperature,/we obtain the 
relations 

fl;(p f T; ideal) - rf 

(A-16) 

5)0?, 2V ideal) = - R Zn p 

and from the definition of ihe chemical 
potential, we obtain the additional relation 

p,(p, T; ideal) =» p °' + RT fin p (A-17) 

We now define the hypothetical perfect gas 
mixture as one.for which 

\ 

pftp, T) « pi° RT £n p + RT 2n x 

‘ ‘ : (A18) 

x ( * n/n, n * Zn ( 

for every constituent i of the mixture, where we 
employ an asterisk to designate a property in the 
reference state. All of the properties of the 
mixture in th* reference state are deducible 
from Eq, A*18. In particular, since the chemical 
potential is the partial molar Gibbs free energy, 
the Gibbs free energy g+ of the perfect gas 
mixture described by the mole number n t . .. 
si, is given by 

g** + nRT hi p + RT2n { fin x ( (A-19) 

°‘incQ, from Eqs, 2-81, (Og*/dp; T) n * r*, the 
« ju^Uon of state of the perfect gas mixture con 
i/e obtained by differentiation of Eq, A-19 

pr* » nRT (A-20) 


Eq. A-20 is in accord with Dalton’s law of 
partial pressures..gallon’s law of itself does not, 
however, form a sufficient basis for the 
definition of the reference state since Eq. A-18 
cannot be deduced from it without an additional 
assumption that introduces the concept of 
equilibrium between the mixture in the 
reference state and the pure constituents (as 
through appropriately defined semi-permcable 
membranes). 

With the aid of Eq. A-20, the Helmholtz free 
energy f* of the perfect gas mixture can be 
obtained from Eq. A-19. 

/*“**- pr* ' g* - nliT 

- Xn { (pl - RT) + nRT in(RT/r) (A-31) 

+ RTXn, in h. 

Expressions t.J the other thermodynamic 
properties of the m *vire in the reference state 
are easily deduced. 

The equation of state of the actual mixture is 
an expression in one ot the forms 

P * P{T>T V-/1J 
r = r(p,T; n^-n) 

We assume the equation of ^tate, expressed in 
either way, has the property that pT/(nRT) - 1 
as p 0 or r -* and further that pr/(nRT) 
differs from unity by terms of at least first order 
in p or 1/r at finite pressures. Thus the actual 
mixture becomes identical with the reference 
mixture in the limit as p •* 0 or r 
If the equation of state is explicit in 
temperature and volume, we evaluate the 
Helmholtz free energy of the actual mixture 
from tha fc 0 f the perfect g^a mixture in a 
reference state at the same temperature and 
volume by means of 
nr, T) - ru,T) ~ iftr.T) - f*b,T)] 

+ IRt.T) - f(~.Tj] 

where we use the fact that f*h,T) * 

From Eqs. £-31, ( df/du) Ttn »-p. Therefore 

t*(r.T) - f\~,T) « -f(~~Jdr 

f(r,T) - /(-,'/} = -jpdT 


AA 
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where the intention is along a path of constant 
temperature and composition, and thus 


f(T,T) - f\T,T) 


■ft?-)* 


- RT) 

+ RTln, in (n ( RT/r) 


(A-22) 


All of the thermodynamic properties can be 
derived from Eq. A-22 by means of the general 
relations ofihermodynamics, Using Eq. 2-25, we 
obtain 


^(t.T) - - i^JdT 


» 11 " + RT in (nfiT/r) 


(A-23) 


«(r,T) - s*(r,T) = I 


dr 


j*(t, 3’) = £n, + R2n, fn (r/(n ( RT)l 


*.11 - «V,n 


e*(r,7') = 


(A-25) 


In Eq. 2-61, there is defined the derivative E { * 
( be/dn i ) TtT . From Eq. A-25 we obtain the 
er ression 




(A-27) 


where p t has been defined as pi * (dp/drii) TtT . 
From Eq. 2-31, we have s * - {df/bT) Vtn and 
therefore 

-Vi nR 

\?tL„ 


Eqs. A-22 to A-27 are the desired expressions 
for the thermodynamic properties when the 
equation of state is explicit in the temperature 
and volume. We note that the argt ;ent of the 
logarithm in Eqs. A-22 to A-24 is expressed in 
units of atmospheres. 

If the equation of state of the mixture is 
explicit in temperature and pressure, we evaluate 
the Gibbs free energy of the actual mixture g 
from that of the perfect gas mixture g+ in a 
reference state, at the same temperature and 
pressure by means of 

g(P.T) = g*<P.T) - {g*(p,T) - g*(0,T)] 

+ \g(P,T) - g<0,T)l 

where we use the fact thatg*(0,7V x g(0,T). From 
Eqs. 2-31, {dg/dp)r, n * u - Therefore 

g*(p,T)-g*(0,T) =f(^dp 


(A-24) 



g(p,T) - g(0,T) 


■f 


rdp 


Using Eq. 2-34, we obtain the expression for the 
energy 


where the integration is along a path of constant 
temperature and composition, and thus 


. nR r\ 

giP^l - g (P>T) =y lr - — jdp 


and by differentiation with respect to 
temperature, an expression for the frozen heat 
capacity at constant volume 


(A-28) 


g*(p t T) « S n t p°, + nRT £n p 

+ RT^n, Pjt x ( 

All of the thermodyiiiuruc properties £an be 
tlorived from Eq. A^8 by means of the general 
equations of thermodynamics. Using Eq. 2*25, 
we obtain 


T r fo 2 p\ \ we obtain 

- c »?„i r ' T > = y fey dT // kt\ 

- V (A-26) M ( CP.T) -p*(P,T) = / (V f " ~jdP 


I 1 <*( 


H t {p,T) « p° + RT £n P + RT £n * 


(A-29) 


A-5 
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From Eqs. 2-31, we have s = - {dg/dT) Pin and 
therefore 

.(P,n-.*(P,T) -Jjj -(g)Jdp 

a*(p,T) * 2n^°- nfl £/> p-R2n ( Snx { 

Using Eq. 2-34, we obtain the expression for the 
enthalpy 

1 

•‘’•"“'“■/f (A-31) 

h*(p,T) - Ert/jf 



arid by differentiation with respect to 
temperature an expression for the frozen heat 
capacity at constant presure 


c p n (p,T) - c + n (p t T) 

c*,(p,v - £«,«=; 




By differentiating Eq. A-31, we obtain an 
expression for the partial molal enthalpy of the 
I’th constituent, 




the first expression being used if the equation of 
state is explicit in pressure and temperature, and 
the second if the equation of state is explicit in 
volume ar.d temperature. These quantities are 
used as abbreviations for the definite integrals 
that express the effect of gas imperfection on 
the chemical potential. 

A-4 THERMODYNAMIC PROPERTIES OF 
H ETE ROG EN EOUS SYSTEMS 

For the general heterogeneous system of unit 
weight which consists of a gas phase whose 
composition is described by the iriole numbers 
n t (i *= 1, 2, . . . s) together with one or more 
condensed phases whose sizes are described by 
the mole numbers n' h the extensive properties 
are the sums of the contributions of each phase. 
Therefore, the specific energy is given by 



the specific enthalpy by 



and the specific entropy by either of 


Eqs. A-28 to A-33 are the desired expressions . 

for the thermodynamic properties when the i - 2*, + R [(Tl(n ( RT)j 

equation of state is explicit in pressure and ‘ 

temperature. We note that the argument of the f\p P \ nfll , . 

logarithm in Eqs. A-28 to A-30 is expressed in tarL " r| r+ < w 

units of atmospheres. , - \ / •" 

Activity coefficients fj are sometimes defined 
by one of the relations a [s?- r (pn.;n)] 


o ' 

, f(RT \ 

in fl /\T" p <j 


a • [Sj* - 72 Zn (priori)) 




where the properties of the condensed phases 
are expressed as functions of pressure and 
temperature in par. A-2. 
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The specific enthalpy is an implicitly 
prescribed function of the pressure, 
temperature, and the mole numbers n t and nj. It 
has the partial derivatives 



The specific entropy may be regarded ah 
implicitly defined p 'notion of the same variables 
with the partial'der. iives 


3s 

dX 


/T 


3a _ 3c 
3p 3T 


3s 

~n, 


W, - M,)/T 


3s_ 
3 »; 


(h; - m;)/t 



The specific energy can be regarded an implicitly 
prescribed function of the gas phase volume r, 
temperature, and the mole numbers n t and nj. If 


we recall that V/ * V} (p,T), the partial 
derivatives of the specific energy are 



The specific entropy can also be regarded an 
implicitly prescribed function of the gas phase 
volume r, temperature, and the mole numbers m. 
and rt'j, with the partial derivatives 

3? * ? t- + * w ^(S) ■**] 

bt ap 9p , ft v \ 
br “a r~ ar ? n ' \a r) 


j$ 1 <«/' * >IT 


UA-42) 


In Eqs. A-30 to A«42, all of thevariables except 
the variable in terms of which the differentiation 
is performed are to be held constant during the 
differentiation. 
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APPENDIX 3 GENERAL PROCEDURE FOR THE CALCULATION 
OF EQUILIBRIUM COMPOSITION 


B-1 INTRODUCTION 

This Appendix describes a procedure for the 
calculation of the equilibrium composition of a 
heterogeneous system consisting of a gas phase, 
whose composition is described by the mole 
numbers n { (i= 1, 2, ,... . s), in equilibrium with 
one or more bonder Jed phases, each of which 
we have assumed to consist of a pure component 
and whose sizes are determined by the mole 
numbers'/iy. The relations for a system consisting 
only of a homogeneous gas phase can be 
obtained by setting all of the n\ equal to zero. 

The procedure is designed for calculations to 
be carried out on large computers. For this 
reason, it takes advantage of the possibilities 
offered for a general program by the general 
nature of the notation that has been employed 
to describe the chemistry of the system. An 
objective in formulating the procedure is to 
make the computer program as simple as 
possible. Simplicity of program is achieved at 
the expense of the number of individual 
arithmetic operations that need to be carried 
out 

If the equilibrium composition is to be 
evaluated in calculations, performed by hand (as 
with a desk calculator), it is desirable to reduce 
the number of arithmetic operations as much as 
possible by a partial reduction of the problem ip 
which the chemical nature of the system !s 
explicitly considered. A procedure of this type 
for systems consisting of compounds of carbon, 
hydrogen, oxygen, and nitrogen is presented in 
Appendix C. 

B-2 linearization OF THE 
EQUILIBRIUM CONDITIONS 

The equilibrium conditions, Eqs. 2-30, can be 
written for the heterogeneous system under 
consideration in the form, 

M, = wfjoX VI. (B-1) 

and 

uj = RT'Sj if 0 (j = 1, .... c) (B-2) 


where and Mj are the chemical potentials of 
the i-th gaseous constituent and the j-th 
condensed component in the heterogeneous 
mixture. 

The stoichiometric conditions for the same 
system are 

2 /yi, + nj = q } {j = 1, c) (B-3) 

where for generality we have assumed that every 
component may exist as a condensed phase. In 
practice n] will be 2 ero for most j and if nj - 0 
for all j, the system consists of a gas phase only. 

The number of Eqs. B-1 to B-3 is equal to the 
sum of the number of components, the number 
of gaseous constituents, and the rumber of 
condensed phases. This number is equal to the 
number of unknowns n [f nj, and X*. JVe will 
consider the temperature and either Lie gas 
phase volume r or the pressure p to be 
additional unknown variables, and we will 
supplement Eqs. B-1 and B-2 by two 
independe " specifications of the state of the 
system. 

The number of equations to be solved can be 
reduced by the number of components by 
algebraic elimination of the parameters X* tom 
Eqs. B-1 to B-3. If this is. dJnc, it turns.out, that 
the number of arithmetical operations in 
calculating the coefficients of f hc remaining 
Unknowns and in the subsequent solution of the 
equations is just the same as the number of 
arithmetical operations required to solve fhe 
larger set of equations. (The two alternatives are, 
in fact, formally identical.) If the X* are 
eliminated algebraically, a more elaborate 
program is required. Therefore, there is no 
benefit from such a procedure if the memory 
capacity of the computer is adequate to 
accommodate the problem with the larger 
number of variables. 

The dominant parts of Eq. B-1 are linear in the 
logarithms of the mole numbers n,, while Eq, 
fl-3 are linear in the mole numbers, two 
computational procedures are possible, each 
resulting in an approximate set of equations 
linear in all of the variables. One is to expand 
the logarithms of the mole numbers (and the 
contributions from the equation of state) in 


B-1 
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terms of the mole numbers, retaining only linear 
terms. The other is to expand the mole numbers 
(and the contributions from the equation of 
state) in terms of the logarithms of the mole 
numbers, retaining only linear terms. The second 
procedure employs the exponential expansion to 
represent the mole numbers n t in terms of their 
logarithms. The fast procedure leads to a 
computat jn method proposed for ideal gases by 
White, Johnson, and Dantzig 3 (although their 
method of derivation is less direct). The second 
procedure leads to computation methods 
proposed by Brinkley 1 and by Huff, Gordon, 
and Morrel 2 . The second procedure clearly leads to 
the better linearization of the problem since the 
exponential expansion is much more rapidly 
convergent than the expansion of the logarithm. 

The linearized equations, in either form, 
constitute the ,.Y * s for the solution of Eqs. B-l 
to B-3 by sive approximations. The 

coefficients 6. 'inearized equations are 
evaluated with approximation to the 
equilibrium composition. An improved 
approximation is then obtained by solution of 
the set of linear equations. The process, 
consisting of evaluation of the coefficients of 
the linearized equations and their solution is 
continued until successive approximations to the 
composition are identical to some desired degree 
of precision. The procedure, in whatever form 
the equations are linearized, is an example of the 
well-known Newton-Raphson method for the 
solution of nonlinear algebraic equations. 

Efficient and well standardized computer 
programs exist for the solution of simultaneous 
linear equations, and the methods employed do 
not need to be discussed here. This Appendix 
will therefore, be limited to the-presentation of 
the necessary equations, 

We elect to express the mole numbers n t as 
linear functions of their logarithms, in the form 


n f = n° + n°A { + ... 
- fin n ( - fin n° 


(B-4) 


Eq. B-4 is just the Taylor expansion of n t , 
regarded a function of fin n t about a value nf to 
terms of first order in A,. With this 
approximation, Eq. B-3 becomes 

?v;v w < B - 8 > 


{j = 1, 2, . .. c). Eqs. B-5 are the linearized form 
of the stoichiometric conditions in which the 
variables are regarded to be the increments A f 
and the mole numbers nj which describe the 
sizes of condensed phases. 

B-3 RELATIONS FOR AN EQUATION OF 
STATE EXPLICIT IN PRESSURE AND 
TEMPERATURE 


Now we suppose that the equation, of state of 
the gas phase is explicit in pressure,, temperature, 
and the mole numbers n h The linear Taylor 
expansion of the chemical potential JV 'of 
gaseous constituent Pc an be written 



where 

= in (pip 0 ) 
\ = in (T/T°) 


and where the superscript zero means that the 
quantities so designated are to be evaluated at 
the point (P °, t°; n . . . n?). In writing Eq. 
B-6, Eqs. 2-66 are employed, together with the 
following relation that can be derived from Eqs. 
A-29: 



(B-7) 


where 5 f t t is the Kronecker delta (5,/ r = 1 when i 
55 i' t and B t i t = 0 when i t i\) With the 
approximation expressed by Eq. B-6, the 
linearized form of Eqs. B-l is 



(i f - 1, 2, . . . $). The linear Taylor expansion of 
the chemical potential /i', of Eqs. 2-67 is of 
.the form 



With this approximation, the linearized form of 
Eq. B-2is 


B-2 
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(f = 1, 2,.. . c). Eqs. B-5, B-8, and B-10 are (s + 
2c) linear relations between the (s + 2c + 2) 
quantities, X lt . . . X*; n' u . . . n ! c ; Aj, . . . A,; 
A p , A r . They will be supplemented by two 
additional relations prescribing the state of the 
system. 

If a condensed form of a particular 
component—e.g., —is excluded a priori on 
physical grounds, then n) is set equal to zero and 
the corresponding member of Eq. B-10 is 
eliminated. 

If the solution of the equations lea^ to the 
result that n) < 0, then n) is set equal, to zero 
and the corresponding member of Eq. B-10 is 
eliminated from consideration. As a formal 
computation device, this can be done by 
defining 


bj,j * 1 if / = f and nj > 0 
5 y>/ = 0 otherwise 


(B-ll) 


It is now necessary to express the two 
independent specifications of the state of the 
system in a manner compatible with the 
linearized equilibrium arid stoichiometric 
conditions. If the pressure i3 specified, p = p° 
and 


A p = 0 (B-12) 

Similarly, if the temperature is specified, T = T° 
and 


\ = 0 (B-13) 

Suppose that it is desired to evaluate the 
composition and thermodynamic properties at a 
specified value of the enthalpy. With the aid of 
Eqs. A-39, the linear Taylor expansion of the 
enthalpy can be written in the form 

l> * h° + a, * x <>r,r [n; - (»;>“] J 



Rearranging, the condition imposed by specified 
enthalpy can be written 


?(§)■; 

♦ Is-.i/yfa 4_ } (B-15) 

[*r r \ar/| ' \R/ 


^♦w4) 


where h is the specified value of the specific 
enthalpy. The mixture volume and its fixed 
composition temperature derivative are to be 
calculated from Eq. 2-41. Proceeding similarly, 
the condition imposed by specified entropy can 
be written with the aid of Eqs. A-40 in the form 



whore s is the specified value of the specific 
entropy. 

If the volume is specified but the equation of 
state is explicit in the pressure and temperature, 
the condition imposed.by specified volume cari 
be obtained in a sihlilar manner. It is expressed 
by 


0 fpv\ ( P v;\ r p */ 3y \> 

If \rt/ A ' + ? \RT/ nf + [ rt 

Wh , ’ 

RT* \RT/ 


(B17) 


where v is the specified specific volume of the 
system. The fixed composition derivatives of the 
mixture specific volume are to be evaluated with 
the aid of Eq. 2-41. If the energy is specified but 
the equation of state is explicit in the 
temperature and pressure the condition 
imposed by specified energy can be obtained by 
making use of the relation e * b- pu, There is 
obtained 
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(B-18) 


Eqs. B-5, B-8, and B-10 may be employed 
together with any two of Eqs. B-12, B-13, and 
B-14 to B-18 to determine by an iterative 
calculation the equilibrium composition and 
thermodynamic properties for two 
independently specified state properties. Pairs 
that are independent are: (p t T), (p,h), (p,s), 
(p,v), (p;e), (h,8), (h,v), (h t e), (s,u), (s,e), (v,T), 
and (v t e). The coefficients of the set of linear 
equations selected for the particular problem 
can all be evaluated at an approximate 
determination of the composition and state of 
the system in terms of tabulated thermal 
properties of the constituents of the system and 
explicit equations of state for each phase by 
means of expressions given in Appendix A. 


B4 RELATIONS FOR AN EQUATION OF 
STATE EXPLICIT IN VOLUME AND 
TEMPERATURE 


Now we suppose that the equation of state of 
the gas is explicit in gas phase volume, 
temperature, and the mole numbers n t . We 
employ tire same procedure as that of the 
previous discussion. The linearized for of Eq. 
B-l becomes 



where 

A r = fin (r/r°) 

A t - in (T/'f) 

and where, when the chemical potential is 
considered a function of volume and 
temperature, Eq. A-23 can be used io define the 
coefficient as 


T/// 


0 (jy IRT^ 

\ 3 in n. ) 

1 7,T 


= b 


/'/ 


RTj 3n, 


dr 


(B-20) 


The linearized form of Eq. B-2 is 



The comments made in connection with Eq; 
B-10 apply to Eq. B-2l. Eqs. B-5, B-19, and 
B-21 are the linearized form of the 
stoichiometric and equilibrium conditions for 
use when, the equation of state of the gas phase 
is explicit in temperature and gas phase volume. 

It is now necessary to express the two 
independent specifications of the state of the 
system in a manner compatible with these 
linearized conditions. If the temperature is 
specified, Eq. B-13 applies. The analogue of Eq. 
B-12, namely that A r = 0 for specified r is of no 
interest except in a system consisting of a gas 
phase only. If the volume of the mixture v is 
specified, one may employ the condition 




Ar / 

where v is the specified specific volume of the 
mixture. For a homogeneous system, Eq. B-22 
yields the relation A r =* 0 when v - r * v°. 
Suppose that it is desired to evaluate the 
composition and thermodynamic properties at a 
specified value of the energy or entropy. If v.*e 







AP/CP 706 180 


use the linear Taylor expansions of these 
functions, the conditions imposed by specified 
energy o'? entropy can be written 



respectively. The derivatives of the energy are 
given explicitly by Eqs. A-41 and the derivatives 
of the entropy are given explicitly by Eqs. A-42. 

If the pressure is specified but the equation of 
state of the gas phase is explicit in the gas 
volume and temperature, the condition imposed 
by specified pressure can be written 



If the enthalpy is specified but the equation of 
state of the gas phase is explicit in temperature 
and g&s volume, the condition imposed by 
specified enthalpy can be obtained from the 
relation h - e + pi>,.in the form 



Eqs. B-22 to B*26 reduce to expressions that are 


algebraically much simpler for the case of a 
system consisting only of a gas phase. A 
considerable amount of simplification is 
achieved if the molar volumes of the condensed 
phases can be considered constant. 

Eqs. B-5, B-19, and B-21 can be employed 
together with any two of Eqs. B-13, and B-22 to 
B-26 to determine by an iterative calculation the 
equilibrium composition and thermodynamic 
properties for two independently specified state 
properties. Pairs that are independent are: (v,T), 
M, (v>a), (u,p), (v,h), (e,s), (e,p), (e,h), (s,p), 
(s,h), (p,T), and (p,e). The coefficients of the set 
of linear equations selected for the particular 
problem can all be evaluated at an approximate 
determination of the composition and state of 
the system in terms of tabulated thermal 
properties of the constituents of the system and 
explicit equations of state for each phase by 
means of expressions given in Appendix A. 

For the ideal gas equation of state and for 
some forms of equations of state of imperfect 
gas mixtures, the coefficients 7 f /; are diagonal 
(7 f /< “ 0 when i'fi). If this is true for an equation 
of state explicit in the temperature and pressure, 
the gas mixture obeys the Lewis and Randall 
rule for imperfect gas mixture. If it is true for an 
equation of state explicit in the temperature and 
volume, the gas mixture obeys the Gibbs-Dalton 
rule for imperfect gas mixture. It is then possible 
algebraically to eliminate the linearized 
equilibrium conditions from the equations to be 
solved in the method of successive 
approximations and so to reduce the dimensions 
of the simultaneous linear equations by the 
number s. There is no benefit derived from this 
procedure unless the computer memory capacity 
is limited, since the reduction in the number of 
arithmetic operations resulting from the reduced 
number of equations is exactly offset by the 
increase in the number of arithmetic operations 
required to calculate the coefficients of the 
resulting equations. 

B-5 THE INITIAL APPROXIMATION 

In order to complete the description of a 
computation procedure employing the method 
of successive approximations, it is necessary to 
specify a way of obtaining the initial 
approximation. The hypothetical system 
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consisting of components only provides a 
convenient initial approximation to the 
composition. Our procedure requires that the 
must not vanish (although they may be 
negligibly unall). Tins requirement is met if, in 
the absence of a better approximation, the 
initial approximation is tak_‘i to oS 

n° = e if i itf) 

where i(j) is the' constituent label of the j-th 
component and e is an arbitrarily chosen 
constant smaller than the precision >vith which 
the equilibrium composition is to be calculated, 
and 

9; if * 55 «’(/) 

and a condensed phase of the j-th component is 
excluded a.priori, or 

7i® - e if / = Mj) 

and a condensed phase of the j-th component 
may exist, in which case 

= *, 

If the temperature and pressure or volume of the 
system, is not prescribed, initial estimates of 
these quantities can be entirely arbitrary (but 
preferably of the correct order of magnitude) or, 
when available, the results of some simplified 
approximate calculation. 

The state for which enthalpy and pressure arc 
specified is called the constant pressure 
combustion state. That for which the energy and 
volume are specified is called the constant 
volume explosion state. The latter is frequently 
employed to describe the reaction products of a 
condensed explosive. 

B-6 CALCULATION OF THE EQUILIBRIUM 
PARTIAL DERIVATIVES 

The equilibrium derivatives (bv/bT) p , 
(bv/bp) T , and c p can be evaluated by means of 
Eqs. 2-48 and 2-62 if the partial derivatives of 
the mole numbers n t and n] with respect to 
temperature and pressure in equilibrium 
mixtures are determined. Expressions for U:ese 
quantities can be obtained by differentiating, 
with respect to temperature and with respect to 


pressure, Eqs. B-l to B-3. We obtain for the 
change in equilibrium composition with respect 
to temperature at constant pressure the 
simultaneous linear equations 


% j In n\ bn' 


w 9T j + $ T ° 


„„ M 


I dT J /f'l’J \p T / 

S l'i \dT/ = " RT l 



For the change in equilibrium composition with 
respect to pressure at constant temperature, we 
obtain the simultaneous linear equations 



In Eqs. B-27 and B-28, the coefficients -ftr, are 
defined by Eq. B-7. The coefficients of the 
variables of Eqs. B-27 and B-28,are the same and 
their matrix is the same as the matrix of the 
coefficients of Eqs. B-5, B-8, and B-10. Since the 
triangular or inverse form of the letter is 
obtained in the course of the calculation of the 
equilibrium composition, the solution of Eqs. 
B-27 and B-28 can be economically performed. 

The equilibrium derivatives {bp/bT)y, 
(bp/bv) T) and c v can be evaluated by the 
procedure described in par. 2-4 if the partial 
derivatives of the mole numbers n t and nj with 
respect to temperature and gas phase volume in 
equilibrium mixtures are determined. 
Expressions for these quantities can be obtained 
by differentiating, with respect to temperature 
and with respect to gas phase volume, Eqs. B»1 
to B-3. For the derivatives with respect to 
temperature at constant r, we obtain 
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For the derivatives with respect to t at constant 
temperature* we obtain 



In Eqs. B-29 and B-30, the coefficients 7 *// are 
defined by Eq. B-20. The coefficients of the 
variables of Eqs. B-29 and B-30 are the same and 
their matrix is the same as the matrix of the 
coefficients of Eqs. B-5, B-19, and B-21. The 
triangular or inverse form of the latter is 
obtained, in the course of the calculation of the 
equilibrium composition, and thus the solutions 
of Eqs. B-29 and B-30 can be economically 
obtained. 
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APPENDIX C METHOD FOR THE DESK CALCULATION OF EQUILIBRIUM 
COMPOSITION OF SYSTEMS CONTAINING COMPOUNDS OF 
CARBON, HYDROGEN, OXYGEN, AND NITROGEN 


C-1 INTRODUCTION 

Xn this Appendix, we outline a simple iterative 
procedure lor the calculation of the equilibrium 
composition of systems containing compounds 
of carbon, hydrogen, oxygen, and nitrogen. The 
procedure is designed for hand computations. It 
is now well adapted to calculations on 
computers since convergence .is not guaranteed, 
for all possible combinations. This is not an 
important characteristic for hand calculations 
since the computist can exercise judgment to 
force convergence by adjusting the approximate 
solution employed as the basis for each iterative 
step. 

We assume that the calculation is to be 
performed with independent, variables, 
temperature and pressure, when an equation of 
state is explicit in temperature ard pressure; or 
with independent variables, temperature and gas 
volume, when the equation of state is explicit in 
these variables. If the state of the system is 
specified in another way, it is best—in using 
these methods—to perform the calculation at 
several appropriate values of the independent 
variables and to interpolate in the resulting table 
of the thermodynamic properties with respect to 
the property or propertiec that are specified. 

The procedure described in this Appendix 
does not lead to an exact calculation o l the 
equilibrium derivatives, such as the heat 
capacity. If these quantities are required, they 
must be evaluated either by the exact methods 
described in Appendix B, using the ’.oraposition 
calculated by the method of this Appendix C, or 
by numerical differentiation in a cable of the 
appropriate property prepared by performing 
the calculations at sevetal values of the 
independent variables. 

The chemical species considered i* this 
Appendix, together with the label assigned to 
each species, are listed 


Species 1 

1 C(.) 

CO 

C0 2 

H 2 

h 2 o 

n 2 

i orjl 

1- 1 

2 

3 

4 

5 ' 

6 

Species 

1 0 2 

0 

OH 

H 

NO 

N 

i or j 

1 r 

8 

9 

' 10*" 

XI 

12 


Elemental carbon, if present, is assumed to be 
solid. 

We define a quantity tp, for each constituent 
by the following scheme: 

*>, = ^/(RT) (C-l) 

where Mi is the chemical potential of solid 
carbon, to be evaluated by Eq. A-4, and 

IP, = Hj(RT) - Snn ( ,i - 2, 3,... 12 (C-2) 

where M( is the chemical potential of the i-th 
gaseous constituent, <p t is the same quantity less 
the leading concentration term, and n : the 
number of moles of the i-th constituent sr. a uni* 
weight of mixture. The quantity M/ is to be 
evaluated with the aid of E^ A-29 it the 
equation of stat°. is explicit in temperature 
pressure, or vrfih the aid or Eq. A-23 if ha 
equation of state is explicit in temperature uoti 
gas phase volume. Wc define equilibuuvri 
constant k, for the i-th spiecies uy the relation 

Iog 10 * ( = 0.43429(1/},- v',) 

Tables of the coefficients are giveti,in tables 
which follow. 

The method is based on the fact that, -yiijvone 
exception receiving, special treatment, ir,* fa as 
calculated by Eq. C-3 for the particular values of 
the fit] employed here are all much jtas than 
unity at the pressures of ints>it ‘ , 
description of tire erojlorion of 

condemned explosives. 

ohd carbon is "Kit produced Ml 
systems contemning more Qxyfrw than required 
for complete oxidation of the carlx.n ajid 
hydrogen. Usually, it is heeecsajy tode&rminc 
t'ie equilibrium composition on ‘he aavumption. 
that, solid carbon is present. V mis calculation 
results in a negative amount Of carbon, tire 
calculation is then repeated w-vt* the knowledge 
that solid carbon is absent. 

We denote by q c> q f}% q 0 . fh.vuU*:l>3r of 
gram atoms of carbon, hydrogen, oxyg?n, arid : 
nitrogen, respectively, that are presets in uiie 
gram of mixture. We affix a suporxn^t 2 ero to 

C*1 
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the symbol n t to denote that the symbol so 
designated is an approximation to the 
composition of the system, and to the symbol k, 
to denote that the equilibrium constant so 
designated is to be calculated with the 
approximation n®* • • • n i 2 to the composition 
of the system. 

C-2 SYSTEMS WITH SOLID CARBON 

The equilibrium constants k ( are calculated 
with the aid of the following table of the (3 { j for 
each value of i'for which entries are given: 


ft/ 


C 

CO 

h 2 

N. 



; = i . 

2 

4 

6. 

co a 

i 

? 

-l 

2 

0 

0 

h 2 o 

5 

-l 

1 

1 

0 

o 2 

7 

-2 

2 

0 

0 

0 

7 

-1 

1 

0 

0 

OH 

9 

-1 

1 

1/2 

0 

H 

10 

0 

0 

1/2 

0 

NO 

11 

-1 

1 

0 


N 

12 

0 

0 

0 



Steps in the calculation are: 

(1) 71 j, n 4 , and Tig arc calculated irom the 
conservation relationships for oxygen, 
hydrogen, and nitrogen atoms: 




(3) Steps (1) and (2) are repeated in sequence 
until successive iterations give the same 
values of n 2 , ri 4 , and n® . The amount of 
solid carbon is then calculated from 


n x =q c ~ n * “ n 3 ( c • 6 > 

The calculations for n x < 0 are given in the 
next paragraphs. 

C*3 RICH SYSTEM WITHOUT SOLID 
CARBON, q Q 2 9c + q/f/2 

The equilibrium constants k t are calculated 
with the aid of the following table of the 0 t j for 
each value of i for which entries are given: 


_ o 0- 0 0 0 o \ 

"j " % - 2n i - ", - 2", - n„j 

^4 * ,y ^j/ “ ~ j(C-4) 

n t * 'hq s - Un° xl - ^n° lt I 

Initially, all of the n? in these relationships can 
be taken to be zero: 

(2) The remaining mole numbers ore calculated 
with the equilibrium conditions: 


ft/ 

CO 

3 * 2 

H, 

4 

H a O 

5 

N ? 

6 

CO* 

i 

3 

1 

-1 

X 

0 

0 2 

7 

0 

-2 

2 

0 

0 

8 

0 

-1 

X 

0 

OH 

9 

0 

•1/2 

1 

p 

H 

10 

0 

1/2 

'0 

0 

NO 

11 

0 

-1 

1 

1/2 

N 

12 

0 

0 

0 

1/2 
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Steps in the calculations are: 

(1) The Quantities A y B, C are evaluated from 
the definitions 


(5) Steps (1) through (5) are repeated in 
sequence until successive iterations give the 
same values oln 2t n 4 , n 5 , and n 6 . 


B « *hq u - q Q + q c + 2n ? + n s 

. x „° (C-7) 

+ - V*n 10 + n u 

.'0 0 0 0 

2^ 7 -« s " n o ' n n 

Initially, all of the nfin these relationships can 
be taken to be zero. 

(2) n t is the positive root of the quadratic ’ 

(1 -k°)n\ + (Ak° + B + Cfc® )n 3 

-/Cfc® = 0 (C ‘ 8) 

( 3 ) n 3 , n 4 , n. 5 , and n ft are evaluated from the 
relations 

n. = A - n. \ 


C-4 LEAN SYSTEMS WITHOUT SOLID 
CARBON, q 0 > 2q c + q» J 2 

Ihe equilibrium constants k ( are calculated 
with the aid of the following table of theft; for 
each value of i for which entries are given: 


Pu 

co 2 

; = 3 

h 2 o 

5 

n 2 

6 

o 2 

77 

CO 

2 

1 

0 

0 

-1/2 

h 2 

4 

0 

1 

0 

-1/2 

o 

8 

0 

0 

0 

1/2 

OH 

9 

0 

1/2 

0 

1/4 

H 

10 

0 

1/2 

0 

4/4 

NO 

11 

0 

0 

1/2 

1/2 

N 

12 

0 

0 

1/2 

6 


»* “ " >*»« - 


Initially, the values of and nj 2 can be 
taken to be zero. 

(4) The remaining mole .lumbers are calculated 
with the relations 


n 7 - 


n 8 " kt n &i ft 4 
n » ’ 


7I l l - 

n u = 


Steps in the calculations are: 

;(1) n 3} n tt n 6 , and n 7 are calculated from the 
relations 

n j “ 9c - "a 

b, -h/- »r -’-K - k« 


", - V4qr 0 - <J C 

+ ttn® + V4n® - V4»J' - '/<n° 

+ Ko"K 

Initially, the values of the n? may be taken to 
be zero. If q 0 = \q K - 2 q c , it is necessary 
initially to take n 7 to be some arbitrary small 
number, e.g., 10’ 6 , so that it will not vanish. 

(2) The remaining mole numbers are calculated 
with the relations 


03 
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APPENDIX D IMPERFECT GAS CONTRIBUTIONS TO THE THERMODYNAMIC 
PROPERTIES FOR SEVERAL EQUATIONS OF STATE 


D-1 INTRODUCTION 

In this Appendix, we list for easy reference 
expreoions for the imperfect gas part of the 
thermodynamic properties of a gaseous phase, 
employing several of the equations of state that 
have been used to describe the gaseou".products 
of condensed explosives. These expressions are 
obtained by the use of the relations deduced in 
Appendix A. 

D-2 THE ABEL EQUATION OF STATE 


The derivative y, n employed in the calculation 
of the equilibrium composition is 

%u ~ ~ ( 0 * 4 ) 

where 5 is the Kronecker delta. Although this 
equation, of state has been used to calculate 
detonation parameters, ii does riot satisfy the 
identiy for volume, Eq. 2-45. 

D-3 THE ABEL EQUATION OF STATE AS 
MODIFIED BY JONES 


The Abel modification of the van der Weal's 
equation of state has been employed to describe 
the gaseous products of condensed explosives. 
The equation is written 


Jones had modified the Abel equation of state 
for calculations of the properties of gaseous 
explosion products of condensed explosives by 
assuming that 


pr = nRT + exp (D-1) 


a * a(p) (D-5) 


where a is a constant covolume. (For references, 
see par. 7-9.) The partial derivatives of the 
equation of state are 

dr nR 


dr 
3P 


nRT 


(D-2) 


dr 

dn. 


RT 

P 


With this equation of state, the nonideal parts of 
the thermodynamic parts of the gas mixture are 
given by 


h(T,p) - h'(T) = ctp 
e(Tp) - e*(T) =0 
s(T,p) - 8* (T t p) - 0 

c P.nWP)r c Ptn (T) - 0 

P t {Tp) - p'(T t p) = 0 



(For references, see Chapter 7.) With Eq. D-5, 
the partial derivatives of Eq. D-1. are 


dr __ nR 
dT ~ p 


dr 

dp 


nRT . 

—t + «(P) 

P 


dr RT 
dn, p 


(D-6) 


The nonideal parts of the thermodynamic 
properties of the gas mixture are given by 
£ 

h(T,p)-h'm - Ja{p)dp | (D-7) 


e(T,p) - e*(T) 



o 


i(T,p)~ *(T t p) -0 
Q Pin (T.p)~ c' p JT) -0 


M,(T,p) - p*(T,p> * 0 


D-1 





AM CP 706*180 


The coefficient 7 i'/ employed in the calculation 
of the equilibrium composition is given by 

= 5 m (D-8) 

This form of the Abel equation does not satisfy 
the thermodynamic identity for volume, Eq. 
2-45. 

D4 THE ABEL EQUATION OF STATE AS 
MODIFIED BY COOK 

Cook has modified the Abel equation of state 
for calculations of the properties of gaseous 
explosion products of condensed'explosives by 
assuming that 

a - a(r) (D-9) 

(For references see Chapter 7.) With Eq. D-9, 
the partial derivatives of Eq. D-l are 


This form of the Abel equation does not satisfy 
the thermodynamic identity for volume, Eq. 
2-45. 

D-5 THE VIRIAL EQUATION OF STATE OF 
HIRSCHFELDER AND ROSEVEARE 

An equation of state in viral'fo.tm proposed by 
Hirschfelder and Roseveare has been applied to 
the calculation of the properties of the gaseous 
explosion products of condensed explosives by 
Patterson. Patterson employs the expression 



where A , JB„ and C are numerical constants. A ■* 
0.625,B * 0,287, C - 0.193, and 


dp __ nR , 

8 T r - a \ 

dp nRT , [ 

dr "" (T^ tl + “ (T) ’ (D-10) 


dp _ RT I 

dn t t ~ a ' 

The nonideal parts -of the thermodynamic 
properties of the gas mixture are given by 


e(r,T) - e{T) 


s(t,T) - s* (r,T) 55 —dr > 

J r(r - a) 


^(r.D - ,T) - - 


The coefficient 7 / 1 / employed in the calculation 
of,the equilibrium composition is given by 


where b t is the high temperature second virial 
coefficient of the k-th gaseous constituent, 
regarded as independent of temperature. (For 
references, *** Chapter 7.) The partial 
derivatives of u * equation of state are 




The ncnideal parts of the thermodynamic 
property* are given by 

ff(T.n - **(n - 0 V 

Kr.n - J’(rj) - - 1 7 ♦ “ (zi ♦ i 


• - "* I; * j (f)’ * iff * 5(7) i 

U'.»i - Cm • 0 

- f ),n 7)7 • («• £)<>(*)’ 


D*2 
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The coefficient 7 ^. employed in the calculation 
of the equilibrium composition is given by 






1 + £ n\A 

m "l 


where 


8 




- i, ^ 

nr “ 1 - 1 


^ “1 


f (D-17) 


A - 4 


A, » B 

A 4 ~ C 


D-6 THE HALFORD-KiSTIAKOWSKY- 
WILSON EQUATION OF STATE 


Halford, Kistiakowsky* and Wilson have 
proposed an empirical equation of state for the 
description of the gaseous products of 
condensed explosives. As subsequently modified 
by Cowan and Pickett, it has the form 


pr ** nRT (1 + xe x ) 

x *fc/[T (T+0)*] 

k ■ Zn.k. 

1 1 1 


(D-18; 


Here, a, /3, and 0 are constants to which Cowan 
and Pickett assign the values a * 0.5, 0 ~ 0.09; 0 
~ 400° K. The k ( are “covclume” constehtB 
characteristic of the individual species. (For 
references, see Chapter 7.) The partial 
derivatives of the equation of state are 


9p 
a t 


nR 

T 


1 + xe 



(1 + 0x)xe Px 


Br 


~ |l + xi* + (1 + fix)x/ M 


nk. 


j— » — |l + xe px + (1 +■ fix)xe Pxi 

on. t ' k 


(P*19) 


With this equation of state, the nonideal parte of 
the thermodynamic properties of the gas 
mixture are given by 

•iT.f) - **(T) - nRT 

«r.r. • .-it..) *"»j (fh)** ■<* - m \ (D-20) 

C.ir.f) * rjTi • nk jj • (1 . « . 

u,«7.r> - S t l7.r) - HT j A/* ♦ («*- l)/flj 


In the calculation of the equilibrium 
composition, we employ the derivative 




(D-21) 


i>3 
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APPENDIX E CALCULATION OF THE DETONATION VELOCITY OF THE 
THERMODYNAMIC STATE OF THE EXPLOSION GAS 


As shown in Chapter 6 (Eqs. 6-106 and 
6-107), the detonation velocity D and the 
thermodynamic state at the detonation front 
satisfy the equations 


D = ".VW 


* ‘o = '^(Pj + P„)(“ 0 - Wj) 
1 - Pc IP t = (Pi - 1) 


(E-l) 


where the subscripts o and 1 denote initial 
conditions and conditions at the detonation 
front,respectively; K is the adiabatic exponent; 
ande, specific energy function. 

Let us suppose that, the equation of state is an 
expression of the form 


P ■ P(u,T) (E-2) 


and that with this expression together with 
tables of the thermal properties of the in dividual 
reaction products, the specific energy, and 
adiabatic exponent are represented as functions 
of the same independent variables 

e = e(u,T) 

(E-3) 

K - K(v,T) 

Thus, in the solution of Eqs. E-l, we are 
required to satisfy the functions represented by 
Eqs. E-2 and E-3, in which the temperature 
appears as a parameter. 

It the composition of the reaction products is 
known, if the analytical form of the equation of 
state is a simple one, and if the thermal 
properties of the reaction products can be 
represented with sufficient accuracy by ample 
empirical equations; then an algebraic solution 
of Eqs. E-l, E-2, and E-3 can in principle be 
obtained. A? an example of the theory, we 
derive in Appendix F the solution for the case 
when Eq. E-2 is the equation of state for on 
ideal gas. In general, however, the thermal 
properties of the reaction products are not 
analytic functions of the temperature, and the 
composition of the mixture of reaction products 
is to be determined on the assumption that the 


products are in thermodynamic equilibrium at 
the temperature and specific volume behind the 
detonation front. The solution of the 
equilibrium conditions, necessary for calculating 
the detonation parameters with Eqs. E-2 and 
E-3, is itself a problem of considerable 
complexity. This problem has been discussed in 
Appendixes B and C where methods for its 
solutions are discussed in detail. It is apparent 
tint the solution of Eqs. E-l, satisfying the 
fu iCtions represented by Eqs. E-2 and E-3 and 
object to the equilibrium conditions for the 
composition of the mixture, must be obtained 
by an iterative method. With the understanding 
that the procedures described in Appendix A 
can be employed to evaluate the functions of 
Eqs. E-2 and E-3 for specified values of specific 
volume and temperature, these functions can be 
regarded as known and we can proceed to 
formulate an iterative method for the solution 
of Eqs. E-l. 

Suppose that an approximate solution, e.g., 
(v ^ 7 *), to Eqs. E-l hag been found and that 





have been evaluated. It is 
the abbreviations 


* = pjp[ 

y = 


convenient to define 

(E-4) 


which are the corrections to be applied to the 
approximate values p\ and u' to obtain an 
improved approximation. We also define the 
Quantities . i \ 

°~p 0 ip l 


b = »Jo[ 


(E-5) 


c = 2(eJ - «•„)/&>; ■>!) 


which can be evaluated at Now, as an 

approximation, we assume that the detonation 


El 
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products are poly tropic between (v‘ ,T') and the 
correct solution to Eqs. E-l, (v v T l ) i with 
adiabatic exponent . With this 

assumption 

e i - < = “f ^i v i - (E-6) 


By use of Eqs. E-4, E-5, and E-6 the bottom two 
equations in E-l can be written as 


(k[ - l)(c - ab + ay) - 2 

(<- i)^- Ot[+i)y- 


y - 


k[+ l 


b + 


<+ II x 


(E-7) 


and solved for x and y. 

l or a condensed explosive, the ratio p,/p 0 is 
the order of 10 6 . Since the ratio Py/p\ is of 
order unity, a « 0 to a very good approximation 
for condensed explosives, and the solution of 
Eqs. E-7 can be written 

x = - (< - l)(cjb) + 2 lb 

y - *!&/(*! * i) 


For a gaseous explosive, P\/p 0 is of order 10 
and it is not permissible to neglect p 0 in 
comparison to pj in the solution of Eqs. E-7. 
The separation of variables in Eqs. E-7 results in 
a pair of simultaneous quadratic equations. 
Instead of solving them in this form, it is 
convenient to use successive 
approximations*-«mploying the second of Eqs. 
E-8 to begin the iteration—and then employing 
Eqs. E-7 in sequence to determine successive 
approximations to x and y, a process that 
converges very rapidly. 

Having determined x and y, and these 
improved estimates of p t and v 1 ; we can obtain 
an improved estimate of the temperature Ti 
from the equation of state. For a condensed 
explosive, requiring the use of a nonideal 
equation of state explicit in temperature and 
volume, the evaluation of the temperature must 
usually be carried out by successive 
approximations because of the practical 
impossibility of inverting the equation of state 
to obtain an expression giving temperature as 


function of volume and pressure. For a gaseous 
explosive, for which the ideal gas equation of 
state is sufficiently accurate, we can write 


T'xy (E-9) 

and this expression can be used to start the 
successive approximations to determine T. 

We have developed a procedure to obtain an 
improved estimate (v : ,T.) to the solution of 
Eqs. E-l, satisfying the functional relations of 
Eqs. E-2 and E-3, when an approximation 
solution fa'.T'j) is known. We have thus, 
without assumption regarding the form of the 
equation of state, formulated an iterative 
procedure for the solution of these equations. 
At each stage of the iteration the equilibrium 
composition and thermodynamic properties,are 
evaluated, using standard computational 
procedures,, for the thermodynamic state 
specified by the approximate solution. When x = 
y = lPi ~p[ ui = v\ ? x = Ti, and the detonation 
can be calculated with the top equation in E-l. 
The comparison of x and y with unity affords a 
test, at each stage of the iteratiqn, of whether or 
not the iteration has converged. The usefulness 
of this computational procedure results from the 
facts that the adiabatic exponent is an 
insensitive function of state and that the 
poly tropic assumption, Eq. E-6, is employed 
between states whose separation tends to zero as 
the iteration proceeds. In application, this 
procedure has been found to converge very 
rapidly. 

In order to complete the formulation of the 
computational procedure, it is necessary to 
specify a way to obtain a first approximation to 
the desired solution. For this purpose, it is 
convenient to employ the poly tropic gas relation 
between the Chapmar-Jouguet pressure and the 
constant volume explosion pressure p e . 

= % (E-10) 

can be used to calculate the thermodynamic 
properties of the constant ‘/oluriie explosion 
state by the methods described in Appendix B. 

On the assumption that the detonation 
products are polytropic between the states 
(Pi .ui) and )p e ,v 0 ), we can write 


E-2 
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Eliminating the ratio of the specific volume by 
means of the third of Eqs. E-l, we obtain the 
quadratic equation 



where p 2 * (k e - l)/k e + 1). Since >p et the 
desired root is 


p % tp € = 2 (E*16) 

Even for a gaseous explosive, the approximation 
given by Eq. E*16 differs from the result of Eq. 
E-14 or Eq. E-15 byatmost a few percent 
From this analysis, we conclude that ah 
appropriate first approximation to the pressure 
pj can be obtained from the constant volume 
explosion pressure p t through Eq. E-16. The 
corresponding first approximations to the 
specific volume Uj and temperature T x can then 
be obtained from the second of Eqs. E-l and the 
equation of state, respectively: With the 
specification of the initial approximation and 
the formulation of an iterative procedure, the 
computational procedure for the solution of 
Eqs. E-i is completely formulated. 
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APPENDIX F CALCULATION OF THE DETONATION VELOCITY FOR IDEAL GASES 

As ihown in Chapter 6 the detonation pressure explosion products at pressure p a and 

p, and the detonation specific volume tq are temperature T 0 . For an ideal gas, the enthalpy is 

determined by solving the equations . independent of the pressure and a function of 

„ a. « \/ f , „ \ the temperature only. Therefore, theleft-hand 

] - «, - M(p, +pj(u a - tf,) (F1) side of E<j! F-4 can be written . 

1 - P d /Pr “M"* - r > h t - a ^,T„) = h 0 ^) - h°(T 0 ) (P-5) 

and the solution requires the introduction of an = cj (7 \ - T a ) 

equation of state. When it has been obtained, 

the detonation velocity D and the particle where fi(T) - h(T, p - 1 atm) is the ideal.gas 


velocity can be evaluated using the equations 

D = -ov T^T (F-2) 

u i =Z)(1 - />„»,) j 

As an example of the application of the theory, 
we derive in this Appendix the solution of Eqs. 
F-l for the case where the explosion products 
are described with sufficient accuracy by the 
idetl gas equation of state 

pv = nRT (F-3) 

where n is the number of moles of gas produced 
by unit weight of explosive. We also assume that 
the composition of the explosion gas is frozen 
and is known. In order to calculate the 
detonation velocity and detonation properties of 
a gaseous detonation, to which case the ideal gas 
equation of state is accurately applicable, the 
results of this Appendix can be employed 

iteratively with the procedure for the calculation 
of the equilibrium composition that has been 
described in Chapter 2. The results also provide 
a basis for approximate relations that are of 
practical interest for the estimation of the 

explosion properties of condensed explosives. 

It is convenient to transform Eq. F-l by the 
introduction of the specific enthalpy h = e +pv 
and of the ppecific heat of explosion, defined by 
Eq. 6*8. When this is done, we obtain 

h r h(p 6 ,T a ) - fl + V4(p, - pJfVj + i>„) (F-4) 
where h(p 0 , T a ) is the specific enthalpy of the 


specific enthalpy of the> explosion products and 
Cp is the average specific heat of the explosion 
products between temperatures T 0 and 7\. 
When this expression is substituted into Eq. F-4 
and the temperature T x eliminated by means of 
Eq. F-3, we obtain 



= <? + «(P, " P 0 )(y, + ) 

When the abbreviations x=* u x fu ot y = p , /p 0 , a =* 
2 c%/nR, b * 2 (q + cj T 0 )/(p 6 v o ) are 
introduced, Eq. F-6 becomes 

(a - l)xy + x- y s *6-l (p. 7 ) 

In the special case that the average specific heat 
ej is a constant, Eq. F-7 describes a rectangular 
hyperbola. 

For an ideal gas, the adiabatic exponent k is 
equal to the ratio of the heat capacity at 
constant pressure to that at constant volume, 

K » eX = T° < F - 8 > 

By using the abbreviations x and y, the second 
of Eqs. F-l can be transformed to the expression 

[y° + l)xy - x - y°y * 0 (F-9) 

Eqs. F-7 and F-9 are to be solved simultaneously 
for* andy, 

Upon separation of the variables, a pair of 
quadratic equations is obtained 


F-1 
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(\ + a)x 2 - (y“ + 1)6* + 7>-l)= 0 , 

- 1) - 7 ° - l]y 2 (F-10) 

- (7° + l)( 6 - 2 )y + 6 - 1=0 

These equations can be solved with the aid of 
the usual formula for the roots of a quadratic 
equation. Each has two real roots. The 
Chapman-Jouguet detonation, which is here the 
solution of interest, corresponds to the pair for 
which x < 1 , y > 1.,(The pair for which x > 1 , y 
< 1 corresponds to a Chapman-Jouguet 
deflagration.) After x and y have been obtained, 
and can be evaluated and the temperature 
7\ of the Chapman-Jouguet state can be 
evaulated with the=aid of the equation of state, 
Eq. F-3. 

Both the. average specific heat and the heat 
capacity ratio are functions of temperature, 
although the temperature dependence is not 
very strong. If an attempt is made to include the 
temperature dependence explicitly by expanding 
these quantities as a pov/er series of the 
temperature, the expressions replacing Eqs. F-10 
become of order higher than the second and 
their solution becomes awkward. It seems 
better, therefore, if precise results are desired, to 
conduct the calculations iteratively. The average 
specific heat and ratio y° are evaluated at an 
approximate temperature. The solution of Eqs. 
F-10 and F-3 will then yield an improved value, 
of the temperature, upon which a second 
solution can be based. If it is desired to 
elaborate the calculation to the extent of 
requiring that the explosion products be in 
thermodynamic equilibrium, the composition of 
the products can be adjusted at each stage of the 
iteration by calculating the equilibrium 
composition at the approximate temperature 
and pressure of the particular iteration. Whether 
the equilibrium calculation is performed or not, 
the successive approximations will be found to 
converge rapidly. 

As a useful approximation to obtain estimates 
of the detonation properties, one can assume 
that the explosion gas is polytropic with a 
constant heat capacity. Then 


„ = 2y“/(7“ - 1) I 

2 (F41) 
b = — [9 + y°nRTJ(y - 1)J 

"n ' 

In this approximation, Eqs. F-10 can be written 

2 f4°- I 


+ (6 - 1) = 0 
y 1 - (7° - l)(f> - 2)7 


-<M 2 ) 


In the polytropic approximation, y° is a known 
constant, independent of the temperaiure. 
Therefore, Eqs. F-12 can be solved at once and 
an iterative calculation is not required. 

Relations that are convenient for order of 
magnitude estimates of the detonation 
properties can be obtained from a further 
approximation to Eqs. F-12. On the detonation 
branch of the Hugoniot curve, x is of order 
unity, and y and b are largo compared to unity. 
As a first approximation, the roots of Eqs. F-12 
corresponding to the Chapman-Jouguet 
detonation can be written 


y - (7° - 1 )b ) 

Futhermore, q is much greater than cj T 0 . 
Therefore, Eqs. F-13 result in the approximate 
relati ms, 

*> a * v^Ky 0 + l) ) 

(F-14) 

Pl * 2 q{y° - l)jv 0 ) 

The corresponding approximation to the 
detonation temperature is obtained by 
substitution in the equation of state 


7°(7° - 1) 
7° + 1 
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and the corresponding approximations to the 
detonation velocity and particle velocity are 
obtained by substitution in Eqs. 6-56 



In order to estimate the accuracy of the 
approximate relations, Eqs. F-14, we may use 
the formula for the roots of a quadratic to write 
the exact solutions of Eqs. F-12. If this is done 
and the reiuiting radical expanded in powers of 
1/6, the result to terms of order 1/6 can be 
written 



(F-i.7); 


Thus, the approximations expressed by Eqs. 
F-14 differ from the exact solutions of Eqs. 
F : 12 by terms in the quantity 1/6 of first and 
higher orders. 
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INDEX 


A 

Abel 7-2 

equation of state 9*10, D-l 
Accidents 1.1*26 
Accuracy 14-14 

Activation energy 4-1, 4-3, Table 4-1,10-1 
Activity coefficient 7-3, A-6 
Adams 11-24 
Adiabat, Hugoniot 11-2 
exponent 2-14,2-16, 7-2, 7-9, Table 7-6, 

14-11, E-l 
heating 10-9 
Aerodynamic drag 13-10 
AFTON14-10 
Air-blast 3-6 
Amatol Table 1-2 
Ammonium 
nitrate Table 1-1 
dynamite Table 1-2 
perchlorate Table 1-1 
picrate Table 1-1 
salts 4-16 
Amster 11-28 

AN See: Ammonium nitrate 
Andreev 4-6 

AP See: Ammonium perchlorate 
Argon 
flash 5-3 
gap method 5-15 

Arrhenius equation 10-2,12-10, Fig. 12-6, Table 
12-2,14-13 

Avnmi and Erofeev 4-2 

B 

Ballast, thermal 1-3 

function of in explosives, commercial 1-3 
Ballistic Mortar test 3-7, Table 3-11, 5-25 
Baratol, composition of Tabic 1-2 
Barium nitrate, in baratol Table 1-3 
Barker 14-4 

Barthel and Strehlow 8-15, 14-4, 14-13, 14-14 
Beattie A-3 
Becker 6-21, 7-13 

Becker-Kistiakowsky-Wilaon See: BKW code 
Berthelot 
and Vieilie 1-1 
detonation, theory of 1-1 
Bikini gage 5-19 


Bircumshaw 4-16 

Bis (2,2-dinitro-2-fluoroethyl) formal See: 

FEFO 

Bis (N, N'-trinitromethyl), urea See: BTNEU 
BKW code 14-11 

Black powder, constituents of i-1 

Blackstock 14-4 

Blast 

pressure 5-19,13-1 
propagation theory 1-3 
wave.13-1,13-7,13-10 
Blasting 
caps 1-9,1-4 
gelatin Table 1-2,11-26 
Boddington 12-8 
Boltzmann and J&ger 7-16 
Bowden 12-4,12-6,12-8 
and Yoffe 12-6 
Boyer 11-24,14-13 
and Grandey 11-24 
Bridgman 510 
Brinkley B-2 

and Kirkwood 6-21,13-7,13-30,13-81,13-32 
and Richardson 8*12 
and Wilson 7-18 
stoichiometric conditions 2-8 
Brisaiice 524, 525 
Erode 13-12,13-13 
Brodie 14-6 
BTNEU Table 1-1 
Bubble pulse 519 
Burning law 11-24,12-20 


C 

Camera 
framing 53 
image dissection 53 

rotating-mirror or -drum 51, 52, Fig. 5-1 
“streak camera 1-2, 51 
See: Photography, high-speed 
Campbell, Davis, Ransay, and Travis 11-23 
Cartlaw and Jager 10*11,10-16 
CEL 14-10 

Chaiken and Cheaelske 12-8 
Chambre', 10-1,10-7 
Chapman and Jouguet 1*1,6-1 
Sea: C-J 

Characteristics, method of 2-21,14-1 


1-1 
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Charge 

cylindrical 8-1,13-1 

diameter, effect on detonation velocity 9-1, 
9-9 

spherical 8-1,13-1 
Chemical kinetics 1-2 

Chemical potential 2-7,14-11, A-2, A-4, A-5, 
B-2, B-4, C-l, D-l, D-2, D-3 
definition of 2-1 
Chemical reaction 1-1 
^tonation wave 1-1,1-2,14-2,14-4 
Chou, Karpp, and Huang 14-2,14-4 
Chushkin 14-5 
C-J 

detonation P-2 
hypothesis 6»19 
parameters Table 3-5, 3-6 
points 14-11 
state 

detonation velocity F-3 
energy 7*7 
particle velocity F-3 
pressure 5-9, 7-4, 7-7, E-2, F-2 
solution for 6-24 
subideal 8-12, 9-3 
temperature 7-3, 7-4, F-2 
volume F-2 
theory 1-1 
Code 

BKW14-11 

Eulerian-Lagrangian 14-9,14-lt) 
modular 14-14 

Codes, computer Sec: Computer codes (or 
programs) 

Coefficient 
activity 7-3, A-6 
thermal expansion A-2 
Cole 13-19,13-21,13-27,13-32 
Components, definition of 2-2 
Composition, theoretical description 2-1 
Composition B Table 1-2, 5-23 
Compressibility, isothermal A-2 
Computer codes (or programs) 

AFTQN 14-10 
CEL 14-10 

explosion phenomena, use in 1-2 
HEMP 14-7 

hydrodynamic, time dependent 1-3,14-1 

NIP 14-4,1413 

OIL 14-9 

PIC 14-10 

PIPE 14-7 


RUBY 14-11 

STRETCH 14-11 

STRIP 14-10 

SWAP 14-4 

THERMO 14-11 

thermodynamic, equilibrium 1-3 

TIGER 14-11 

TOODY 14-13 

See: Chapter 14 

Conductivity, as measurable parameter 5-1, 5-4, 
5-22 

Conservation 

equations 2-18, 2-19, 5-7,8-1 
shock front 2-28, 2-29 
Constants 
Gurney Table 3-8 
Rydberg 4-9 
stoichiometric 2-2 

Constant volume explosion point 14-11 
Constituent, definition of 2-1 
Conventional decomposition equation See: 

Decomposition, equation 
Cook 5-5, 7-8, 7-9, <>-10 
Courant 

and Friedrichs 2-29,6-15,14-2 
-Friedrichs-Lewy conditions 14*7 
Courtney-Pratt, J. S: 5-4 
Covolume 7-2, D-l, ID-2, D-3 
Cowan and Fickett 7-14, 7-16, 7-18, D-3 
Cyclotetnmethylenc! tetranithunine See: HMX 
Cyclotol, composition of Table 1-2 
Cyclotrimethylene trjnitramine See: RDX 
Cylindrical charge 13-1 

D 

Dalton’s law A-4 
DATNB Table 1-1 
D’Autriche method 6-6 
Deal 5-18, 7-5, 8-9,13-4 
Deb 4-9 
Decomposition 
covalent explosives 4-3 
data from adiabatic furnace Fig. 12-6 
equation 2-1, 2-3 
heat of 4-1 
ionic solids 4-6 
mechanisms 4-3 
of azides 4-6 
of nitrates 4-14 
products 2-3 
of TNT 2-4 


1-2 
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Decomposition (cont.) 
rate of 4-1 

reaction 4-5, 4-6,4-16,4-18,10-1 
spontaneous 10*1 
thermal 4-1, Table 4-2 
Deflagration 6-3 
propagation of 1-3,1-6,1-8 
strong 8-3 

transition to detonation 12-10 
wave 8-3 

Denisov andTroshin 8-15 
Densitometry, flash X-ray 5-7 
Dependence, domain of 2-23 
Detonation 
energy 1-2,1-3 
fadeout of 14-13 
hypervelocity 11-17 
in liquid 8-16 
initiation of 14-13 
low-order 11-26 
low-velocity 11*26,11-28 
stability 11-26, Table li-5 
overdriven 11-1 

parameters, measurement of 5-4 
pressure 5-5, 5-9 

properties Table 7-3, Table 7-4, Table 7-5, 
Table 7-7 

solids and liquids 7-1 
theoretical/experimenlal comparison 
Table 7-9 
products 

composition of 3-2, 3-3, Table 3-4, 

7-13 

equation of state 3-3 
stability of 6-21, 8-6 
strong 6-4, 8-10 
temperature 5t-21 
theories of 1-i 

underdriven 11*1,11-10,11-17, Fig. 11*11 
velocity 5-1, 5-8, F-l 
charge effect on 9-2, 9-9 
equation for 3-6, 6-14, 7-3, 7-4 
low, initiation process 11-26, 
waves 

cylindrical 9-1 
definition of 1-8 
elementary theory of 6-1 
front of 1-1 
planar 1-2 
plane 8-1 
spherical 9-13 
steady 8-4 
weak 6-4 


Dewey 5-19 

piaminotrinitro benzene See: DATNB 
Diaphragm gage 5-19 
Diethylnitramine dinitrate See: DINA 
DINA Table 1-1,12-15 
Doering 5-18, 8-5 
and Burkhardt 5-18 
Drig, aerodynamic 13-10 
Dremin 3-16 

Duff and Houston 5-9, 5-10 
Duvall 13-38 
Dynamic pressure 13-10 
Dynamite 1-1, Table 5-2 
aatnnonium nitrate type Table 1-2 
cominerical 1-3 
composition of Table 1-2 
nitroglycerin-based 1-1 . 

Nobell-1 

See: Explosive, secondary 


E 

EDGN table 1-1 
EDNA Table 1-1, Table 5-2 
Edwards 8-14 
Effect 

See‘.Faraday effect 
SeeiKerreffect 
See:Magneto-optic effect 
Eichelberger 9-12 

Electrical systems, ionization probes 6-4 

Emery 14-5 

Energy 

activation 10-1, Table 10-1 
as property of explosive 1-3, 3-1 
as thermodynamic property 2*10 
free 3-2 

internal A-l, A-S, A-5, A-6, D-l, D-2, D-3, 
E-l 

of detonation 1-2,1-3 
of explosion 13-23 
of explosive 3-1 

specific internal, of C-J state 7-7 
Enig 10-1,10*7,10-10 
and Petrone 11-10 

Enthalpy 2-7, 2-9,13-6, A-l, A-3, A-6 
B-3,F-l 

as thermodynamic property 2-10 
definition of 2-7 

Entropy A-2, A-3, A-5, A-6, D-l, D-2, D-3, 
function of 
mole number 2-9 


1-3 
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Entropy (cont.) 

temperature 2-9 
volume 2-9 

in reversible process 2-8 
in thermodynamics, second law 2-5 
Equation 

See: Arrhenius equation 
See: Conservation equations 
See: Decomposition equation 
See: Eulerian equations of motion 
See: Hyperbolic equations 
See: Itankine-Hugoniot equation 
See: Stoichiometric equations 

Equation of state 3-3, 3-6, 5-1, 5-22, 8-2, A-2, 
A-3, A-4, B-2, B-3, B-5, C-l, D-l, D-2, D-3, F-l 
Abel's 7-2, 9-10, D-l 

as requirement for stress wav, calculations 
14-1 

Becfcer-Kistiakowsky-Wilson 14-11 
caloric 2^0 
Cook’s 7-8 

definition of 2-10,14-11 
Fickettand Wood 7-7, Table 7-2 
for solid or liquid explosives 7-1 
general derivation 7-5 

Halford, Kistiakowsky, and Wilson 8-9, D-3 
Jones’ 7-9 

modified Abel 7-8, 7-16 
by Jones 7-9, D-l 
by Cook 7-8, D-2 
of condensed species 7-16 
of products 8-9 
Tait 12-17,13-30,13-37 
van der Waal D-l 
viriil 7-16, D-2 

table of coefficients, Table 7-6 
Equilibrium 

composition 14-11, B-1,.3-6, C-l, D-l 
conditions B-4, 02 
general conditions for 2-8 
mechanical, chemical, and thermal 2-8, 2-9 
Equivalent weight, Table 3-9, Table 3-10, 

5-25,13-38,3-5 
Erpenbcck 8-15 

Ethylenedinitramine See: EDNA 
Ethylene glycol dinitrate See: EGDN 
Eulerian 

equations of motion 2-16, 2-18, 2-20 
variables 14-1,14-9 
Eulerian-Lagrangian code 14-9,14-10 
Erying 9-15 

and Powell, Duffey, and Partin 9-10 
1*4 


Experimental technique 5-1 
Exploding wire 5-3 
Explosion 
description of 1-2 
energy of 14-27 
pout, constant volume 14-11 
pressure, consent 6-3 
products 1-4, 2-1 

in thermodynamic equilibrium 2-3 
thermal 1-3,1-8,10-1 
critical temperature for 10-9, Table 10<3, 
Table 10-4 

dependence on sensitivity testa 12-6 
of cylinders Fig. 10-5 
of slabs Fig. 10-5 

of spheres 10-12, Fig. 10-4, Fig. 10-5, 
Table 10-6 

shock initiation of 11-10 
stability 10-3 

time 10-9,10-12, Fig. 10-4, F : g. 10-5, Fig. 
10-6,10-19, Table 10-6 
underground 12-19,13-23 
underwater 13-4,13-19 
volume, constant 6-3, E-3 
work of 3-6, Table 3-11 
Explosive 

acceptor 11-1,11-20 
commercial 1-3 
condensed 14-13 
covalent 4-4 

damage from 13-4,13-26 
definition of 1-2,1-4, 3-1 
donor 11-1,11-20 

homogeneous 11-5,11-10; 11-17,11-23 
Hugoniot adiabat 11-2 
inhomogeneous 14-13 
lens 5-9 

nonhomogeneous 11-17,11-23 
performance 1-2 
evaluation of 1-3 
primary 1-4,12-8,12-15 
processes of 1-2 
products 5-1 
secondary 1*4,12-8 
size, critical 10-9 

Explosive D See: Ammor.,:im picrate 
F 

Faraday 
effect 5-4 
foil 5-16 

FEFO Table 1-1, Table 3-1 
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Fermat's principle 9*12 
Fickett Table 3-5 
and Wood 7-7,7-13,13-4 
Figure of merit 5-25 
Formula vector 2-2 
of components 2-3 
of constituents 2-2, 2-3 
Flash, argon 5-3 
Flash X-ray, densitometry 5-7 
Fragments, velocities of 3-4 
Frank and Lazarus 14-5,14-9 
Frank*Xamenetskii 10-1,10-7 
Free energy function, Table 3-3 
Friedman 12-8, 3-2 
Friederich 7-10 
Friederich 14-4 

* Frozen*’ composition, of mixture 2-1 
Fuel, typies Table 3-1 

G 

Gage 

Bikini 5-19 
diaphragm 5-19 
in-material 5-1C, 5-13 
manganin 1-2, 5-10, 5-13 
piezoelectric 5-10 
piezoresistdve 5-10, 5-13 
polarization 5-14 
quartz 5-10 
sulfur 5-15 

Galwey and Jacobs 4-18 
Gap test 11-1,11-20, 11-26, Table 11-3, Table 
11-4 

argon 5-15 

pressure measurement in li-2 
Gas 

imperfect, properties of D-l 
polytropic 13-23,13-37, E-2 
Geometry, spherical 13-1,13-2,13-12 
Gibbs-Dalton rule B-5 
Gibbs free energy 2-7, A-2, A-3, A-5 
in standard state 2-9 
specific 2-9 
Gibson 5-21, 5-22 
Gipson and Macek 11-23 
Godunov 14-5,14-7 
Goranson 5-8 
Gray 4-4 
and Williams 4-4 

Gross and Amstor 12-8,12*9,12-10 
Gross composition, specification of 2-2 


Gurney 

constants, Table 3*8 
comparison of with Q, Table 3-8 
formula* definition 3-5 

H 

Haleite See: EDNA 

Halford, Kistiakowiiky, and Wilson 7-18, 8-9, 

D-3 

equation of state ‘3-9, D-3 
Happel and Majumliar 7-16 
Harlow 14-11 
Hartree method 14^2,14-3 
Ha* 5-23 
He 

capacity A-l, A-3, A-5, A-6 
conduction 10-7, 10-8,13-5 
of formation A-3 
radiation of 13-5 

release 3-1, Table 3-6, Table 3-7, 6-2 
computation 3-5 
equation for Hdis* law 3-1 
in detonation 3-1 
sample values Table 3-2 
specific 2-10, 2-12, 7-3, 14-11, D-l, D-2, D-3, 
F-l 

transport, cause ofi detonation 1-3 
Helmholtz free energy 2-17, A-4 
in standard state 2-9 
HEMP 14-7 
Herrmann 14-7 
Hess’ law 3-1 

Heterogeneous exploiuves See: Explosive, 
nonhomogeneous 
Heterogeneous system B-l 
Hilsenr&th and Becke tt 13-10 
Hirschfelder 
and Rofeveare 7-16, D-2 
Stevenson, and Eyring 7/17 
HMX Table 1-1, Table 1-2 
Homogeneous explosives See: Explosive, 
homogeneous 

Hotspots 10-22, Table 10-5,11-6,11-10,11-13, 
11-17,14-13,14-14,11-24,12-6,12-9,, 12-11 
critical 12-11 
pressure 11-14 

temperature 11-14,11-15,11-16, 

Table 12 3 

See: Explosion, thermal 
Huff, Gordon, and Morrell B-2 
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Hugoniot 2-29,13-7 
adiabat 11*2 
and Rankine 1-1 
curve 2-29, 5*10, 6-3, Fig. 6-2 
definition for an explosion 8-11 
equations, cylindrically symmetric flow 9-7 
jump conditions 14-2 
of explosive 11-2 
points 14-11 
relations 8*6 
shock front 1-1 
Huygeri’s principle 0-12 
Hydrodynamics 
cause of detonation 1-3 
conservation equations 1-1 
definition 14-1 

equations 2-18, 2-20, 8-1.14-2 
Eulerian equation of 13-28 
explosion phenomena of 1-1,1-6,2-1 
for point source model 13-12 
of reacting continua 2-16 
theoretical development 2-1 
Hyperbolic equations 2-27 

I 

Illumination 5*3 
Image-converter tube 5-4 
Image dissection 5*3 
Impact 
sensitivity 1-8 
tests 12-1 

Implicit methods 14-10 
Impulse, positive, as parameter of shock wave 
5-19 

Induction time 10-6,10-12,10- 6, Table 10-5, 
11-7,11-30, Fig. 11-8, Table 12-11* 
14rl3 

Inerts as ballast 1-3 
inhomogeneous explosives See: ’ 

inhomogeneous 
Initiating mechanisms 11-1 
Initiation 11-1,14-13 
air bubbles effect 11-10,11-17* 
by friction 11-17,12-1,12-14, 3 12-8 

by impact 11-17,12-1,12-6 
cavitation model 11-28,11-29 
confinement effect 12-15 
diameter, critical 11-20, Table 11-3 
duration of shock pulse effect ll-i9 
grain size effect 11-24 
in gas bubble 12-8 


inhomogeneities effect 11-5 
Mach disc model 11-28 
porosity effect 11-3, li-18 
process of low-velocity detonation 11-26, 
11-28 

thermal 12-1, 12-6 
time, critical 11-20 
Initiator, types of 
mechanical shock 1-4 
thermal source 1-4 
In-material gage 5*10, 5-13 
Interferometer, laser 5*16 
tnviscid motion 2-17 
Ionic solids 4*6 
Ionisation probes 5-4 
Irreversibility 13-5 

Irreversible process 2-7, 2-18, 2-19, 2-28 
Isen trope, properties of 2*16 

J 

Jacobs, Liddiard, and Drimmer 1217 

Jameson 5-23 

Johannson 1?-S 

Jones 5-8, 5-18, 5-21, 7-6, 9-10 

Jouquet rule 6-6, 6-7, 6-11, 6-14 

K 

Kerr effect 5-3 
Kinetics, chemical 1-2 
Kirkwoqa 

and Be the 13-8, 13-10, 13-26, 13-27, 13-30, 
13*32 

and Brinkley 13-7, U-27,.13-28 
and Wood 8-11, 8-14 

L 

Lagrangian 14-5,14-9 
equations of motion 2-16, 2-20 
Lam bourn and Hartley 14-4 
Landau and Lifshitz 3-5 
Landshoff 14-5 
Langley 14-5 
Laser interferometer 5-16 
Law 

See .'Arrhenius equation 
See: Burning law 
See: Conservation equations 
See: Dalton’s law 
See: Hess’ law 
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Law (confc.) 

Sec: Perfect gas law 
See: Planck’s distribution law 
See: Wien displacement law 
Lawton and'Ski dm ore 8-9 
Lax 14-7 

and Wendroff 14-5,14-7 
Lax-Wendroff 14-6 
Lead azide Table 1-1 
Lead block test 5-25 
Lead styphnate Table 1-1 
Leapfrogl4-6 
double 14-7 

Le Chatelier See: Mallard, detonation, theory of 

Lens, plane wave 5-9 

Lewis 

and Friauf 6-20 
and Randall rule B-5 
Lucite wedge 5-15 

M 

Macek 12-15,12-17,12-20 
Mader Table 3-5, llrlO, 14-14 
Magneto-optic effect 5-4 
Makino 13-33 
Makovsky 
and Gruenwald 4-6 
and Lenji 4-5 

Mallard, detonation, theory of 1-1 
Manganin gage 1-2, 5-10, 5-13 
Massau 14-2,14-3 
Martin and Saunders 12-6 
McQueen 13-38 

Measurement of detonation parameters 5-1 

Mercury fulminate Table 1-1 

Method 

See: Argon gap method 
See: Characterisitics, method of 
See: D’Autriche method 
See: Hartree method 
See: Implicit method 
See: Method of characteristics 
See: Newton-Raphson method 
See: Up-and-down method 
Method of characteristics 14-1 
Meyer 14^2 
Microballoons 5-15 
Mixture 

composition of 2-1 
constant composition of 2-10 
constituents of 2-4 
heterogeneous 2-10 


Mitchell 4-9 
Modular codes 14-14 
Mole number 14-11 
Muller 14-10 

N 

Newton-Raphson method B-2 
Nicholson 4-6 
NIP 14-4,14-13 
Nitrobenzene 5-3 

Nitroglycerin 1-1, Table 1-1, Table 1-2, Table 
5-2,5-22,11-26,12-8 , 

Nitromethane Table 1-1, Tabie-5-2, 5-23, Table 
11-2,11-7,11-10, 11-3.3,11-14, li-15,11-16, 
11-17 

NG See: Nitroglycerin 
NM See: Nitromethane 
Nobel 1-1 
Noh 14-10 

Nonequj'ibrium states 14-11 
Nuclear tests 5-10 


0 

OIL 14-9 
Oppenheim 
and Urtiew 8-14 
Manson, and Wagner 8-14 
Omellas 3-2 
Osborn 14-14 
Oxidizer 
in explosives 1-3 
types Table 3-1 
Oxygen balance Table 3-6 

P 

Particle* in-cell 14-10,14-11 
Particle velocity 5-7, 5-15, F-l 
equation for 6-24, 7-3,7-4, 7-7 
Paterson 7-17 

PBX 9404, composition of Table 1-2 
Penney and Dasgupta 13-23 
Pentaerythritol tetranitrate See: PETN 
Pentolite 13-33 
composition of Table 1-2 
Perfect gas law 14-11 
PETN Tables 1-1,1-2, 5-2; 5-22 
as homogeneous explosive 11-10, Table 11-2 
charge diameter 9-3 
Petrone 14-13 
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Phase 

condensed, in mixture 2-1, 2-3, 2-10 
gas in mixture 2-1, 2-3 
rule 2-3 

PHERMEX 5-18 
Photography 
argon flash 5-3 
Deal 5-18 
Dewey 5-19 

Doering ana Burkhardt 5-18 
exploding wire 5-3 
framing 5-3 
high-speed 5-1 
illumination 5-3 
image dissection 5-3 
PHERMEX 5-18 
Schall 5-18 
spark discharge 5-3 
See: Camera 

Photo-optical systems 5-4 
PIC See: Particle-in-cell 
Picric acid Table 1-1 
Piezoelectric gage 5-10 
Piezoreristive gage 5-10, 5-13 
Pin technique 5-15 
PIPE 14-7 

Planck’s.distribution law 5-21 
Plane wave lens 5*9 
Plate-dent test 5-25 
Point source model 13-12,13-27 
Polarization 5-14 
Polytropic gas 13-23,13-37 
Power of an explosive 5-24 
Pressure 
as property 

of explosive 1-3,1-4 
of homogeneous phase 2*4, 2-5 
thermodynamic 2-10 
blast 5-19 

C-J, equation for 3-6 
dynamic 13-10 
in reversible process 2-8 
of detonation 5-5, 5-9 
of reaction i-2 
transducer 5-10 
Price 3-5 
Principle 

See: Fermat’s principle 
Sec: Huy gen’s principle 
Probes, ionization 5-4 
Process 

equations for 2-9 


infinitesimal 2-5, 2-7, 2-8 
irreversible 2-5, 2-7 
natural 2-5 

of isolated system 2-8, 2-8 
reversible 2-6, 2-7 
thermodynamic 2-5 
unnatural 2-5 
Propagation 

blast See: Blast, propagation theory 
velocity, definition of 1-6 
Propellant 1-3,11-3,11-20,11-26 
Prout and Tompkins 4-2 

Q 

Quartz gage 5-10 

R 

Radiation 
damage 4-18 
of heat 13-5 
Rankine 2-29 

shock front, discontinuous 1-1 
Rankine-Hugoniot equation 2-29,6-1 
Rarefaction 13-3 
wave 2-24 
Rayleigh 

tine 6-3,14-5,14-8 

all fir* If wsivpt 1 *1 

RDX Table 1-1, Table 1-2, Table 5-2, 5-22 
Reaction 

decomposition 1-2, 2-2, 4-5 
heat Of 6-2 
initiation 8-5 
order of 10-8 
process 14-1,14-13 
progress variable for 8-3 
products Table 3-1 

rate 2-17, 2-18,10-1, Table 1(1-1,10-3 
equation 8-2,10-8 
water-gas 3-2 
waves 
boundary 
rigid 8-9 
free 8-9 
genera] 8-6 
poly tropic gas 8?8 
stability 8-12, 8-14, 8-15 
zone 8-1,11-23 
cylindrical charge 9-3, 9-4, 9-9 
diverging flow 9-4 
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Reaction Zone (Cont.) 

fine structure 8-14 
length 9-9 

Mach interactions 8-15 
mechanisms 11-24 
turbulence 845 
Release wave model 9-12 
Retonation 12-15 

Reversible process 2 i 7 > 2-18, 2-19, 2-28 
Rezoning/14-9 

Richardson, Arons* and Halverson 13-23 
Richtinyer and Morton 14-5,14-6 
Rideal and Robertson 12-8,12-11 
Riemann 
function 13-25 
invariants 2-22 
shock waves 1-1 
RUBY 14-11 
Rule 

See: Gibbs-Dalton rule 
See: Jpuquet’s rule 
See: 'Lewis and Randall rule 
See: Phase, rule 
Rusanov 14-7 
Rydberg constant 4 -9 


S 


Sachs 13-38 

Safety in handling 4-1,10-1,10-18,11-1,11-26, 
12-1 

Schall 6-18 
Schmidt 7-2, 7-8 
Schott 8-14 
Scorah 6-21 
Seaman 14-7 
Secco 4-16 
Seismic waves 13-23 
Self-h eating 4-1 
Semenov iO-1 

Sensitivity 11-26, Table 11-7, 12-1, 12-4, 12-6, 
12-8 

of explosive 1^8 

relation to melting temperature 12-9 
Shchelkin 8-14, 8-15 
Shear 8-9, 9-15 
and Wright 13-33 
Shock 
front 13-3 
velocity 5-7 
wave 2-25 

chemical reaction 1-1 


detonation 1-1 

from explosive charge 1 3-1 

in solids 13-38 

line 14-4 

nonreactive 1-1 

propagaton of 1-3,13-5,13-26 
properties of 1-1 
scaling of 13-33,13-37 
stability 1-29 
weak 14-4 
Shuster 1-1 
detonation wave 1-1 
Simple waves 2-23 
Skidmore and Hart 8-9 
Smith and Calvert 4-6 
Smoke trails 5-21 
Soloukhin 8-14 
Sombrero 1-1 
Sonic 2-19 
subsonic 2-19 
supersonic 2-19 
Sound velocity 2-14 
equilibrium. 7-14 
frozen 7-14, 8-12 
Spacelike 2-22 
Spark 

as external initiating stimuli 1-3 
discharge 5-3 
types of 1-3 

Specific heat See: Heat, specific 
Spherical geometry 13-1,13?2,13-12 
Standard state 2-9 
Steady-state 
detonation 

charge diameter effect bn 1-3 
theory of 1*1 
of wave 1-6 
Stimuli, initiating 
See: Heat 
See: Impact 
See: Shock 
See: Spark 
Stoichiometric 
conditions B-l, B-2, B-4 
mathematical expressions of 2-3, 2-8 
constants 2-2 
equations 8-2 
Strehlow 8-14,8-15 
and Fernandes 8-15 
STRETCH 14-11 
STRIP 2-19 
Subsonic 2-19 
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Sulfur gage 5-15 
Supersonic 2-19 
SWAP 14-4 
Systems 

See: Electrical systems 
See: Heterogeneous system 

T 


Taffanel and D’Autriche 7-2, 7-9 

Tait equation of state 13-23,13-31,13-37 

Target 13-4 

Taylor 715,13-13,13-23 
wave 5-10, 8-8,13-13 
Taylor, G. I. 9-13 
Technique 

See: Experimental technique 
See: Pin technique 
Temperature 
as property 

of homogeneous phase 2-4 
thermodynamic 1-10, A-l, A-3 
in equation of state relation 2-10 
in reversible process 2-8 
Test 

See: Ballistic Mortar test 
See: Gap test 
See: Impact tests 
See: Lead block test 
See: Nuclear tests 
See: Place-dent test 
Tetranitromethane See: TNM 
Tetryl Table 1-1, Table 5-2 
Thermal expansion coefficient 14-11, A-2 
THERMO 14-11 

Thermochemical data on explosives Table 3 : 1 
Thermodynamic (s) 
cause of detonation 1-3 
first law of 2-5, 2-7, 2-7 
process, definition 2-5 
properties 2*10, A-5, A-6, D-l 
gas mixture A-l, A-3 
heterogeneous systems A-6 
pure condensed phase A-l 
second law of 2-5, 2-7 
state E-l 

theory of 1-2, 2*4 
Theory 

See: Berthelot, detonation, theory of 
See: Blast, propagation theory 


See: C-J theory 
See: Detonation, theories of 
See: Mallard, detonation, theory of 
See: Thermodynamics, theory of 
See: TNT, propagation theory 
TIGER i4-ll 
Timelike 2-22 
TNETB Table 1-1 
TNM Table 1-1 
TNT Table 1-1, Table 1-2 
as equivalent weight 13-38 
as homogeneous explosive 11-10, Table 11-2 
burning rate and sensitivity 12-15 
charge diameter 9-3 

conductivity profile in detonation zone 5-23 

decomposition equation of 2-1 

energy .of explosion of 13-23 

“equivalent” 1-3 

finite charge of 13-15 

granular 11-26 

pressure-distance curves for 13-19 
pressure ratio vs charge radii Fig. 13-20 
pressure-time curve for 13-19 
propagation theory 13-32 
TOODY 14-13 
Transducer, pressure 5-10 
Transfer 
electron 4-18 
proton 4-18 

Trir.itrophenyl methylnitramine See: Tetryl 
Trinitrotoluene See: TNT 
Trulio 14-7,14-10 

U 

Underwater performance 3-5 
Up-and-down method 12-1,12-4 
statistical analysis of 12-4 


V 

van der Waal D-l 
van Tiggelen and de Soete 8-14 
Velocity 
deflagation 1-8 
particle 5-7, 5-15, F-l 
equation for 6-24, 7-3, 7-4, 7-7 
shock 5-7 

See: Detonation, velocity 
See: Sound velocity 
ViCiUe See: Berthelot 





Viscosity, artificial 13-12,13-13,14-1,14-5 
linear 14-6 
other forms 14-5 
quadratic 14-5 
Volume 

as property of homogeneous phase 2-4 
in reversible process 2-8 
molar A-l 
specific 2-9 

of C-J state 8-3, 7-7,7-9 
Von Neumann 8-5, 8-6 
and Richlmyer 13-12,13-13,14-5,14-6 
spike 5-9 

W 


simple 2-23 
stability 2*29 
steady-state of 1-6 
three-dimensional 8-14 
See; Taylor, wave 
Welding 1-2 
White 8*15 

Johnson, and D&ntzig B-2 
Whitham 14-4 
Wien displacement law 5-21 
Wilkins 3-9,14-7,14-13 
Willis formula 13^21 
Wood 

and Kirkwood 8-12, 8-14, 9-6, 9-9 
and Salgburg 8-14 
Woolfolk and Amster 11-29 


X-ray, flash 1-2 
densitometry 5^7 
photography 5-18 


Wagner 8-14 

Warner 11-24,14-13,14-14 

W blMt 13-1,13-7,13-10 
deflagration 8-3 
detonation 1-1,1-8 
propagation 14-1 
multidimensional 14-4,14-5 
rarefaction 2-24 
reaction 1-1 
retonation 12-15 
seismic 13-23 
shock 7-25,13-38 


Z 

Zeldovich 6-21* 8-5 
Zemow 14-13 

Zinn andMader .16*1,10-7,10-12 
Zubarev Table 3-5 


Ml 















